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Conduction
1. Fourier's Law

For a homogeneous and isotropic solid (thermal conductivity does not
depend on direction), Fourier's law is

G(M,1)=-AVT(M 1)

where the temperature gradient is a vector normal to the isothermal
surface, the heat flux vector g(7, f) represents the quantity of heat
per unit time and per unit area of the isothermal surface in the
direction of decreasing temperatures. The coefficient 4 is the

thermal conductivity of the medium, which is a positive scalar.

Figure II. 1. Fourier's Law.

In Cartesian coordinates, Fourier's law is written
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therefore, the heat flux vector has the components
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2. Generalized Fourier Law

Q;(xs __V., Z,I): _;p

In the previous case, we assumed that the solid is isotropic,
meaning that the thermal conductivity 4 does not depend on
direction. However, there are materials, whether natural or
synthetic, that have thermal conductivities varying with
direction. In the case of orthotropic solids, the thermal
conductivity 4 has different components in the three directions,
namely Ay, Ay, and 4;. In this case, the heat flux vector is written

aT . 5T -
glx, y,z,t)=—-2, ﬁi -4, o J—A, .

~ y
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and the components of the heat flux vector become

oT
qy (X._ ¥, 3 f) = —/1_\_ %
oy
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For an anisotropic solid, the heat flux component, for example 41,
in the direction Ox1 is a linear combination of the temperature
gradients in the directions Ox1, Ox;, and Ox3.

The components of the heat flux vector in the directions Ox1, Ox2 and
Ox3 are given by
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Figure I1.2. Anisotropic solid.

Consequently, in an anisotropic solid, the heat flux vector is
not necessarily perpendicular to the isothermal surface. The
thermal conductivity of an anisotropic solid possesses nine
components 4ij called coefficients of thermal conductivity.
These relations can be written in matrix form, namely
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According to Onsager's theory of thermodynamics of

irreversible phenomena, when the fluxes (4i) and the forces (3—£)

are linked to the forces by linear relations as in our case, the

phenomenological coefficients must necessarily satisfy the relations

A :Zﬁ ’ ’?H'f >0, ;Le‘f;“ij >'/1;f

u

3. Derivation of the Heat Equation

Let us write an energy balance for a volume element v enclosed by a surface S.

Figure II. 3. Control volume in a heat transfer field.

The variation of the internal energy U is equal to the sum of the heating
power and the internal heat generated by an internal source of
volumetric density 9s



‘;—fz—ja-ﬁdsqchm (IL1)

At the same time, the variation in internal energy, knowing that the latter
depends only on temperature, is written as

du _ oT(M 1)
= J' A X g (1.2)

ot

where P and Cp are respectively the volumetric mass and the
constant-pressure heat capacity of the medium. By inserting these terms
into the energy balance, we obtain

oT(M 1) o
IpCP Tﬁil):-:'jvoqdlw_[q_\.dv (I1.3)
with Fourier's law
G=-AVT(M,t) (I1.4)
we arrive at
[rCy (W(f“')du =[Ve (297 (M 1))y + [a,(M,0)v (Ls)
» G W "

by placing all terms under the integration sign, we obtain

j[pC,,m—6’-(A@T(M,r))—q_s_(M,r)}dv—0 (1L6)
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This integral can be zero only if the function under the integral sign is zero, from
which follows the relation
oT(M 1)

=V o (AVT(M 1))+ q,(M 1) (IL7)
ot

pCp

This is the heat equation in its general form within a stationary solid in the
presence of internal heat sources.
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Generally, the thermal conductivity 4 can be considered
constant, and consequently, the heat equation takes the form

oT(M 1) _

PC,
ot

AAT(M,z)+q,(M,1) (IL.8)

where A is the Laplacian operator.

Divide both sides of this equation by the term 2Cp, to obtain

oT(M 1) _ 0 AT(M.2)+ q,(M.1)
ot pCp

(IL.9)

The coefficient 4 = p/lTp 1s called the thermal

diffusion coefficient.

4. Heat Equation in an Anisotropic Solid

In an anisotropic solid, the components of the heat flux vector are given by

oT (M ,t oT\M , 1 oT(M ,t

qr(M*r):_;"l](i)_‘&IZ ; )_)'13 (,__ )
oy 0z

a,(M, )=y, aT(M.z)_;L22 a'r(iw.r)_)b23 oT(iw,r)
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oT M ,t oT(M 1 oT(M ,t
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ox ay oz

Substituting these relations into the heat equation
oT(M ,t)

- :76.(}+q‘(M,f)
or

pC)

let



oT(M 1 0, (M,t) 0q,(M.t) 8g (M,1
oC, (M.1) q_g ) 9q A )+q.\.(M1r)
ot ox ay 0z
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We obtain the heat equation in Cartesian coordinates in an anisotropic
medium in the form

5. Nonlinear Boundary Conditions

Consider a surface element of the solid with a unit normal
vector 71 subject to convective heat transfer geconv, radiative
heat transfer 9ray, and an external heat source 4a, as shown in
Figure I. 4.

94

gconv

qray

qn

Figure 11.4. Boundary Conditions.
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The heat flux exchanged by convection 9conv, according to Newton's
law, is

Qt"ﬂ”l’ = l?(T - T’I )

The heat flux, quantity of heat exchanged by radiation 4ray, according
to the Stefan-Boltzmann law, is

4 4
q ray — EO.(T o Tr )
The heat flux in the direction normal to the surface is

g, =—-AVT eii

In Cartesian coordinates, we have

Substituting these relations into relation 1.23, we obtain

q,,:—z(;‘_ﬂu\.a—ﬁz ‘TJ:-;LQ

ox Yoy °or on

QH + qu = q('{)?l‘l’ + q{‘{d’_\'

By substituting relations 1.21, .22, and 1.23 into the relation above, we
obtain
oT j
—/lf,ﬁ—-l-qu - h(T —TOD)'l‘(‘E'O'(T‘1 —’Tf‘l)
cn
Relation that can also be written in the form

-

T , ;
)b(i—JrhT—kgoTJ' =q, +hT, +¢eoT,
on

« Qs



In this equation, all quantities on the right-hand side are known and the
surface temperature 7" is unknown.

The general boundary condition is nonlinear because it contains
the fourth power of the unknown, which is the temperature.

IT-T,l
T,

linearize Equation 1.29. Indeed, let us assume that

In the case where <1, it is possible to

T,
T

r

=a,(a=<1)

hence

T=(a+1]T,

The term 7% — T2 can be written in the form

T8 —~T* (T T VT + T2 4177, +T7)
Substituting T with its expression, we obtain

T4 T =(T-T, o +4a® + 6 +4)1}

Since & is very small compared to unity, we can write this relation in the form

T* -T}=4T(T -T.)

Consequently, the equation becomes
cT
—A——+4q, =T -T,)+h,(T-T.)

where A, is the exchange coefficient for radiation given by the relation

h, =4e0T?

<0



6. Linear Boundary Conditions

If we examine the heat equation closely, we observe that it
contains a first-order derivative with respect to time and
second-order derivatives with respect to space; this necessarily
implies three boundary conditions. There is one initial condition
with respect to time and two boundary conditions with respect to
space, which we will detail in the following.

6.1. Initial Condition

If the temperature distribution at time =1y is a certain function
SfIM, 19), the initial condition is

T(M,t)= f(M,1,) (IL.10)

6.2. Boundary Conditions

The boundary conditions imposed on the temperature 7(M, 1)
depend on the physical scenarios considered.

a) Surface at constant temperature (Dirichlet condition)

If for a spatial position Mo, the temperature is constant, then the
boundary condition in this case is

T(M,t)=g(M,,t1) (IL11)
This condition is also called a first-type condition. In practice,
this boundary condition occurs in cases where the surface is in
contact with a melting solid or a boiling liquid (phase change).

In these two cases, there 1s heat transfer across the surface while
the temperature remains constant during this phase change.

b) Surface subjected to a heat flux (Neumann condition)

w 1) =



If, for the spatial position Mo, a heat flux ¢ is imposed, the
boundary condition in this case becomes
oT(M,,t)

om 7

—A (IL12)

This boundary condition, also known as the second-type boundary
condition, arises during surface heating by a heat flux, such as with an
electrical resistance.

If the spatial position My is adiabatic, i.e., isolated, the boundary condition
is then

oT(M 1)
oM
¢) Surface in contact with a fluid (third-type boundary condition)

=0 (IL.13)

Finally, for the spatial position Mo, heat exchange may occur by

convection; in this case, the boundary condition is written as

_iaT(MU’!)

vy =h(T(M,,t)-T,) (IL.14)

oo

7. Another way to derive the heat equation
7.1. Cartesian Coordinates

Consider a elementary cube with sides dx, dy, and dz surrounding
a stationary medium at temperature 7(x,y, z, ). The quantities of
heat per condition perpendicular to each surface of the cube at
points x, Y, and z are
%) D )
0, = —A;—Tdydz, Q. =-4 (;—dedz , 0, =-4 i—T dxdy (I1.15)
X )

W
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The quantities of heat conducted through the surfaces opposite to the

previous surfaces are obtained by a first-order Taylor expansion, namely

o0

Qi =0, +—dx (11.16)
ox
00,

Oy =0, 4——dy (I1.17)
0.

v =0, # o0, dz (IL.18)
0z

Z q:+d:

q y+dy

1,

Figure II. 5. Volume element dv =dxdydz in
Cartesian coordinates.

If a volumetric heat source gs exists in the medium, the
generated energy E¢ within the cube's volume is then

S12-



dE , = q,dxdydz (IL19)

The stored energy Es in the volume of the cube is
oT
dEg, = pCp a—dxdydz (I1.20)
t

The energy balance over the volume of the cube, in accordance with the
principle of conservation of energy, is

dEg, =dE, + dE, — dE, (I1.21)
let

PCp Z dxdydz=Q, +Q, +Q, + q,dxdydz

- Q.\'«]—d_r - Q}‘+a’_\‘ - Q:_+d:

) 00. oQ, 00.
P E—dedydzz 0, dx— 9, dy— 0o, dz+ q dxdydz (1L22)
ot ox ) 0z ‘
and by substituting relations I1.15, we find
PCp 767-():’3" 1) dxdydz
ot
~ ~ ) ~ o
i (;L g)dxdydz+ 219 ar dxdydz+ AL [/1 ai}dxdydz (I1.23)
ox\ Ox oyl Oy 0z d

+q,dxdydzz

By simplifying by the volume element dxdydz, we arrive at the

heat equation in Cartesian coordinates in its most general form

= g o 2 3
e L2 ﬂ]-i(,a ;_"r_}i[ﬁl]w\. (11.24)

o ox\  ox oy oz\ 0Oz
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If the thermal conductivity 4 is constant, we recover Equation I1.9, namely

~2 ~2 ~2
or =c{’ €+o T, o T} q, (11.25)

7.2. Cylindrical Coordinates

When the nabla operator V is expressed in cylindrical coordinates, Fourier's
law is written

(}. _ _,1(67‘(?'. (78 E')Z). i l GT(T‘(/J.Z)(}.H + (’371(!'.@.1]_. J (1126)

) e,
or r Op 0z )
heat fluxes
0 0 0
d=B g e T (11.27)
or rép 0z

are respectively the components of the heat flux in the radial, circumferential,
and axial directions.

