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Analysis 1

Solutions of Tutorial Exercise Sheet 1
Nadjet Boudjerida —  2026/2027

This document is supplemented for the first chapter lecture notes (Analysis 1).

Solution of exercise 01:
1) Si={zeR:z<2}=]—00, 2

(2) So={reR:—x <2} =[-2, +o0]

(3) Ss={reR:2?>3}=]—o00, —v3]U[V3, +0|
(4) Sy ={z cR:2? <2} =[-V2, V2]

(5) Ss={reR:a”>2} =]~ o0, —v2]U[V2, +o0]
(6) Sg={rc€R:—2%>3} =] o0, /3]

Solution of exercise 02:
A)
1. For all x,y € R:

4yl + |z -yl
r+y|+ |z -yl

2|z = [(z +y) + (z —y)|
|

<|
2lyl =[x +y) + (y —2)] < |
Adding these two inequalities:
o[+ [yl < le+yl+ e —yl, Yr,yeR
2. Vr,y >0, since 2,/xy > 0:
r+y<z+2y/Ty+y= 7+ 9>

Taking square roots: /= +y < v/ + VY-
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3. Forall z,y > 0: since x = (v —y) +y < |r — y| +y, applying the result of (2):

VisVlE—il+vi = Vi-vi<Viioul ()

Similarly:
VY=V <]z -yl (xx)

Combining (%) and (kx):

Vz — | <]z =yl

B)
e Values:

13.6] =3, [7]=3, leJ]=2, |-53]=-6, |-04]=-1, |[8]=8.
e Proofs:
1. Since |z| < x < [z]| + 1, we have:
lz]+m<z4+m<|z]+m+1
Since |z + m] is the largest integer < x + m, we get |z| + m < |z + m].
Since |z + m] + 1 is the smallest integer > z +m, we get |x +m] < |z| +m.

Therefore: |z +m| = |z| +m.

2. If x <y, then:
lr] <z<y<l|yl+1

Since |z ] is an integer and |y] is the greatest integer < y:
lz] < [y].
3. From |z] <z < |z]+1and |y] <y <|y]+1:
]+ ly] <z +y <lz]+ [y +2
Since |x + y| is the greatest integer < x + y:

2]+ ly] <z +y] and |z+y| <|z]+[y]+1.

Solution of exercise 03:

Let A and B be two non-empty subsets of R such that B C A.
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1. Show that: A is bounded = B is bounded

Definition: A subset £ C R is bounded if it is both bounded above and bounded below.
That is, there exist two real numbers m, M € R such that:

Vee B, m<x<M

Suppose A is bounded. By definition, there exist two real numbers m, M € R such
that:
Vee A, m<xz<M

Let y € B. Since B C A, it follows that y € A. Therefore, the inequality applies to y:
m<y<M

Since this holds for every y € B, the subset B is bounded below by m and bounded above
by M. Hence, B is bounded.

2. Show that inf(A) < inf(B) and sup(A) > sup(B)
(a) Proof for the infimum: inf(A) < inf(B)

Let m4 = inf(A). By definition, m4 is a lower bound of A, meaning:
Vee A, myu<czx

Since B C A, for all y € B, we have y € A, which implies:
Vye B, ma<y

This shows that m4 = inf(A) is a lower bound of B.
By definition, inf(B) is the greatest lower bound of B. Consequently, any lower bound
of B must be less than or equal to inf(B). Thus:

inf(A) < inf(B)
(b) Proof for the supremum: sup(A) > sup(B)
Let M4 = sup(A). By definition, M4 is an upper bound of A, meaning:
Vee A, x < My
Since B C A, for all y € B, we have y € A, which implies:
Vye B, y< My

This shows that M4 = sup(A) is an upper bound of B.
By definition, sup(B) is the least upper bound of B. Consequently, any upper bound
of B must be greater than or equal to sup(B). Thus:

sup(B) < sup(4) <= sup(A) > sup(B)
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Solution of exercise 04:

1. Summary table:

A | Maj(A) | Min(A) |supA|infA | maxA | minA
[—a,a] | [a,+00] || —00,—a] | « —a a —a
[—a.al | la,4oo[ []—00,—a] | a | —a | ¥ —a
|—aa] | o400 |]-00,—a] | a | —a | «a A
J—a.a[| [o,+oo[ []—00,—a] | & | —a | 3 A

2. A =] —/2,V/2[ (4th case in the table above).

—1
3.A:{n ,nEN*}
n

n—1

e VneN:n>1=

>0and 0 € A (for n = 1), hence min A = inf A = 0.
n

e sup A = 1: We verify:

n—1

1
(a) Vn e N*: =1—— < 1so1isan upper bound.
n n
1
n >1-—e.

b) Ve > 0, choose n. = E + 1, then
(
€

Te

Since 1 ¢ A, max A does not exist.

