
Chapter 1

Topological Spaces

1.1 Topological spaces, Discrete topology, and
indiscrete topology

Let X be a non-empty set.

1.1.1 Topology and Topological space

Topology

De�nition 1 A topology on X is a collection � of subsets of X ( that is,
� � P (X)) satisfying the following Hausdor¤ axioms:

Axiom (O1) : X; � 2 � :

Axiom (O2) : The union of the elements of any (�nite or in�nite) subcollection of
� is in � :

On the other word: for any family (Ui)i2I of sets in � ;

[
i2I
Ui 2 � :

Axiom (O3) : The intersection of the elements of any �nite subcollection of � is in � :

On the other word: for any �nite family (Ui)1�i�n of sets in � ;

n
\
i=1
Ui 2 � :

1
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Topological space

De�nition 2 The pair (X; �) is called a topological space.

Examples

Example 3 Let X = fa; b; c; d; e; fg and

� 1 = fX; �; fag ; fa; bg ; fa; b; cg ; fa; b; c; dgg :

Then � 1 is a topology on X as it satis�es conditions (O1) ; (O2) ; and
(O3) of de�nitions 1.
The couple (X; � 1) is a topological space.

Example 4 Let X = fa; b; c; d; eg and

� 2 = fX; �; fag ; fc; dg ; fa; c; eg ; fb; c; dgg :

Then � 2 is not a topology on X since the union

fc; dg| {z }
2�2

[ fa; c; eg| {z }
2�2

= fa; c; d; eg =2 � 2;

that is, � 2 does not satisfy condition (O2) of de�nitions 1.

Example 5 Let X = fa; b; c; d; e; fg and

� 3 = fX; �; fag ; ffg ; fa; fg ; fa; c; fg ; fb; c; d; e; fgg :

Then � 3 is not a topology on X since the intersection

fa; c; fg| {z }
2�3

\ fb; c; d; e; fg| {z }
2�3

= fc; fg =2 � 3;

that is, � 3 does not satisfy condition (O3) of de�nitions 1.

Example 6 Let N be the set of all natural numbersand let

� 4 = f�; Ng [ fS � N : S is �niteg :

Then � 4 is not a topology on N, since the in�nite union

f2g|{z}
finite
2�4

[ f3g|{z}
finite
2�4

[ ::: [ fng|{z}
finite
2�4

[ ::: = f2; 3; :::; n; :::g| {z }
in�nite set

=2 � 4

that is, � 3 does not satisfy condition (O2) of de�nitions 1.
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1.1.2 Discrete topological space

Discrete topology

De�nition 7 The discrete topology � d on X is the topology consisting of all
subsets of X.
That is � d = P (X) :

Discrete space

De�nition 8 The pair (X; � d) is called a discrete space.

Exercise 9 Let X = fa; b; cg and let � be a topology on X with fag 2
� ; fbg 2 � ; and fcg 2 � :
Prove that � is the discrete topology.

Solution 10 We are given a topology � on X; and we know that fag 2
� ; fbg 2 � ; and fcg 2 � :
We need to show that � is the discrete topology.
For this end, we need to show that every subset of X belongs to � .
Indeed, since � is a topology, it satis�es (O1) ; (O2) ; and (O3) :
The set X has 3 elements, then the cardinality of X is given by:

jXj = n (X) = card (X) = 3;

so the cardinality of P (X) is

card (P (X)) = 23 = 8:

Then

P (X) = f�; fag ; fbg ; fcg ; fa; bg ; fa; cg ; fb; cg ; Xg :

Set S1 = �; S2 = fag ; S3 = fbg ; S4 = fcg ; S5 = fa; bg ; S6 =
fa; cg ; S7 = fb; cg ; S8 = X
Now, we need to show that each of these subsets is in � :
For S1; S8
Since � is a topology on X; the by the topology axioms (O1), �; X 2

� : That is, S1; S8 2 � :
For S2; S3; S4
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We are given that fag 2 � ; fbg 2 � ; and fcg 2 � : That is, S2 2 � ; S3 2
� ; and S4 2 � :
For S5
We observe that

S5 = fa; bg = fag [ fbg = S2 [ S3:

Since S2; S3 2 � , their union S2 [ S3 2 � :Hence S5 = fa; bg 2 � :
For S6
We have

S6 = fa; cg = fag [ fcg = S2 [ S4:
Since S2; S4 2 � , their union S2 [ S4 2 � . Hence S6 = fa; bg 2 � :
For S7
We have

S7 = fb; cg = fbg [ fcg = S3 [ S4:
Since S3; S4 2 � , their union S3 [ S4 2 � . Hence S7 = fa; bg 2 � :
Consequently, every subset of X belongs to � , so � is the discrete topology.