By applying the principle of energy conservation to the volume element
rdrdedz, the heat equation is written as

oT 190 oT 1 0 oT % T
pCP(_:_L(,h—O_)_,.._’_. e +(—[28—J+qg (I1.28)
ot ror or r-op\ Op) 0z\ Oz )

If the thermal conductivity 4 is constant, this equation becomes

ar {1@

o) a2 2
(;»GT}LIF,O 1 e ? T} s (11.29)
B PCp

r° g

or < Oz 2

7.3. Spherical Coordinates

By expressing the nabla operator V in spherical coordinates, Fourier's law is
written as

w i



= _AI:@T(r,go,G)g +15T(r,(o, ). 1 E)T(r,qo,&)é }

- €g . =
or r oo rsiné op
(I1.30)
heat fluxes
or A oT A oT
R (il S L —_ (T1.31
’ or 4 r 06 1 rsind op )

are respectively the components of the heat flux in the radial, polar,
and azimuthal directions. By applying the principle of energy
conservation to the volume element 72sin@drd@dep, the heat
equation is written

o fa -~
WP%:%%[’I"ZZ_TJ"' 2 -l 2 ai(’lf_r]
r- or F resin“ @ op\ Og (I1.32)
+ ,}1 i[ﬂ;sini’fv‘@—}r]+q§
r-sinf 06 o6

If the thermal conductivity 4 is constant, the equation becomes

B a8, u B[
ot r*or or r?sin® @ 0\ Op

4 1a ﬁ(sinﬁa—T}r—qs
r<sin@ 060 08) pCp

8. Special Forms of the Heat Equation

(11.33)

We return to the heat equation in its general form for the case where
thermal conductivity is constant, namely

ST(M,I):aAT(M,Z)_'_ q,(M.1)

1134
ot PCp { /

and let us consider the different particular cases.

w |y



8.1. Fourier's Equation

In the absence of internal heat sources (gs(M, ) =0), the heat
equation becomes

oT(M .t

or(M.1) =aAT(M,z) (I1.35)
ot

this equation is called the Fourier equation.

8.2. Poisson Equation

In steady state, the temperature does not depend on time (

aT(g;I’ B 0 ), the heat equation is known under the name of
the Poisson equation and it is written as
M
AT(M )+ (;L )0 (IL36)

8.3. Laplace Equation

The Laplace equation is obtained in the case of steady-state regime and
in the absence of internal heat sources (gs(M,)=0), i.e.,

AT(M)=0 (I1.37)

Conduction in Transient Regime

1. Case of negligible internal resistance

Consider the case of cooling a solid body of density 2, specific heat
capacity C, volume V, and surface area S, initially at temperature
T and rapidly immersed in a fluid at temperature Teo (assumed
constant). The body is assumed to be of small dimensions such that
any internal temperature gradient is neglected (negligible internal
resistance). If & is the convective heat transfer coefficient, the
change in internal energy is equal to the quantity of heat exchanged
by convection between the solid body and the fluid.

= 1=



—pcv“j—;ff):hs(r(r)—r,,) (IV.1)

with the boundary condition

t=0,T =T, (IV.2)

Since T is assumed to be constant, the solution to Equation IV. 1 is

T([) T B hS "
L _m g AV (IV.3)
T, ~T,

hS . .
The term ;¢p! can be written in the form

hS r_h;L at

oCV' A2

(Iv.4)

where = is the thermal diffusivity and L=
is the characteristic length of the solid body. The
ratio }2—[‘ 1s a dimensionless number called the Biot
number, and the ratio ,‘j—i 1s also a dimensionless
number called the Fourier number, such that

Bi=—, Fo=— (IV.5)

= T



Fo

. NOE Too
Figure IV. 1. Temperature profile T((?_—Tm as a

function of
Fourier number for different values of the Biot number.

Consequently, the temperature of the solid body can be written
in the form

T(f )_Tv. _ -Bifo

V.6
T.-T. (IV.6)
2. Case of a semi-infinite solid

Consider heat conduction in the transient regime within a semi-infinite
solid of width L. The temperature distribution 7(x, ) is obtained by
solving the Fourier equation

= 18



13T(x,t)  8°T(x,1) V.7

2

a ot ox
with the boundary conditions
GT;O’I) =0, T(x,L)=T,, T(x,0)= f(x) (IV.8)
X
y A .
T
I
ar(0.1) _, | T(x0)=£(x) T,
ox

0 L X

Figure IV.2. Semi-infinite solid.

Let us use the method of separation of variables and seek the solution in the form

T(x,1)= X(x)O(r) (IV.9)

By replacing the second derivative with respect to the coordinate x

(a2T(x, D_x "(¥)O(?)) and the first derivative with respect to time

a?

w [ Qi



t(@ = X(x)O(¢)) in the Fourier equation, we obtain

two independent ordinary differential equations
X"(x)+%*Xx(x)=0 (IV.10)
O(t)+ak*0(t)=0 (IV.11)

where k is a positive real constant. The solutions to these differential
equations are

X (x)=C, coskx+C, sinkx (IV.12)
0(1)= Cye ™ (IV.13)
therefore, the temperature T(x, ?) is
T(x,1)= C_;e_“kzi (C, coskx+ C, sinkx)

and since Tp is constant, we can write this temperature in the form

T(x,t)-T, = C3e_"k2’ (C, coskx+C, sinkx) (IV.14)

with the boundary conditions

M(O"aﬁ =0, T(x,L)-T, =0, T(x,0)-T;, = f(x) (AV.15)
X
Applying these conditions to the limits, we obtain
T(x,t)-T, = 2 C,e " cosk, x (IV.16)
n=0

where the coefficient &y is

w P =



k, :[n +l]£ (IV.17)
2)L

the coefficient Cy, is calculated using the formula

L
C, = i [ £(x)cosk, xax (IV.18)
0

3. Two-dimensional case in Cartesian coordinates

Let us now consider conduction in the transient regime within a
rectangular plate with sides L1 and L».

s or(x.Ly.1) _
oy -
L,
TOn0=0 gy )= pley) "=
0 6T(x,0,r) _0 L, *
oy -

Figure IV. 3. Transient two-dimensional conduction in a
rectangular plate.
The two-dimensional Fourier equation in this case is
1 oT (x, y,t) _ 0°T(x, y,t) N 0°T(x, y,t) (IV.19)
a ot ox’* oy* '
The boundary conditions for this problem are

T(x,y.0)= f(x.y), T(0,y,£)=0, T(L,,y.t)=0 (IV.20)

= =



oT(x0.1) _ T(xLyt) _ (v.21)
oy ! Oy

Let us seek the solution to the Fourier equation in the form
T(x, y,t)= X (x)Y(y)O() (IV.22)

By differentiating this function twice with respect to the spatial variables x
and Y, and once with respect to time ¢, we obtain

X"(x)_16() Y'0)_ > (IV.23)

X(x) a®() Y(y)

relation from which we deduce the first ordinary differential equation
for the function X(x), which is

X"(x)+k*X(x)=0 (IV.24)
whose solution is

mi x

X,,(x)=C, sin (IV.25)

Substituting the value of the coefficient k, where
k= "LLT, into Equation IV.23, we obtain
Y'(y)_10@) m’z> __ ,
== +———=—-U (IV.26)
Y(y) a®@) L

equation from which we deduce the second ordinary differential
equation for the function Y(y) and which is

Y"(y)+ 1Y (y) (IV.27)
whose solution is

nwy

Y,(y)=C, cos (IV.28)

2
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By substituting the value of the coefficient #,
which is = g, into equation I'V. 23, we obtain

l@(t) m'r® n’z’

-0 IV.29
o) 2 e P
Or)+ a;z?('g +E—]®(r)= 0 (IV.30)

2 2
G)mu(f)z Cm”exp(—a;;rz(%+z—2]rJ (IV.31)

2

Consequently, the temperature Trma(X,y, 1) is given by

MI=00n=2%C 2 2
- o[ m*  n . mMAX WY
Tl yt)= Y. ¥ Au exp[—a;r (E + ?Jr}.m T cos

m=1 n=1 o) 1 L2
(IV.46)
The application of the initial condition yields the relation
= Mmrx NTy
f(x, y)= z Z A, sin cos— (IV.47)

L, L,

m=] n=|
Consequently, the coefficients Ams are calculated from the formula
4 Lin

. MmTX nxy
=——-I\f (x, y)sm cos dxdy (IV.48)
A g J: L, Is

mn

4. Case of a Sphere
o



Consider a sphere of radius R that exchanges heat by convection
with the external medium at temperature 7. We will assume that
the initial temperature of the sphere is a certain function f{r);
furthermore, we assume that the temperature of the sphere depends
only on the radius 7. The Fourier equation in this case is written as

oT(r,1)

=a AT(r,1) (IV.49)
ot

with the boundary conditions

oT(R,1)
or

7(r0)=f(r), -4 =h(T(R.t)-T,)  (IV.50)

Since Tw is constant, let us seek the solution to the Fourier equation in the form

T(r,t)-T, = AV(r)e™®" (IV.51)
Substituting this expression into the Fourier equation, we obtain

AV(r)+2v(r)=0 (IV.52)

a

or even

dVr), 2dV(), 2400 (IV.53)
dr- rodr a

If we use the function U(r) =rV(r), the previous equation becomes

+a*U(r)=0 (IV.54)

2

where @”=%2. The solution to this differential equation is

s



U(r)=C, cosa r+C,sina r
from which we obtain for the function V(r) the equation

cosa r sing r

+C,

r r

V(r)=C, (IV.55)

Let us note that for r=0, the function V(r) will be
indeterminate; therefore, we must set C1 =0, from which

sina r

(IV.55)

therefore, the temperature 7(r) — T is given by

T(r.1)-T, = AZ2E L gm0 (IV.56)

r

Application of the boundary condition

oT(R,t)-T,

o » ):I“'(T(R,I)—Tm)

aRcosaR —sinaR o EAsina Re_“”

A

R* A R
relation, which after rearrangement becomes

a,Rcotga,R :l——%R (IV.57)

The possible values of the coefficient @, are solutions to this
equation; consequently, the temperature 7(7) — T can be
represented by the series

n=u0

T(ri)-T, = 3 A, 0" (IV.58)

n=l1 v

= SR



From the initial condition, we have

n=00

if(r)=Y A, sina,r (IV.59)

n=l|

Since the functions Sin(a@,7) are orthogonal in the interval [0, R]
, the coefficients A, are determined from the formula

R
_[rff'(r)sina”rdr
0

n = R
o
Jsm’a’“rdr
0

A

(IV.60)

5. Semi-infinite plate subjected to a periodic temperature

Consider a semi-infinite solid whose one side is subjected to a
periodic temperature of the form 7(0, £) = Tocos(w?) as shown in
Figure IV .4.

