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Exercise 01:

For each of the following sequences, give the first five terms:

t oY el sgud ) el ¢ LY SWE e Do 7 ol e
o — 1 1—(~-1)" (—1)"! 101 1 1
(a){3n+2}n>1 (b){ n? }n>1 (C){2~4-6...2n}n>1 (d){2+4+8+”'+2n}n>1

Exercise 02:

Show by induction that:
114243 +..+n="2040

2. 1% 422 432 4 . +n? = MethEntD

3.¥neN, Vz>-1,(14+2)">1+nz.

Exercise 03:

Show that the sequence (uy,)nen+ defined by: u, = (—=1)" + % is not convergent.

'K'Uu:” w""‘ up = (=1)" +% = Z-‘.’J-"“ (Un)nen- 4...‘\,"...“ Q" Uz-’

Exercise 04:

Let ug =1— 2% and for any integer n > 3:

:n >3 J.Lf-fg}p_iwjz u2:1_2%ﬂ

Calculate u,,. Deduce that limu,, =

Exercise 05:

1. Prove that a convergent sequence is bounded.
B3gag 085 & lite Ylite Lnsi ol NS
2. Using the definition of a sequence limit, show that:
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(1) limy, s £ oo =3 (2) hmn—>+oo “on

3= 3 =0 (3)limpio03" =400  (4) limy_, 4o —0



Exercise 06:

Let (un)nen be an increasing sequence. Let (v,) be the sequence defined for all n € N* by:

_u1+u2+...+un

n =

n

Demonstrate that the sequence (v,) is increasing.
Saule (vn) Wl o gy . v, = bt e N ol e ©ad) Yl (0,) 5uRe e (up)nen 5

Exercise 07:

Using theorems on limits, find each of the following limits:

ol o O gl oLl Sl Jleazil

| an? _ 5n ' _ 14210
(a) hmn_>+oc m (b) hmn—>+oo(\/ﬁ - \/ﬁ) 9 (C) hmn—>+00 m
cos(2n® — 5) e —en+1

(d) limy— 400 (e) limy—y 400 (f) limy, 4 0o n% ™" (a > 0,b > 0)

3n3 +2n2 +1 2e™ + 3

Exercise 08:

1. Using the squeeze theorem, demonstrate that the sequence (Up,)nen+ converges to a limit I, determining it in
each case ([-] denotes the floor function):

Wl o 1 &L 52 a0 (Un) I GT oy (31 W By G0 pas Toe Jlasil

(@) Un =3 2+ k (b) Un = > 51 Vit k
1
2. Let U, =Y, ——————— demonstrate that lim,,_, o, U, = +00.
2k 2 + | cos k|Vk el

1 1
. lim U, =+ ol - U, =N — K
n——+oo Un SN P n Zk71 51 |c05k;|\/E U'K'J

Exercise 9:

Consider the sequence (U, )nen defined by: Uy =0 and U1 = VU, +2, ¥n € N.
neN KU1 =vVUn+2 s Up=0 1 & all (Up)nen Yl e
1. Show that 0 < U,, < 2 for all n € N.
neN K Jol (0 0<U, <2 ol Oy
2. Deduce the monotonicity of (U, )nen-
- (Un) Wl 40, i
3. Consider the sequence (V,,)nen defined by V;, =2 — U, for all n € N.

.neN fd@_i&o Vi=2-U, o &all (V)pen &l At
(a) Determine the sign of (V,,)nen.
- (Vo) 8, e
Vn+1 <1

(b) Prove that, for every natural number n: v <75
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n—1
1
(c) Using proof by induction, demonstrate that V,, < <2) for all n € N*.

neN el e Va < ()" Ol on LAl ool Jlasiel
(d) Deduce the limit of the sequence (V,,) and then the limit of (U,).

) B (V) Wl gl et

Exercise 10:

Up=1

Consider the sequence (U,,),en defined by:
q ( ) eN Y {Un+1 _ (]ne—Un7 Vn € N

1. Show that U,, > 0, Vn € N.
neN K Jol 0w Uy >0 ol O

 (Un) W) 2, CMA..«‘

2. Deduce the monotonicity of (U, )nen-
3. Deduce that (U,) is convergent, then calculate its limit.

Ll el &2 (U) O gt

4. Let S,, = Z:o Uy. Demonstrate that U,y = e~ for all n € N.
.neN f&p\ o Upy1 =€ 5 ol A S =>roUsk u.(.J

Climy, y oo Sp = +00 JK ual’.d'.w‘

5. Conclude that lim,,_, S, = +00.

Exercise 11:

Uyp=0
Consider the sequence (U, )nen defined by: U, -4

=  VneN
H T3 1y M€

1. Show that 0 < U,, <2 for all n € N.
.neN § Jol 0w 0<U, <2 ol u

2. Study the monotonicity of (U,,) for n € N.
C(Up) A G, el

3. Deduce that (U,,) is convergent and calculate its limit.

Lol cwsly &, (U,) O cwu\
4. Let E = {U,, | n € N}; determine sup E and inf E.
.infE gsupE (e« E={U,|neN} S

Exercise 12:
Two real sequences (Uy, )nen+ and (V;,)nen+ are defined as follows:

L}-‘u Qt-:’ﬂ (Vn)neN* S (Un)neN* \)u:“;‘ OL":lu‘

U1:1 V1:12

U, +2V, and U, +3V,

, Vn € N* Vg1 = 1 , Vn € N*
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1. Let W,, =V,, — U, for all n € N*. Express the sequence (W,,) in terms of n and calculate its limit.

Lol sl & W (W) el o ne . Wy =V, = U, oS3
2. Show that the sequences (U, ) and (V},) are adjacent.

Exercise 13:
Using the Cauchy criterion, demonstrate that the sequence (Uy,)nen+ is convergent and that (V},),>2 is divergent:

Saskze (Vi) el oly & e (U,) QRN ol Gp (855 e Jlaxiely

in(k 1
1. U, :ZZ:OSH;# for all n € N*. 2.V, :ZZZQM for all n > 2.

Exercise 14: /2 and Sequence Convergence
1. Prove that if lim,,_,o, Us, = L and lim, o Uspe1 = L, then (U,) converges to L.
DL o 4, (Un) OB liyyoo Unpir = I s limyyoo U = L 08 13 &
2. Given U; =1and Uy =1+ 1 compute the first eight terms of (U,). Then use part (1) to show that

1+U,’
1

lim,,_y00 Uy, = v/2. This gives the continued fraction expansion V2=1+ —
24

24 ...

Sed | SV Gaeay el amy M limy o0 Uy = V2

Exercise 15: Fish Population Dynamics

b
The fish population p,, is modeled by p, 11 = P where a,b > 0 and pg > 0.
a

+Pn
2 eV sl i Le
bpn
a+ py

.p0>03a,b>0¢,ﬁ.>pn+1:

1. Show that if (p,) converges, then its limit is either 0 or b — a.
cb—a 50 L Lol 0B (e (pe) o 13 ol o
b
2. Show that p,11 < —pp.
a

- Pn41 < gpn U‘ by
3. Use part (2) to show that if a > b, then lim,,_, o p, = 0.

Cimy s eopn =0 Qb a>b o8 13 o Obsd (y) s5d! Jomal
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