Proposition 11 Let (X; �) be a topological space. If for every x 2 X; the
singleton set fxg 2 � , then � is the discrete topology.

Proof. Note that every set is the union of all its singleton subsets.
On other word: Let S � X. Then

S = [
x2X

fxg :

Since fxg 2 � ; and since � is a topology on X, it follows [
x2X

fxg 2 � :
Therefore,

S 2 � :
Because S was an arbitrary subset of X (i.e.; S 2 P (X)), every subset

of X belongs to � :
Hence � is the discrete topology.

1.1.3 Indiscrete topological space

Trivial topology

De�nition 12 Let � tri = fX; �g : Then � tri is called the trivial topology
(also known as the indiscrete topology).
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Indiscrete space

De�nition 13 and the pair (X; � tri) s called an indiscrete space (or a trivial
space).

1.2 Open Sets, Closed Sets, and Clopen Sets

1.2.1 Open Sets

De�nition 14 Let (X; �) be a topological space. Then the element of � are
called open sets.

Example 15 Let X = fa; bg : There are several possible topologies on X:
Indeed, since the cardinality of X is

n (X) = 2;

the cardinality of its power set P (X) is

n (P (X)) = 22 = 4:

Thus
P (X) = f�; fag ; fbg ; Xg :

Consequently, the topologies on X are as follows:

1. � 1 = � tri = f�; Xg ; so �; X are the only open sets.

2. � 2 = P (X) = � d; so every element of P (X) is an open set.

3. � 3 = f�; fag ; Xg ; so �; fag ; X are all open sets.

4. � 4 = f�; fbg ; Xg : so �; fbg ; X are all open sets.

Remark 16 The axioms (O1) ; (O2) ; and (O3) can be reformulated as fol-
lows:

Axiom (O1) : X and � are open sets.

Axiom (O2) : The union of any family (�nite or in�nite) of open sets is open.

Axiom (O3) : The intersection of any �nite family of open sets is open.
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Example 17 Let N be the set of all positive integers and let

� = f�g [ fD � N : NnD; is �niteg :

It is easily veri�ed that � satis�es the Hausdor¤ axioms, (O1) ; (O2) ; and
(O3) and is therefore a topology on N.
For n 2 N, de�ne the set Dn as follows:

Dn = f1g [ fn+ 1g [ fn+ 2g [ fn+ 3g [ ::: = f1g [
+1[

m=n+1

fmg :

Observe that for example:
For n = 1 :
D1 = f1g [ f2g [ f3g [ ::: = f1; 2; 3; :::g = N; so

NnD1 = � �nite

thus D1 2 �
�
that is D1 is open

�
::

For n = 2 :
D2 = f1g [ f3g [ f4g [ ::: = f1; 3; 4; :::g ; so

NnD2 = f2g �nite

thus D2 2 �
�
that is D2 is open

�
::

For n = 3 : D3 = f1g [ f4g [ f5g [ ::: = f1; 4; 5; :::g ; so

NnD3 = f2; 3g �nite

thus D3 2 � ( that is D3 is open) :
Clearly each Dn is an open set in the topology � , since its complement

NnDn is a �nite set.
However,

+1\
n=1

Dn = D1 \D2 \D3 \ ::: \Dn \ :::

= f1g :

Observe that
Nn f1g = f2; 3; 4; :::g :

Since Nn f1g is neither N nor a �nite set, f1g is not open.
Thus, this shows that the intersection of the open sets Dn is not open.
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1.2.2 Closed Sets

De�nition 18 Let (X; �) be a topological space. A subset S of X is said
to be a closed set in (X; �) if its complement in X, namely XnS, is open in
(X; �).