T(0, t) = TO coswt T(o, ) =0

0 "
Figure IV.4. Semi-infinite solid subjected to a
periodic temperature.

The Fourier equation is

wPG=



2

‘? o,
L s (IV.61)
a Ot ax”
with the boundary conditions
T,t)=T,coswt , T(,t)=0 (IV.62)

Let us seek the solution in the form T(x, £) = X(x)e’®"; indeed, if we
substitute this solution into the Fourier equation, we obtain the
following differential equation for the function X(x)

4°X(x)_iwyyg (IV.63)
dx” a
whose solution is

=i

X(x):CleX"' @ 4Che V4 (IV.64)

However, in accordance with the second boundary condition, the
temperature must be finite for x=00. To satisfy this constraint, we
must eliminate the divergent term in the solution by setting C1 =0.
Consequently, the solution selected in this case is

B
|t
X,|

X(x)=C,e Ve (IV.64)

Given that 4/ iw = \/% + i\/g , we can write that

| @

- .I i| @i—x 'II ]
T(x,t)=Cye " 3“e[- Y (IV.65)

The real part of this solution is

T(x,1)=C,e V2 co{w t—x /2‘—"] (IV .66)
a

i



From the first boundary condition, we obtain

CZZF{)

and consequently, the temperature 7(x, f) becomes

i
T(x,r):Toe ~Vaa co{(or—xwﬁzﬁ] (IV.67)
a

We observe that the amplitude of the temperature T(x, 1)
decreases with the abscissa x, and furthermore there is a
phase shift between the temperature 7(x, f) and the
temperature 7(0,7) equal to x\/g :

=



Thermal radiation
1. Introduction

Heat transfer occurs via three distinct modes: conduction,
convection, and thermal radiation. When a temperature gradient
exists within a stationary medium—whether solid or fluid—we
use the term conduction to describe heat transfer occurring
through that medium. The term convection refers to the mode of
heat transfer between a solid surface and a moving fluid, or
between two fluids in motion, when a temperature gradient is
present. The third mode of heat transfer involves thermal
radiation. Any solid or fluid surface emits thermal radiation in
the form of electromagnetic waves (light) that propagate through
the surrounding space without a material medium.

Conduction is the process by which heat is transmitted within a
solid system from its hot region to its cold region or between
two systems in contact (one hot and the other cold). This energy
transfer occurs through the vibrations of the system's molecules
around their equilibrium positions. According to kinetic theory,
the energy or speed of the molecules is proportional to the
temperature. Therefore, as they move toward regions of lower
temperature, molecules transfer part of their energy through
elastic collisions or by electron diffusion (in the case of metals).

Conduction attempts to balance the temperature within the system, but

the process continues as long as a temperature difference is maintained

Gg=-ASVT(M,¢) (VL1)



During heat transfer between a fluid and a solid or between two

fluids, the amount of heat exchanged is given by Newton's formula

Q=hS (T,-T,) (V1.2)

where £ is the average convective heat transfer coefficient, Tp
and T are respectively the surface and fluid temperatures, and
S is the exchange surface. Any surface at temperature Ip emits
radiation known as thermal radiation, provided that this
temperature differs from absolute zero. This quantity of heat is
calculated using the formula

QxT? (VL3)

If the surface at temperature Tp is surrounded by an infinite
medium at temperature 7, the net heat exchanged is

0 (1} -1¢) (VL4)

2. Nature of Thermal Radiation

The energy of thermal radiation consists of electromagnetic
waves or massless particles called photons. In nature, no single
descriptive model of radiation energy is capable of describing all
observed phenomena on its own. Electromagnetic waves and
photons propagate through any medium at the speed ¢, known
as the speed of light. The speed of light depends on the medium
in which it propagates; it is related to the speed in a vacuum Co
by the formula

c= (VL5)

where 7 is the refractive index of the medium and cp =2.998 x 108 ms
~1. By definition, the refractive index of a vacuum is #=1. For gases
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At ambient temperature, the refractive index is close to unity; for
air, its value is n=1.00029 for visible light. Light propagates
more slowly in dielectrics, which have a refractive index
between 1.4 and 4 and do not penetrate conductors. Any
electromagnetic wave is characterized either by its frequency v,
its angular frequency @, its wavelength 4, or its wavenumber 7.
These different quantities are related by the expression

@ c
V=—=—=1 VI.6
oy 7 ( )

If we consider the corpuscular aspect of light, each photon carries an energy
£ given by the relation

e=hv= h—( (VL.T)
A
where A is Planck's constant whose value is
h=6,626.10"* J.s (VL8)

The frequency of an electromagnetic wave does not change when it
passes from one medium to another, since the photon's energy must
be conserved; however, its wavelength changes because the
refractive index varies from one medium to another. The following
figure shows the electromagnetic spectrum. Note that thermal
radiation lies between 4=0.1pm and 4=100um, thus covering
the visible portion of the electromagnetic spectrum.

When an electromagnetic wave strikes a solid or liquid surface, the
wave may be partially or totally reflected, and the non-reflected portion
penetrates the medium. As it traverses the medium, the wave continues
to be attenuated. If the wave is completely absorbed, the medium is said
to be opaque. If the wave traverses the medium without attenuation, the
medium is considered transparent; if the attenuation is partial, it is
considered semi-transparent.
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A completely opaque surface that does not reflect any wave is called a
perfect absorbing surface or a black surface. A surface that does not reflect
any radiation cannot be seen; it appears black to our eyes and, consequently,

absorbs the maximum amount of radiation falling upon it.
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Figure VI. 1. Spectrum of electromagnetic waves.

Consider a cavity whose inner wall is black, thermally insulated on the
outside, and containing a small black object. Over time, in accordance with
the second principle of thermodynamics, the cavity and the small object
reach the same equilibrium temperature. This means that each surface that
this
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emit as much radiation from the cavity or the small emitting body as they
absorb. However, since their surfaces are black, they absorb the maximum
amount of radiation and consequently also emit the maximum amount of
radiation.

Figure VI. 2. Enclosure in equilibrium with a body.

When studying the interactions between radiation and matter, we always
invoke the concept of a black body. Thus, a black body is a surface that

absorbs and emits the maximum amount of radiation in all directions.

3. Fundamental Laws of Thermal Radiation
3.1. Definitions

3.1.1. Solid angle

By analogy with the angle formed by two lines in a plane, which we
measure in radians by the length of the arc intercepted on the unit circle. We
measure a solid angle € in steradians by the area of the surface intercepted
by a cone of unit radius. A solid angle Q is therefore measured in steradians
by the

.S . .
ratio %z of the surface intercepted on a sphere of radius R to

square of this radius. Indeed, the solid angle €2 around a point P located on
a plane is



Q= =——=4r (VL9)

dl=rda

Y
-

Figure VI. 3. Definitions of the planar angle, the solid
angle, and spherical coordinates.

A surface element dS sufficiently small to be considered planar, and any
point located at a distance r from a point P, is seen from point P under a
solid angle dQ such that
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_dScosa

2

r

dQ (VL10)

Here a is the angle between the normal vector to the surface
element dS and the direction connecting point P to the center of the
surface element dS. Indeed, if we denote by dSp the projection of
the surface dS onto the sphere centered at P, we can write
dSp  dScos
dQ="C - Sc‘jm (VL11)

r r

dS, =r’sin 0dOde

Figure VI1.4. Solid angle in spherical coordinates.

If we substitute the expression for the surface element dSp into the
definition of the solid angle d€2, we obtain
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2 s
=" sm@jdé’dq)

r

=sin@d0dg (VL.12)

The solid angle under which a hemisphere is viewed is

T T

Q:

O eyt

[sinoaodp = zzzIsinada =27 (VLI3)
0 0

3.1.2. Relationship between radiative intensity and
radiation emission

Consider an emission in a particular direction from an elementary
surface dSo as shown in the figure below.

Figure VI. 5. Emission of radiation into the solid angle d€2

Let us find the rate at which emission from the surface dSg
passes through the surface dSp. This quantity can be expressed
in terms of the spectral intensity I}, ¢ of the emitted radiation.
Formally, we define the spectral intensity I3, as the
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rate at which radiant energy is emitted at wavelength 4 in the
direction (@, ) per unit area of the emitting surface normal to
this direction, per unit solid angle around this direction, and
per unit wavelength interval d4 around the wavelength 4.

dS =dS, cosO

ds_0

Figure V1. 6. Projection of the surface dSo in the
direction 6. Mathematically, the intensity I3 e is

dg
1,,(4.0,0)= VL14
2 (4:8:9) dS, cos@dQda wLLs)

dq . . .
where dq; = % is the rate at which radiation at wavelength 4

leaves the surface dSp and passes through the surface ds.
Note that the unit of spectral intensity I3, is W/mz-sr-pm.
Equation VI. 14 can be rewritten in the form

dq, =1, ,(1,6,9)dS, cos@dQ (VL15)

This relation allows us to calculate the rate at which radiation emitted by a
surface propagates through a region of
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the space defined by the solid angle dQ around the direction (6, @).
However, to calculate this rate, one must know the spectral intensity
I;,¢(4,0, @) of the emitted radiation. Let us introduce a new quantity
dq' 4 defined as the spectral flux of the radiation associated with the
emitting surface dSo; indeed, we can write

dq), = ‘;isz (VL16)
from relation VI. 15, we have
dq’, =1, ,(1,0,p)cos0dQ (VL17)
by using relation VI. 12, we obtain
dq’, =1, ,(1.0,p)cosOsin0dOdg (VL18)

3.1.3. Issuing Power

The hemispherical emissive power E; is defined as the rate at
which radiation of wavelength 4 is emitted in all directions
from a surface per unit wavelength interval around 4 and per
unit surface area. Consequently, the hemispherical emissive
power Ej is the spectral heat flux associated with emission
into a hypothetical hemisphere surrounding the surface dSo.
This hemispherical emissive power is given by the relation