Solution of exercise 05:
Let M = sup A and m = inf A.
1. For all (z,y) € A%
m<x<M and m<y<M
=-M<—y<-m=-(M-m<z—-y<M-m
= |z —yl < M—m.
Therefore M — m is an upper bound for B.

2. We show sup B = M — m:

e Upper bound: Shown above.
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e Characterization: If sup A = M, then Ve >0, dz € A: M — g <z If
inf A = m, then Ve > 0, 3y€A:y<m+%.
Combining:

(M—m)—e<z—y<|z—y|
Therefore sup B = M — m = sup A — inf A.

Solution of exercise 06:

(1a) Since AC AUB and B C AU B:
sup A <sup(AU B) and supB <sup(AUB)
= max(sup A,sup B) < sup(AUB) (%)
Conversely, Vo € AU B: x <sup A or x < sup B, so x < max(sup A, sup B).
= sup(A U B) < max(sup A,sup B) ()
From (%) and (*x): sup(A U B) = max(sup A, sup B).
(1b) Similarly: inf(A U B) = min(inf A, inf B).
(2a) Since ANB C Aand ANB C B:
sup(ANB) <supA and sup(ANB)<supB
= sup(A N B) < min(sup 4, sup B).
(2b) Similarly: inf(A N B) > max(inf A, inf B).
(3a) Let M4 =sup A and Mp = sup B.
eVreA:x <My, and Vye B:y< Mg
=VzeA+B:z=x+y < Ms+ Mg
e Ve>0,dreA: My—5<zandJye B: Mp—35<y
=de=0+ycA+B: (Ma+Mp)—c<z
Therefore sup(A + B) = sup A + sup B.
(3b) Similarly: inf(A + B) = inf A +inf B.
(4a)

eVr €c A: x> infA = —x < —inf A, so —inf A is an upper bound for —A, hence
sup(—A) < —inf A.

o V(—x) € (—A): —x <sup(—A) = x > —sup(—A), so —sup(—A) is a lower bound for
A, hence inf A > —sup(—A), i.e. sup(—A) > —inf A.

Therefore sup(—A) = —inf A.
(4b) Similarly: inf(—A) = —sup A.
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Solution of exercise 07:
3n+1
1. A=
{Qn " € N}
3n+1

infA=1: VnGN:3n22n:>3n+122n—l—1:>2 1
n
n=0): minA=inf A = 1.

> 1. Since 1 € A (for

1
o supA:§: Vn e N: on <§(since 2B3n+1)=6n+2<6n+3=32n+1)).

2 2n+1 2

1-2 3n. +1
For the characterization: Ve > 0, choose n. = | d Me + :
€ 2n, + 1

3
J+1. Then 5—8 <

Since 3 ¢ A: max A does not exist.

1 1
2. B:{—+—2,neN*}
n

n

1 1 1 1
supB=2:¥neN":n>1=—<land - <1,s0 —+— <2. Since 2 € B (for
n n non
n=1): maxB =sup B = 2.

1 1 2
inf B =0: Vn € N*: — 4+ — > 0. For the characterization: choose n. = {—J + 1.
n o n €

Since 0 ¢ B: min B does not exist.

3. C={e ", neN}

supC =1: Vn e N:n>0=¢e" < ¢ =1 Sincel € C (for n = 0):
max(C' =supC = 1.

infC' =0: Vn € N:e™ > 0. For the characterization: choose n. = ||In(¢)|| + 1.
Since 0 ¢ C: min C' does not exist.

1
n

1 1
esupD=-1:VneN:n>l=n">1= - <1= - —-2< -1 Since -1€ D
n n
(forn =1): max D =sup D = —1.

1 1
o infD=-2: Vne N*: — > 0= — = 2 > —2. For the characterization: choose
n n

1
Ne = b/iJ + 1. Since —2 ¢ D: min D does not exist.
€
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