Example 19 Let X = fa; b; cg and

� = f �; fag ; fa; bg ; fa; cg ; Xg

be a topology on X:

1. The open sets are:

(a) �:

(b) fag :
(c) fa; bg :
(d) fa; cg :
(e) X:

2. The closed sets are complements:

(a) X � � = X:
(b) X � fag = fb; cg :
(c) X � fa; bg = fcg :
(d) X � fa; cg = fbg :
(e) X �X = �:

Example 20 If (X; � d) is a discrete space, then every subset of X is a
closed set.

Example 21 If (X; � tri) is a trivial space, the only closed sets are X and
�.

Proposition 22 If (X; �) is any topological space, then

1. � and X are closed sets,



8 CHAPTER 1. TOPOLOGICAL SPACES

2. the intersection of any family ( �nite or in�nite) of closed sets is
a closed set,

3. the union of any �nite family of closed sets is a closed set.

Remark 23 A set can be both open and closed, or neither open nor closed.

Example 24 In a discrete space every set is both open and closed.

Example 25 In an indiscrete space (X; � tri), all subsets of X except X and
� are neither open nor closed.

1.2.3 Clopen Sets

De�nition 26 A subset S of a topological space (X; �) is said to be clopen
if it is both open and closed in (X; �):

Example 27 In any topological space (X; �); both X and � are clopen.

Example 28 In a discrete space, every subsets of X is clopen.

Example 29 In an indiscrete space, the only clopen subsets are X and �.

1.3 The Finite-Closed Topology

It is usual to de�ne a topology on a set by specifying which sets are open.
However, it is sometimes more natural to describe the topology by specifying
which sets are closed.

1.3.1 The Co�nite Topology

De�nition 30 A topology � on X is called the co�nite topology (or the �nite-
closed topology) if the closed subsets of X are X and all �nite subsets of X.
That is, the open sets are � and all subsets of X whose complements are

�nite.

Remark 31 Note that this de�nition does not say that every topology which
has X and the �nite subsets of X closed is the �nite-closed topology. These
must be the only closed sets.
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Example 32 In the discrete topology, the set X and all �nite subsets of X
are closed, but so too are all other subsets of X.

Remark 33 In the co�nite topology all �nite sets are closed.

Remark 34 In the co�nite topology, the in�nite subsets need not be open
sets.

Example 35 Let N denote the set of all positive integers. In the �nite-closed
topology, every �nite set is closed. Therefore, sets such as

f1g ; f5; 6; 7g ; f2; 4; 6; 8g

are closed.
Consequently, their complements

f2; 3; 4; 5; :::g ; f1; 2; 3; 4; 8; 9; 10; :::g ; f1; 3; 5; 7; 9; 10; 11; :::g

are open.
On the other hand, the set of even positive integers is not a closed, because

it is in�nite. Hence its complement, the set of odd positive integers, is not
open. This shows that while every �nite set is closed, it is not true that every
in�nite set is open.

Exercise 36 Let � be the co�nite topology on X. Prove that if X has at
least ( au moins) three (03) distinct clopen subsets, then X is �nite.

Solution 37 Recall that:

1. In the �nite-closed topology, the closed sets are exactly X and all �nite
subsets of X.

2. A clopen set is one that is both closed and open.

3. Every topological space has at least two clopen sets: X and �:

We are given that (X; �) is the co�nite topology and that it has at least
three distinct clopen subsets.
Since there are at least three clopen subsets, there must exist a clopen set

S with S 6= X and S 6= �:
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Because S is open, its complement XnS is closed. Thus S and XnS are
closed in the �nite-closed topology.
Thus both S and XnS are closed in the �nite-closed topology.
Since neither S nor XnS equals X, both must be �nite.
But

X = S[ (XnS)
so X is the union of two �nite sets. Therefore X is �nite.

Remark 38 We now know three distinct topologies we can put on any in-
�nite set and there are many more. The three we know are the discrete
topology, the indiscrete topology, and the �nite-closed topology. So we must
be careful always to specify the topology on a set.

Example 39 The set fn : n � 10g is open in the �nite-closed topology on
the set of natural numbers, but is not open in the indiscrete topology.
The set of odd natural numbers is open in the discrete topology on the set

of natural numbers, but is not open in the �nite-closed topology.