E,(1)=g,(2)=[ [1,.(2.6.9)cos0sin0d0dp (V119)

00

Let us note that the hemispherical emissive power E; is associated with
the surface dSp, whereas the intensity 13,¢(4, 0, @) is associated with the
projected surface dS =dSpcos 6. The hemispherical emissive power

Y. . .



total E is the rate at which radiation is emitted per unit surface area in all

directions and across all possible wavelengths. Therefore, we must have

E= _[ E,(A)dA (V1.20)

or else

!-——.Mbq

E:j

)

j‘: (1,0,p)cos0sinfd0dpd)  (VI21)
0

)

The term emissive power implies that the emission of
radiation is in all directions; in this case, it is possible to omit
the word hemispherical. Henceforth, we use simply the terms
spectral emissive power and total emissive power. Generally,
the directional distribution of radiation emission depends on
the nature of the emitting surface, but there exists a special
case, which is that of an emitting surface known as diffuse.
Thus, for a diffuse emitting surface, the intensity of emitted
radiation I3, ¢(4, 0, ) does not depend on the direction, 1.e.,
D, (4,0,0)=1;,.(A). In this case, Equation VI. 21 is written

b/

2 2

E,(1)=1,,(2)| [ cossin@dodp=r1,,(2) (vV122)

00

The same holds for the total emissive power; from Equation VI.20, we also
obtain

E=nrl, (VL.23)

3.1.4. Irradiation
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Having considered the radiation emitted by a surface, let us
now turn to the radiation incident on an arbitrary surface.
This incident radiation may originate from emission and
reflection of other surfaces and will have a spectral and
directional distribution determined by the spectral intensity
15,i(4,0, ®). This quantity is defined as the rate at which
radiant energy of a given wavelength falls in the direction
(0, @) per unit of receiving surface area normal to that
direction, per unit solid angle dQ around this direction, and
per unit wavelength interval d4 around the wavelength 4.

Figure VI. 7. Direction of the incident radiation.

The spectral intensity of the incident radiation 13,i(4, 8, ) can be
related to a new radiative flux called irradiation, which
encompasses all incident radiation from all directions. The spectral
irradiation G(4, 8, @) defines the rate of radiation with wavelength
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of wavelength 4 incident on the unit surface area per unit wavelength
interval dA around the wavelength 4. Consequently, the irradiance
Gi(4,0, ) is defined by the relation

7
227

G, (1)= I ffi_,. (1,6,0)cos0sinfdOdg (V1.24)

00

If we consider the total irradiation G, which is the rate of
incident radiation on a surface, coming from all directions
and encompassing all wavelengths, we can then write

G =[G, (2)dz (VL25)
0

Taking into account relation VI. 24, we obtain

7

|5
(]

b

I,,(2,0,9)cos0sin0d0dpd). (VL.26)

0

o]

0

(= s ]

If the incident radiation is diffuse, the intensity 13,:(4, 0, @)
will be independent of direction and consequently, we obtain

G,(A)=n1,,(2) (V1.27)
G=nrl, (V1.28)
3.1.5. Radiosity

Radiosity encompasses all radiation emitted by a surface. This radiation
accounts for the radiation reflected by the
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surface in addition to the radiation directly emitted by that same surface.

The spectral radiance J2(4, 0, @) represents the rate at which
radiant energy of a given wavelength leaves, in the direction

(0, 9), a unit surface per unit wavelength interval dA around the
wavelength 4.

J
rd
Rolee A
’ /
’ /
/,/ 4 E
’ /
/, /
s ya

Figure VI. 8. Radiosity of a surface.

If we denote by I3,e+r(4, 8, @) the spectral intensity of the emitted
radiation plus the reflected radiation from the surface, we can then
write

»-l_-_-.r.) L

j (4.0.9)cosOsin0dOdp  (V129)
0

the total radiosity J is

[3*]

V4

I,,.,(4,0,p)cos0sin0dOdpds  (V130)

Ht—-—.u} =

i

If the surface is a diffuse emitter and a diffuse reflector, we can write that

,—\t__.
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J,(A)=x1,,,,(2) (VL31)

J=nxl,, (VL32)

4. Maxwell's Equations and Electromagnetic Waves
4.1. Maxwell's Equations

The Maxwell equations are derived from the following four laws

a) Gauss's law: the electric field flux through a closed surface is equal
to the total enclosed electric charge divided by the permittivity of free
space.

b) The absence of magnetic monopoles implies that
the magnetic flux through any closed surface is zero.

c¢) Faraday-Henry Law: the electromotive force generated
around a closed circuit is equal to the negative time
derivative of the magnetic flux through the closed circuit.

d) Ampere-Maxwell Law: the circulation of the magnetic field
around a closed circuit is proportional to the sum of all
currents passing through the circuit.

Consider two electric charges 41 and 42 located in space at
points Py and P». By virtue of Coulomb's law, the force F12
acting on the electric charge 42 is

= 919, n» —h
Fi, = —
4]?8(] ’rz _r]‘i

(VL.33)
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where 71 and 7, are the position vectors of points P1 and P> with
respect to a Cartesian coordinate system in space, and &g is the
permittivity of free space.

If we consider N electric charges 41, ---, 4N located in
space at points P1, ... Py with position vectors 71, ... _’N,
the force F acting on a test charge 4 with position vector 7
18

?!'
= 4?2'6‘0 ‘r— |

(V1.34)

Let us introduce a vector field E’(?’) called the electric field, such
that the force acting on the test electric charge 4 is given by

F = qE(7) (VL35)

In this case, the electric field E’(?) 1s written

i=N

EfF)=) -1 T~ (VL36)

= 47, ‘;W;:J_-

For a singular electric charge, the electric field is

E(F)=—2LL (VL37)
dre, |’

Now suppose that instead of discrete electric charges, we have a
continuous charge distribution represented by the volume charge
density p(7). The electric charge at a point P with position vector 7
is p(P)dV , where dV is the volume element around point P. The
electric field created by this charge distribution is given by
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B(F)=— Ip(F')Lav (VL.38)
477.'5(] 4

Consider an electric charge ¢ placed at the origin. The electric
field generated by this charge is radial and possesses spherical
symmetry about the origin. If we take a sphere of radius r
centered on the electric charge, the flux of the electric field E‘(?)
through the surface of the sphere is

)

[E(F)edS = [E,ds =E,4nr* =—L— 471 = L (v139)
< 3 drgyr- &y

From Ostrogradsky's theorem, we have

IE(F)-a@ :Iﬁ?-é(?)dv (VL40)
S v
hence
W-E(F)dv =4 (VL41)
€

where V is the nabla operator. If, instead of having an electric
charge 4, we have a volume charge density p(7), formula VI. 41
becomes

[VeEF)av = ijp(;f)dv (V1.42)
% €o
let
Ve E(7,1)= p(F.1) (VL43)
€y

The magnetic field lines B(7, £) are always closed loops due to the
absence of magnetic monopoles. Consequently, the magnetic flux
through any
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the surface traversed by the magnetic field lines is zero, hence

jBrr-ds—j rr-nIdS+jBrr-nlf15 0(V1.44)

M

Using Ostrogradsky's theorem, we have

.[E(r—,z)-cm‘ = j’ﬁ'-ﬁ(?,:)dv (VL45)
1%

VeB(F,1)=0 (VL46)

According to the Faraday-Henry law, the electromotive force V(?) is

F s, %
v(r)= —E-[B(r,t)-ds (VL47)

However, we know that the electromotive force generated around a

closed circuit is the circulation of the electric field around this circuit.

= [EF1)edl (VL48)

By eliminating the electromotive force between relations VI. 47 and VI. 48, we
obtain

j’E(F,r)- df == [ B2 e dS (VL49)
C dt S

If we use Stokes' theorem
IE(F,r)-dI = ﬁ'x E(F.t)edS (VL50)
C h

Equation VI. 49 is written as
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J’ﬁxE(F,z)-d et B(7.t)edS (VL51)
S

from which

VxE(F,1)=- (VL52)

According to the Ampére-Maxwell law, the circulation of the
magnetic field is

jé(?.r)-df = u,1(t) (VL53)
C

where Mo is the permeability of free space and 1(?) is the sum of all
currents flowing through the circuit. The electric current I can be
written in the form

1)=[FedS +a E(F.1) y g3 (VL54)

By combining these two equations, we obtain

jé(?,r)o dl = ,u(.,jj od§+€0ynjoE r’r).a@ (VL55)
¢ 5

N

with Stokes' theorem, this relation is written

V x B(F,t)= o J + & 140 a*gf) (VL56)
Now, let us summarize Maxwell's equations
¥ o E(7.1)= 271) (VL57)
€p
VeB(F,1)=0 (VL58)



Vx E(F,1)= _oB(7.1) (VL59)
ot
= = = OE(F,1)
V x B(F,t)= o J + &0 1 — (VL60)

If we consider the regions where p(7,0)=0 and f: 0, Maxwell's
equations become

Ve E(F,1)=0 (VL61)
VeB(F,t)=0 (VL62)
¥ x E(7,1)= - B0-1) (VL63)
ot
- OE(7 1)

(V1.64)

If we take the vector product of the nabla operator V with Equation
VI1.63, we obtain

oV x B(F.1)

6’x(ﬁ'xf(?,t)):~ Py

(VL65)

From the vector identity
Vx(Vx E(F.1)=V(V 0 E(F.1))- AE(F.t)  (VL66)
Equation VI. 65 is written as

571 =2 V xB(F,1)

V(V e E(7.1))- AE , (VL67)
!
but since V - E‘(}’, 1)=0, we obtain
AE(7 1) = AV X BE2) (VL68)



and by applying relation VI. 64, it follows

AE(F,t) = g4ty ——~ (VL69)

Using the same procedure, we obtain a similar equation for the magnetic
field

o 0’ B(F,1
AB(F,t) = &y 11, L) (VL70)
ot~
If we write equation VI. 69 in the form
e 1 0%E(F.t
AE(7,1) = c (f ) (VL71)
1 or’
oty
Equation having the form of a wave equation
2 —
Af(7,1) = LL(”) (VL.72)

c* o’

differential equation describing the propagation of the quantity
f(7,1) as a wave with speed C. Thus, the electric and magnetic
fields obeying equations VI. 69 and VI. 70 propagate as waves with
the speed

EgHo

(VL73)

Cy =

If we take the numerical values of
£0=28.8542x 10712 C2N"1m=2 and po =4n X 10" NA ‘2,
we obtain for the speed €o the value

1

EoHy

=299810%ms™ (VL74)

Co =
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which is nothing other than the speed of light in a vacuum. This
analogy led Maxwell to suppose that light is the propagation of
two waves formed, one by an electric field and the other by a
magnetic field; this is what we call an electromagnetic wave.

AE(F,1)=-L aE(;"‘) (VL75)
c; Of

AB(7,1) = i, 837(?’) (VL76)
cg O

The so-called monochromatic plane electromagnetic waves are described
by the following expressions

E7.1) = Me'® 1) (VL77)
B(F,t)= NelEi-o1) (VL78)
where @ =2z and Ikl = z= 2/1—” are respectively the frequency

angular and the modulus of the wave vector k. Let us write these
equations in the form

E(7.t)= Me™ e (VL79)

B(F,t)= Ne™ ™ (VL80)

Let us assume that Eo(F) = Me™* and Bo(® = Ne* 7. We can
then describe a monochromatic plane electromagnetic wave via
the relations

E(f )= E(F ™ (VL81)

B(F.1)=B,(F)e ™" (VL82)



Substituting these expressions into Equations V1.69 and V1.70, we obtain

A(éo(-)e-"”)ﬁa“(g;(f_’e”””
A( _0 (—)f'_m” )‘ é N (Bogz)e — )

soient

2
AEH (F)e—r'mr _ _i)—z EO(F)Q—.‘(DI
0

&EO(F)e—fmf o _%_ g(] (F)e—i{uf

Cp

and by simplifying with e~®*, we arrive at the equations

AB,(7)+ 2B, (7)= 0

(VL83)

(VL.84)

(VL85)

(VL86)

(VL87)

(VL88)




Figure VI.9. Plane electromagnetic wave.

Let us take the equation E(r = = Meik-F=a0) and, by
calculating V e E(r 1), we obtain

Ve (Mef{*"'f"“’)): ik » E(F.t) (VL89)
also for V - B(7, 1)
Ve (ﬁgi{f'f"m))z ik  B(7,t) (V1.90)

From the first two Maxwell equations, V - E(r,#) =0 and
V- B(r, 1) =0, we deduce that

keE(F,1)=0 (VL91)
keB(F.t)=0 (V1.92)

These two relations show that the wave vector  is perpendicular to
the electric field vector E(?, t) and to the magnetic field vector

B(#, 1), and consequently, the electric field E(7, ) and magnetic
field E(?, t) are also perpendicular to each other.

4.2. Stationary Electromagnetic Waves in a Cavity

Consider a metallic cavity with sides L1, L and L3 at
temperature 7. Each wall emits electromagnetic radiation
(thermal radiation) which is reflected off the other walls and
forms a set of standing electromagnetic waves. The electric
fields of the standing electromagnetic waves in this cavity in
the directions Ox, Oy and Oz are

Ex(x,y,z,t) = EgxCOs kyxsin kyysin k,zsin 2zvt (V1.93)
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E y(x,y,z t)=E {0y} sin(kyx)cos(kyy)sin(k;z)sin(2zvt) (V1.94)
E_(x,y,z,t)=E,_sink x sink,y cosk_z sin2zvt (VL95)

where Eox, Eoy and Eo; are the amplitudes of the electric
field in the directions Ox, Oy and Oz, and k, ky and k;
are the projections of the wave vector k.

Figure VI. 10. Cavity containing electromagnetic waves.

If we consider the wave along the Ox axis, for example, we note
that the wave has a sinusoidal amplitude Eoxsin(k,x) which
oscillates in time like a harmonic oscillator with a frequency v.
On the walls of the cavity, the boundary conditions are such that
the tangential components of the field vanish at the walls.



For the walls perpendicular to the Ox axis, the tangential
components of the electric field are Ey(x,¥,2,) and E(x,Y,2,1).
Indeed, we can write

E,(0,y,z,t)= E,, sink 0 cosk,y sink,z sin2zvt=0 (V1.96)
E, (Lisyizt)= E,, sink L, cosk,y sink, zsin2zvi=0 (VLI7)
£, 0,y,2,t)= E,, sink, Osink,y cosk_zsin2zvt =0 (VL.98)
E, (Ll, y,z,r): E,, sink L, sink,y cosk_ z sin2zvi =0 (V1.99)

We note that for x=0, the fields Ey(x,y,z,1) and
E,(x,y,z,1t) vanish; this is the first node. A second node
also exists for x =L if the following condition is satisfied

kL =nrx (VI.100)

We can write the same conditions for the two faces perpendicular to the Oy
axis, namely

E (x,0,z,t)= E,, cosk x sin k,0sink zsin2zvi =0 (VL101)
E (x,L,,zt)=E,, cosk, xsin kyL, sink, z sin2zvt =0 (VL102)
E, (x,O, zt)= E, sink xsink 0 cosk_z sin2zvt =0 (VIL.103)
L, (x,L,,2,t)= E,_sink xsink L, cosk_zsin2zvi=0 (V1.104)

We deduce the second node from the condition

kL, =n,x (VL.105)

For the faces perpendicular to the axis Oz, we write

E,(x,y,0,t)= E,, cosk x sink,y sink,0sin2zvt = 0 (V1.106)

E (x5, Ly;t)= B cosk xsin k,ysink Ly sin2zvi =0 (VL.107)
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E, (x, .0, r) = E,, sink x cosk,y sink_0sin2zvt =0 (VIL.108)

E, (x, y,L4,t)= E,, sink x cosk,y sink L sin2zvt =0 (VI.109)
We deduce the second node from the condition

k.Ly=n,n (VL110)

In summary, we have obtained three conditions for obtaining
standing electromagnetic waves in a cavity; these conditions are

n,mw
k=28 g =2k, =22 (VL111)

where 1y, My, and 1z are positive integers ranging from zero
to infinity. If we consider the component Ex(x,y,z,?) of the
electric field, it must necessarily satisfy the equation

3*E (x,y,2,1) & 3*E (x,y,2.1) i O*E (x,v,2.1)

ox? oy* oz*
R ? (VL.112)
1 6%E,(x,y,z,t)
e )
Eg ot
by substituting equation VI. 93, we obtain
(U2

ki +ks+k=— (VL.113)

Co

From relations VI. 111, we arrive at

- P I % 2 5
AESLIN I e S0 I (”:” == (VL114)
L, L, Ly Co

Let the cavity be cubic with side length L, and replacing the angular

frequency w by the frequency v, Equation VI. 114 becomes
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5 g A
n,+n.+n, = 7V (VI.115)

Co

Since the numbers 7y, Py, and 7z take values ranging from
zero to infinity, they define an infinity of standing waves
within the cavity. Let us note that if we consider a
coordinate system defined by the numbers 7y, Iy, and 7z,
Equation VI. 115 is the equation of a sphere with radius
%. We can consider that the variations in the numbers 7,
My, and Mz are continuous, and in this case, the number of

oscillation modes NV, will be defined by the relation

3

147 (2Lv

L= 2 (VL116)
8 3 ¢

The number of oscillation modes 7, per unit volume and per
frequency interval is

n, = LEN, (VL117)

__4xL3L3

If we use the relation Vv = 3 > We obtain

3.-3
d[zm:/ ] ﬂ
1 3¢y _Axv©
=— -

L dv cg;’

n (VL.1138)

Vv

The electromagnetic energy density %y contained in the cavity volume is

u, =2n,E (VL119)
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where E is the average energy of each oscillator contained in the
cavity, the factor 2 arises from the polarization of the electric field.
Substituting the relation into Equation VI.118, we then obtain

iy (VL.120)

v 3
Co

A\ J

Figure VI. 11. Coordinate system 7, ®y and Pz.
5. Blackbody radiation, Planck's law
5.1. Concept of Black Body
A black body has the following characteristics:

a) It absorbs all incident radiation regardless of wavelength and
direction of propagation.

b) For a given temperature and wavelength, no body can emit

radiant energy greater than that emitted by a black body.
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c¢) Although the radiation emitted by a black body
depends on temperature and wavelength, it is independent
of direction. Thus, the black body is a diffuse emitter.

As a perfect emitter and absorber, the black body serves as a standard
reference for comparing the radiative properties of surfaces under
study.

Although it is common to admit that certain surfaces approach a
body, no surface possesses its specific properties. The most
admissible approach to a black body is a cavity whose inner surface
is maintained at a uniform temperature. If radiation enters the cavity
through a small opening, it will undergo a multitude of reflections
on the inner surface before exiting through the same opening; in this
case, the radiation is almost totally absorbed, and we realize a black
body. From a thermodynamic point of view, it is possible to admit
that the radiation leaving the cavity will depend only on the
temperature of the inner wall and corresponds to the radiation of a
black body.

Since the emission of radiation from a black body is diffuse, the
spectral intensity 12,5 emitted is certainly independent of
direction. The radiation accumulated in the cavity results from
the emissions and reflections of the inner wall of the cavity; it
must be of the same nature as the radiation exiting through the
opening and, consequently, the radiation within the cavity is
also a black body radiation. Thus, for any portion of the inner
wall of the cavity, we always have Ga(4, T) =E; p(4,T).

5.2. Planck's Law

We have obtained the energy density contained within the volume of a
cavity containing electromagnetic radiation; this energy density is
given by the formula
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ey (VL121)

Co

u

From statistical thermodynamics, we know that the probability of
finding a system NV; in an energy state E; is given by the
[expression] that we call the Boltzmann distribution
K
P = Ae ¥ (VL.122)

where k is the Boltzmann constant and E; is the absolute
temperature of the system. Consequently, the average energy E
of such a system is
©  E
J.E{-e T dE,
E=2— (VL123)

i [os) Er.
Je K dE,
0

Planck's hypothesis is that the energy exchanged between the oscillators on
the wall of the cavity of a black body and the standing electromagnetic
waves found therein occurs in discrete packets of energy called quanta,
given by the formula

E, =nhv (VL.124)

where 7 is an integer.

Let us now calculate the average energy E of the oscillators
located on the cavity wall that constitutes the black body. This
average energy E is given by the formula in which we have
replaced the integral by a summation, since the energies E, are
exchanged in discrete packets E, =nhv

- 265 -



= nhv

Znhve kT

E=22 (VI.125)

n=ewo _Mhv

Se

n=0

If we let Xx= Z—;, the previous formula can then

be written in the form

n=w

—nx
Z nxe

(VL.126)

where the functions N(x) and D(x) are defined by the following
expressions

n=o0

N(x)= Y nxe™ (VL127)
n=0
D(x)= Y ™ (VL128)
n=>0

If we explicitly define the function D(x)

D(x)=l+e ™+ +e > 4...e™ (VL.129)

we note that it represents a geometric sequence with ratio €™

; consequently, we can write the function D(x) in the form

D(x)= (VL.130)




Explicitly, the function N(x) is written as

N(x)=xe™ +2xe™ +3xe™>* +.--+nxe™ (VL131)

or even

N(x)=xle™ +2e7 +3e™ 4. +ne™)  (VLI32)

this way, the function N(x) can also be rewritten as

N(x):—xi(1+e_‘+e_2"+e'3'+---+e_’“):—xi[ : J
dx dx l_e—_\

(VL133)
let

—x

By substituting the expressions for the functions N(x) and D(x) into

N(x)= (VL.134)

Equation VI. 126, we obtain for the average energy the relation

E:kT""“"(l_e' Tty _ MY i3

] e

ed —]

Consequently, the energy density #, contained within the volume of
a cavity containing electromagnetic radiation is

3
8th Vv
vTo3
Cop TV
el _1

u

(VL.136)

Let us now find the relationship between the energy density 4y
and the spectral emissive power E, .

- 267 -



Figure VI. 12. Radiated power in the direction 6.

If we denote dP as the power radiated by the surface element dS, the
energy dPdt radiated during the time interval dt is equal to the
electromagnetic energy contained within the volume dScodt ; we then
obtain

L (VL137)
s~ 2

The radiated power per unit area is distributed over all possible directions,

proportionally to the solid angle d€2, which allows one to write

J‘ dP 1O
dS
E,, =2%—"o (VL138)
jdﬂ
Q

and substituting the expressions for the solid angle
dQ =sin0dOd¢ and the power radiated per unit

dP _1 . .
surface g =5 UyCOCOS 0, this relation becomes
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j jcosesin 0dodo
1
E,,==u,cq L (VI.139)
J J sinfdf@de
00
by calculating the integrals, we arrive at the relation
o
Eyp = b, (VI .140)

If we substitute the energy density 4» with its expression, the spectral
emissive power of the black body becomes

3
_2zh v
vibh — 9 hv

Co
ekl —1

E

(VL.141)

Generally, we use the wavelength 4 instead of the frequency
v; for this, we write the expression of the spectral emissive
power as a function of the wavelength 4, using the relation

dv
E,, =-FE, 6 — VI.142
A.b v.h dﬂ. ( )
3
B, s R W W (VL.143)
Ab 2 hv da
“ i
e —1]
. C
from the relation V= 70, we have
dv Co
o 2O (VL.144
dA A2 ' )
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Now, by substituting Z—Z = - j—‘; and V =c/1—0 into
equation VI. 141, we obtain

3
5
B, = 2mh \ A Co

Cp A

let

= T (VI.146)
/1{9'”"7 — IJ

The spectral intensity 12,5(4, T) for a black body is
consequently equal to

2hc?
I/IJJ(ATT): .

T (VI1.147)
&5 {{, AT _ IJ

If we introduce the constants C1 = Zﬂhcg and Cr = h,:(),

the spectral emissive power can be written in the form

E,, (/LT): CE

N (VI.148)
i [e i l]

This formula is known as Planck's law for blackbody radiation, given the
values of cp=2.998 % 108 ms™, h=6.626 x 10734 J s, and

k=1.381x 10723 J K1, which correspond respectively to the speed of the

-270 -



speed of light in vacuum, the Planck constant, and the Boltzmann

constant, we obtain, for the constants C1 and C3, the values

C, =2mhci =3,742.10° Wum*m™ (VI.149)
hey 4
C; = = - 1,439.10% zmK (VL.150)

._.
=
CY
T

—~

Blackbody emissive power E, ;, W/m™ um

=
g
T Y

C:\.'_.,
LR |

Wavelength A, um

Figure VI. 13. Emissive power of a black body as a
function of wavelength.

<271 =



5.3. Wien's Displacement Law

We note that the spectral emissive power distribution E3,5(4,T) of a
black body has a maximum at Amax Which depends on the
temperature 7. To find this maximum, let us calculate

dE, ,(2,T)

=0 VIL.151
dA ( ;

by differentiating relation V1. 148 with respect to the wavelength 4, we obtain

) P
~5C A eAT 1|+ C,C, =—e T
dE; ,(2.T) r
i = = =0 (VI.152)
di C =
{ﬂs [e“ - l}
(&) Pr (&)
~5C, A% eAT -1 |+C,C, ?e” =0 (VL.153)
by simplifying and rearranging, we obtain
2 c2
Ar[e” —1}:735@? (VI.154)

If we denote by x= f—;, this relation can then be

written in the form

X
== (VIL.155)
5



2,0

:
154

1,0 +

! eto the
minus 1

eta
05—+

0,0 t } . } J } }
0 2 4 5 8 10
x equals 4.965 x

and 3 5.

In Figure VI.14, we have plotted the
functions “ and 5 5. Their 1ntersect10n
point is the solutlon to the equation —— = g.
The value X corresponding to the solutlon is
x=4.965. Knowing that x= “2 we can then

_ AT
write
73 =



G,

=4,965 (VI.156)

max

by substituting the numerical value of the constant C2, we obtain

AT =2898umK (VI.157)

max

This relation is known as Wien's displacement law. This law shows that
the wavelength corresponding to the maximum value of the spectral
emissive power is inversely proportional to the absolute temperature of
the black body. The maximum spectral emissive power Ej,,.(T), which
corresponds to the maximum wavelength Amax, is obtained by

substituting relation VI. 157 into equation VI. 148, namely

E,(A.. .T)=CT® (VL.158)

max *?

This relationship shows that the maximum spectral emissive
power E....(T) depends on the fifth power of the absolute
temperature of the black body.

5.4. Limiting Cases of Planck's Law

Now, let us examine the limiting cases of Planck's law. Consider

G . :
the case where the term ﬂ—; 1s very small compared to unity,

we can then expand the term e to first order, namely

€2

> C,
e =14—=

AT

(VL.159)

by substituting into equation VI. 148, we obtain

P



C ¢, T
E;p(AT)=———==—t=

= 4
AS{HC? —1] o2 4

AT

This law is called the Rayleigh-Jeans law.

If now, we consider the case where the term

(VL160)

C, .
ﬁls

very large compared to unity, we can then write that

]

this law is called Wien's law.

(VL.161)

Planck's law
= » =« -Rayleigh-Jeans distribution

0 5 10 15
‘Wavelength x temperature nAT, 10* pmK

Figure VI. 15. Limiting cases of Planck's law.
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5.5. Stefan-Boltzmann Law

The total emissive power of a black body E»(T), obtained by
integrating the spectral emissive power E2,5(4, T) over all
possible wavelengths 4, i.e.,

E,(T)= _|' E,,(4,THA (VL.162)

0

Using Equation VI. 148, we can rewrite this relation in the form

E,(T)= Ii (VL163)

%)
J Aﬁ{e” 1]

To calculate this integral, let us perform a change
of variable by setting x= 2 from which

T’
di= Sk (VL164)
& X
and thus, the integral is written
C
E,(T)=—171" j xdx (VL165)
5 e’ -1
Kn hat th A lto Z
owing that the integra 1 is equal to 7= 15> W€
obtain
4
E,(r)=" 1! (VL166)

15 C;‘
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4C
If we denote the constant term %C—é by o, the power

total emissivity of a black body, is given by
_ -+
E,(T)=0oT (VL167)

the constant o is called the Stefan-Boltzmann constant and it is equal to

c=567010° Wm=K™* (VL.168)

Equation VI. 167 is the Stefan-Boltzmann law; it enables us to calculate
the quantity of radiation emitted in all directions across the entire

spectrum by a black body, simply by knowing its temperature.

5.6. Emission Bands

Sometimes, it is necessary to know the fraction of the total emissive
power emitted by a black body within a certain wavelength interval
[0, 4]. For a given temperature and a given wavelength interval

[0, A], this fraction is determined from the relation

[E.4(2.7)a2
fog=t— (VL169)

o0

IEZ.!) (A’T)d’;l
0

and if we introduce the expression for the spectral emissive power
E; 5(A4, T), this relation becomes
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(VL.170)

G
1 A{e” —1]

The fraction of spectral emissive power emitted within the wavelength
interval [41,42] is

A2
[Eap(2.THA- _[E;b (2.T)dA
g L = foty = fozy (VLIT1)

[ £, 2.z

.f,!] -Aa =

If we make the variable change x=AT , the fraction of emissive

power fi; -1, in the interval [41,42] can be rewritten in the form

C, K dx
.f.l']—_\z = ; C—2 (VI 172)
let
.}[._1'1—,1'2 = .f[}—,\'z - .f(j_.‘rl (VI 173)
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5.7. Stefan-Boltzmann Law from Classical
Thermodynamics

Consider a cavity of volume V' at temperature 7' containing
electromagnetic waves with energy density #. From the

electromagnetic theory of light, the radiation pressure P in the cavity is

p=Z (VL174)
3
If U is the internal energy of the cavity, we can then write
U=uV (VI.175)
Based on the first principle of thermodynamics, we have
dU =—PdV +TdS (VI.176)
1dS =dU+ PdV (VL.177)

If we substitute the expressions for the internal energy U and the pressure
P, it follows that

TdS = d(uV)+ % dV =Vdu+udV + % dv  (VL178)

or else

TdS =Vdu + iMd'u/' (VI.179)

where the expression for entropy dS
A5 dih-t widv (VL180)
T r

Since the energy density # of electromagnetic waves in the
cavity depends only on the temperature 7, we can then write
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du=@d?" (VL.181)
dT

and in this case, Equation VI. 180 becomes

dS—KﬂdT+iudV (VI.182)

T dT 3T

Since the entropy S is a function of the temperature T and the volume V, its
total differential is

dS—(a—S} dT+[§] dv (VL.183)
or ), v ),
By comparing equations VI. 182 and VI. 183, we obtain
[ﬁ) e 20 (VL.184)
or ), T dT
[5—5) et i (VL185)
ov ), 3T

Since entropy S is a state function, it must necessarily satisfy the condition

A2 A2
Ci W (VL.186)
aTevV ~ aver

If we calculate the functions aaTz—aSV and % using the

relations VI. 184, VI. 185, we obtain

R 5 (68 o(Vd 1d
_i(_ __(_i)—_i (VL.187)
orev ov\er) oev\T dr) T dT

0°S _9(as)_0 iu _4(1du “ﬂ) (VL.188)
ovoT oT \ oV or \ 3r 3\TdTr T*
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If we substitute these expressions into Equation VI. 186, we obtain

1 d 4(1d
——“:—(——”Ui?] (VL189)
Tdr 3\TdT T-
equation, which after simplification becomes
4 d
i (VL190)
T dr
d dT
h gl (VL191)
u T

The solution to this separable differential equation is

Inu =InC+4InT (VI.192)
or by eliminating the logarithmic function
u(l)=cr* (VL.193)

The energy density u is related to the emissive power Ep by the relation

Cy

E, = Z u (VI.194)

v}

or else

c |
E, :%TJ' = AT* (VL195)

This is the Stefan-Boltzmann law derived from classical thermodynamics.
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6. Emission of Radiation by Real Surfaces

Having developed the concept of a black body to describe ideal
emitting surfaces, we now consider the behavior of real surfaces.
Recall that a black body is an ideal emitter and that no surface
can emit more radiation than a black body at the same
temperature. Consequently, the black body serves as a reference
in describing the radiation emitted by a real surface. A property
of radiation from a real surface, known as emissivity, can be
defined as the ratio of the radiation emitted by any real surface
to the radiation emitted by a black body at the same temperature.
In general, the radiation emitted by a real surface differs from
the radiation described by Planck's law. Similarly, the
directional distribution differs from that of diffuse emission. We
can now define the spectral directional emissivity €z,0(4, 0, ®,T)
of a real surface at temperature 7" as the ratio of the radiation
intensity emitted at wavelength 4 in the direction (6, ®) to the
intensity of the radiation emitted by a black body at the same
temperature and the same wavelength. Consequently

1,.(4,0.9.T)

£,0(4.0,9.T)= Ii s (T)
Ab\

(VI.196)

The absence of directional variables (6, @) in the denominator
implies that the radiation intensity is independent of direction,
which is a characteristic of blackbody radiation. The total
directional emissivity €9(6, @, T), which is the average of the
spectral directional emissivity €1,6(4,0,,T), is defined by the
relation

1,(0.9.7)

1,(T)

£,(0.0.T)= (VL.197)
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The hemispherical spectral emissivity £2(4, T) is defined by

£, (4,T)= E,4T) (VL198)
E;,(A.T)

If we use the expression for spectral emissive power, we obtain

(]
=

»—-t——.:-.: =

) ()‘L, 8, @,T)cos@sinﬁd@ do

£,(A.T)=

(VL.199)

D.—-,I\J 1

j 2 »(A.T)cosOsin0dO do
0

Given that the spectral intensity 12,5(4, T) of a black body is
independent of the direction (6, @), and utilizing relation
VI.196, we can rewrite the relation in the form

1,,(AT)| [£,4(2 6.0,T)cosOsin0dd dg

O C— 10 |
[ g% ]
:at—”q

£,(4.T)=

- (VL.200)
2

27

1,(.7)[ Icos@siné’d@dq&
00
let
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£,(1,T)= (VL.201)

jj'cosesinededqo
00

For the majority of surfaces, €4,6 is independent of the angle @, so
by calculating the integral in the denominator, we obtain

&, (4,T)=2

et | N

[2,.0(2,0.T)cos0sin0d0dp (V1202)
0

=)

)

The total hemispherical emissivity, which is the average over all possible
directions and the full range of wavelengths, is

e(T)= % (V1.203)

Using the relations £= meE/l(/l)dﬂ and

E;(4,T)
8,1(2, T) =m, we find

[22(AT)E, (4. T)d2
0

&(T)= (V1.204)

E,(T)

7. Absorption, reflection and transmission of radiation by real
surfaces

We have already defined the irradiance Ga(4,0, @) as the rate of
wavelength-4 radiation incident per unit surface area
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per unit wavelength interval d4 around the wavelength 4.

G, $GhS

l G}t.r

Figure VI. 16. Surface semi-transparent.

Generally, irradiation interacts with semi-transparent media;
consequently, a portion of this radiation may be absorbed, reflected,

or transmitted. By means of a simple balance, we can assert that
G,=6G;,;,+G;  +G,, (VL.205)

7. 1. Absorptivity

Absorptivity determines the fraction of irradiation absorbed by
the surface. Like emissivity, it depends on the direction (6, @)
and on the wavelength 4. The directional spectral absorptivity
a;(4,0, @) is defined as the fraction of the incident spectral
intensity in the direction (6, @) that is absorbed by the surface.
Consequently

I, (;Lv o, (9)

a,,(1,0,p)= W (VL.206)
Al 30
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The hemispherical spectral absorptivity @i(4) is defined by

G,
a;(1)= 647(2)) (VL.207)
A

relation that can also be written in the form

(3]
=

O ey 13 |
:;l——-.

10(A.0,0)1,.(2,0,0)c0s05in0dO dp
a,(2)=

(V1.208)

O o |

j /1 0, cos&smgdﬁdqo
0

If the incident radiation intensity is diffuse and @4,6 is independent
of the angle ¢, Equation VI. 208 becomes

a,(1)=2

= s A |

@, 4(A)cosOsinOdo (VI.209)

The total hemispherical absorptivity &, representing the average over all

directions and wavelengths, is defined by the fraction of the total irradiation
absorbed by the surface, namely

G
a=— (VL.210)
G

relation that we can also write in the form

J.a, L (A)da

(VI.211)

TG (A)dA
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7.2. Reflectivity

Reflectance determines the fraction of incident radiation
reflected by the surface. Its definition is more complicated due
to the fact that, in addition to its dependence on the direction

(0, @) of the incident radiation, it also depends on the direction
of the reflected radiation. The directional spectral reflectance
P1,6(4,0,®) of a surface is defined as the fraction of the incident
spectral intensity in the direction (6, @) that is reflected by the
surface. Mathematically, it is equal to

!ﬂ.,r (/i” 6’ @)

V1212
1,,(1.0,0) (Vi212)

Paie (,1,19, 99):

The hemispherical spectral reflectance pa(4) is defined as the
fraction of irradiation reflected by the surface, namely
G/‘ r (/‘1")

A1) =—2 VI.213
pi(4) G.0) ( )

relation that can be written in the form

p; 2 (4,8,0), (1,0, 0)cos@sin0db do
P, ()= (V1.214)

10 | N
=t I-J

s‘—.um

j (4.0,9)cosOsin@dO do
0

The total hemispherical reflectivity P is

p=—t (VI.215)

or in other terms



[ 0:(1)6, ()2

p:

T G, (A)dA
0

7.3. Transmissivity

(VL.216)

The hemispherical spectral transmittance 72(4) is defined as the
fraction of irradiation transmitted through the surface, namely

G..(2)
G,(4)

r,(4)=

7.6, (3)ar

T =

G,(2)dA

G/{ :G;h‘r +GILU +G/’L.f

P (/T')G;{ ta; ('I)G;. Ty (/I)GA =G,
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(VI.217)

(VL.218)

(VL.219)

(V1.220)

(V1221)



by simplifying with G, we obtain a relationship linking the spectral
reflectance, spectral absorptance, and spectral transmittance of a
semi-transparent medium

p;(A)+a,(A)+7,(2)=1 (VI1.222)

If we consider the average values over all wavelengths, we can also write
that

pra+r=1 (VI.223)

For an opaque medium, there is no transmission of radiation; in this case, the
previous relations are written as

p,(A)+a,(2)=1 (V1.224)
ptra=1 (V1.225)
8. Kirchhoff's Law

Consider an isothermal cavity with internal temperature 7p
containing several bodies Ci(1 <i<n) of surface area S; and
dimensions much smaller than those of the cavity, so that their
presence does not affect the established radiation resulting from
successive emissions and reflections by the inner wall of the cavity;
thus, this wall constitutes a black body.

Regardless of their orientations, the irradiation received by each
body is diffuse and originates from the emission of the cavity wall,

which is a black body at temperature Tp. Consequently, we have
G=E,(T,) (V1.226)

In the steady state, a thermal equilibrium is established between the
different bodies C; and the cavity; consequently, we must have the
condition of equality of the various temperatures, namely

T,=T,=T;=--=T, =T, (V1.227)



This equality of temperatures implies the absence of net radiative heat
transfer exchanged between the bodies.

Figure VI. 17. Radiative exchange in an isothermal enclosure.

Consider a body Cj in thermal equilibrium, which receives
irradiation G and absorbs energy a1GS1. At the same time, it

emits energy E1(T1); consequently, we must have the equality

a,GS, = E,(T},)s, (V1.228)
using relation VI. 226, we can also write
let
E (T
E,(T,)=— (72) (VL.230)
a

- 290 -



this result applies to each body C;, we thus obtain the relation

EI (TP)= E2 (TP)= EB(TP)=___= En (TP) s E;)(Tp) (_VI.23|)
a, a, a5 &

n

This relation is Kirchhoff's law. Since the absorptivities @; are
less than unity, we must always have Ei(T;) < Ep(Tp). Thus, no
real surface has an emissive power greater than that of a black
body at the same temperature. If

we use the relation € = 1;%9 then the equation reads

H_8 _& _ .5 (V1.232)
o, o, oy

n

This result shows that for any cavity, the total hemispherical

emissivity is equal to the total hemispherical absorptivity, namely

E=a (VI.233)

This relation can be generalized for spectral and directional quantities; thus,
we must always have the equalities

£, =a, (VI.234)

9. Grey Surfaces

According to the definitions of hemispherical spectral properties, let us
determine under what conditions the following equality holds

£,(1,7)=1a,(1) (V1.236)

let
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&, (, A 0, @,T)cosﬁsm&dﬁdqa

D e 1) | 3
3!—-—,"“'

2z

jcosé’sin 0dOdo
! (V1.237)

D o |

%]
e ]

a, 5(2.0.0),,(2,0,0)cos0sin0dbdp

=R s I

(=]

2z

1,,(1,0,p)cos0sin0dOdgp

A
0

O et | 8§

As per Kirchhoff's law, we have €1(4, T) = ai(4), €4,6 = a2,6; this
equality holds if and only if one of the following two conditions is
satisfied:

a) The irradiation I,; is diffuse, i.e., it does not depend on
the direction (6, @),

b) The surface is diffuse, meaning that €4,6 and @4,6 do not
depend on the direction (6, @).

The first condition is satisfied in the majority of cases. The second condition is

also satisfied for many surfaces, particularly non-conductive electrical surfaces.

Assuming that the irradiation and the surface are diffuse, let us determine
under what conditions the equality £ =« is valid

£=7a (VL.238)

let
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[ ¢]

[ei ATV, (ATHA [ay(2)G, (A

=2 VI1.239
E,(7) G P

Since €2 = a3, the equality holds if and only if one of the following
conditions is satisfied.

a) The irradiation corresponds to the emission of a black body having
the temperature of the surface in question,

b) The surface is gray, meaning that €z and @, are independent
of the wavelength 4.

10. Shape Factor
10.1. Definition of the Shape Factor

Consider two arbitrary radiating surfaces S; and S;
oriented arbitrarily in space. The surface elements dS; and
dS; are separated by the distance 7, which makes angles 0;
and 0; with the normal vectors to the surfaces 7; and 7.
The factor Fij is defined as the fraction of radiation
leaving surface S; and intercepted by surface S;.

The quantity of radiation leaving the surface element dS; and
intercepted by the surface element dS; is

dq; =1,,,; c0s0,dS,dQ ; (V1.240)

e+r,l

where e ++,i is the intensity of the radiation leaving the surface
element dS; by emission and reflection and d€2;; is the solid angle
subtended by the surface element dS; as seen from the surface
element dS;. This solid angle d<ji is naturally given by the relation

- 293 -



cos@.dS .
j=—i (VL.241)
r

Figure VI. 18. Shape factor.

If we assume that the surface S; emits and reflects in a diffuse

manner, we can replace the intensity Ze+r,i with the radiance

(Ji=7le+r,i). By substituting the expression for the solid

angle d€2j; and the intensity le+r,i into the relation, we obtain
cosd; cos;dS.dS;

dq; =J, — (V1.242)

The quantity of total radiation leaving surface S; and
intercepted by surface Sj is obtained by integrating over the
entirety of surfaces S; and Sj, namely
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=J,

cosd, cosé? ds, dS
j (V1.243)

SiS;

where the radiosity J; is considered uniform over the entire surface

Si. The shape factor Fij, as we have defined it, is then given by

qii
F,=— VI1.244)
S 8 o (

] !

Using relation V1. 243, we obtain for the form factor Fij the equation

(V1.245)

0, 0,dS.dS;
_J-JACO’% cos 2{

Si 88 Y
In the same way, the shape factor Fji is defined as the
fraction of radiation leaving surface Sj and intercepted by
surface S;. By similar reasoning, we obtain the following
relation for the shape factor Fj;, namely

F,= (VL.246)

0; cos6;dS.dS;
_J.Jcos

;‘55 .72'!‘

10.2. Properties of the shape factor

From equations VI1.245 and VI1.246, we can write

cos®; cos®;dS,dS
[ =F,; S, =F;S, (V1247

5;S; ]TI‘

hence the relationship

F.§5;=F;S (V1.248)

gt JE5 3
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called the reciprocity relation.

For a closed enclosure, we also have the relation
Jj=n
D F;=1 (V1.249)
J=1

Note that if a surface S; is convex or planar, the shape factor Fj;; =0
, and if it is concave, Fii #0.

F; =0 F; #0
b
(a) o (b)

Figure VI. 19. Shape factor Fj;, (a): flat surface,
(b): concave surface, (¢): convex surface.

For an enclosure formed by 7 surfaces S;, it is necessary to determine

n? shape factors, which we can express in the form of a matrix

JFI] FIZ Fl3 In
FEI FZ.'! FQJ Fln
F=\Fy Fyp Fi i R, (VI.250)
_‘Fnl Fnl Fr:3 : Fﬁl‘-’! a

However, it is not necessary to determine the 72 individually. The n
factor factors are determined from the summation rule applied to each
surface. Furthermore
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nn—1)

From this, —— shape factors are obtained from the
reciprocity relation; consequently, only

2 nn—1) nnr-1) .
n* —n ——— =—— shape factors remain to be

calculated directly. To illustrate what has been stated,
consider an enclosure formed by three surfaces S1, 2
, and 3. For this enclosure, the matrix F is written

Fll Fl] FI3
FIH F?:E F33

There are therefore nine form factors, leaving only
20=1 =3 form factors to be determined directly, which
are F12, F13 and F23. The other six form factors are
obtained from the reciprocity and summation rules. By
applying the reciprocity and summation rules, we can
write the six relations necessary for the determination of
the remaining six form factors; these relations are

Fi,+F; +Fj; =1 (VI.252)
Fy +F5 +Fy =1 (VL.253)
Fy,+Fyp +F5 =1 (VL.254)
Fip8; = F5S, (VL.255)
Fi38, = F3, S5 (VL.256)
Fy385 = Fy, S, (VL.257)
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11. Radiative exchanges between opaque, diffuse, and
gray surfaces in an enclosure

To study the exchanges between surfaces within an enclosure, we
must make certain assumptions. Each surface of the enclosure is
assumed to be at a uniform temperature and characterized by
uniform radiosity and irradiation. We will also assume that the
surfaces are opaque, diffuse, and gray, and that the medium within
the enclosure is considered non-participating. The radiative energy
qi leaving surface S; is equal to the difference between the radiosity
Ji emitted by this surface and the incident irradiation G; it receives.
Consequently, we must write that

Qi =— S,‘J,‘ _S‘.G‘ (VI.258)
From the definition of radiosity, we have
J; =E, +p,G; (VL.259)

Since the surface is opaque, we have the relation

p; =1-ga, (VL.260)
Relation VI. 259 can be written as
J;, =E, +(1-2,)G, (VL.261)
Substituting this relation into equation VI. 258, we obtain
g, =S,(E, +(1-,)G,)-S,G, (V1.262)
let
g, =S,(E, -a,G,) (V1.263)

Knowing that the emissive power E; of a surface can be
expressed in terms of the emissive power of a black body at
the same temperature Ep,i via the relation Ei = €;iEp,i, and
further, based on Kirchhoff's law, where @; = &;, we can now
rewrite relations VI.261 and VI.263 in the form
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J,=&E,, +(1-¢,)G, (VL.264)

I

q; =S;¢.(E,; -G;) (VI.265)

!

From equation VI. 264, the irradiation G; is

Ji—&E;
Gy =B (VI.266)

I
1-¢;

its substitution into relations VI. 265 leads us to the relation

J;' - 81' Eh i
q; = Sr’ J{. _ (VI1.267)
l-g;
let
g.S.
=t (Byp—IF) (V1.268)
1-g; '
This equation can be written in the form
E,;-J,
g =—— (VL.269)
l-¢g;
£;5;

We conclude that this radiative transfer can be

associated with the potential Ep,i — J; an(} with
a radiative resistance of the surface R, = ejsfl-

11. 1. Radiative exchanges between surfaces

The irradiation G; of the surface S; from all radiosityes emitted by
all surfaces of the enclosure, including the surface itself. We can
then write
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Jj=n
8iG, =Y.8Fyl, (V1.270)

i=l

Using the reciprocity relation SiFjj = SjFji, this equation becomes

j=n
S,G; =) 8:FyJ; (VI.271)
=

By eliminating the surface S; and substituting into Equation VI. 263,
we obtain

j=n
qi =S:‘[JfZFUJ.f] (VI.272)
j=1

11.1.1. Surface Isotherms

Suppose that the surfaces S; of the enclosure are maintained at
uniform temperatures 7;. By using the Stefan-Boltzmann law,
relation VI. 268 can then be written in the form

£:5;
q; =]

oT,} -J, (VL.273)
o1 -4,)

-&;

By combining equations VI. 272 and VI. 273, we obtain

j=n

Ty By = {ar¥ 1) (VL.274)
j=1 I-¢
which after rearrangement becomes
j=n
Ji—(-¢,)) F;J; =0T (VL.275)
j=1
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If we introduce the Kronecker delta symbol 8, we can then
write

J. =6.17. (VI1.276)

! L/

and thus, equation VI. 275 becomes

[/

j=n
5:ifJ.f ‘(1—6}- )Z F,J;= E,-chf (VL.277)
j=1

However, since the summation is over the index J, we are permitted to
move the summation sign to the front of the entire left-hand side of the
equation, yielding

S (6, -(0-&)F,)), =5, 0T (VI.278)

J=

Since the indices i and J range from 1 to 7, and the summation
is over the index J, we can expand the equation to obtain a
system of n equations for the radiosities J;. This system of
equations in matrix form is

1_(1_51)F11 —(l_Sl)Fll ’ _(I_SI)FM J 5|0'T14

—(]_53)F31 1_(1_53)F32 ' _(l_gz)an Js _ 6‘30'T34

—(1—8” )I:RI —(l‘—{-,‘” )Fnl ' l_(l_gn )F'}m Jn SHO'T:
(VL.279)

11.1.2. Surfaces Subject to a Wall Heat Flux
Suppose that the surfaces S; of the enclosure are subjected

to wall heat fluxes 4i. From relation VI. 272, we have
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7o Z FyJ, = qi (VL.280)

If we introduce the Kronecker delta symbol 5ij, we can then
write

Jo=8ad (VL.281)

j=n
: qi

8y ;=Y Fyl ;= = (V1.282)
j=1 i

but since the summation is independent of the index i, we can transcribe
this equation in the form

S° (o< e, = g— (V1.283)

j=1 i

Since the indices i and J range from 1 to 7, and the summation
is over the index J, we can expand the equation to obtain a
system of n equations for the radiosities J;. This system of
equations in matrix form is

4
]7F|] 7F|2 : 7F1n Ji Sl
"F’)I I*F')/) ™ “F’)" Jj qg
2 22 |l . (V1.284)
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12. Radiative exchanges between black surfaces

If the enclosure consists of black surfaces, the net radiation exchanged
by the surface S; is

q; =S, (Eb.f _Gi] (VI.285)

The irradiation falling on the surface S; and originating from the
other surfaces 35j is

j=n
$,G, =E, \S\F; +E,,5,F; +---+E, S, F,; = ZEb.ijFji

Jj=
From the reciprocity relation
S;F; =8,F, (VI.286)

Relation VI. 285 is written as

J=n Jj=n
q; =SiEyp; =D Ey;S;Fj =SiEp; = D Ey ;S:Fy (V1.287)

j=1 j=1

let

j=n
q; = SE[E.’;.;' —'ZE}:.;’FFJ] (V1288)
Jj=1
or else
Jj=n
q;’ = Z(Eb_i = Eb; )S‘:F'u (Vlzgg)
Jj=1
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CHAPTER I

Mass Transfer Mechanisms
I. 1. Introduction

The movement of a chemical species from a region of high
concentration to another of low concentration can be observed by
placing a piece of blue paint in a glass of water. As soon as the paint
begins to dissolve in the water, we observe that the water is dark
blue near the piece of paint where the concentration is high. Due to
the concentration gradient established in this medium, the blue color
diffuses from the piece of paint over time as time passes. The
progression of diffusion can be followed by observing the change in
color of the water in the glass.

I. 2. Mass fraction and molar fraction

If Pa is the volumetric mass of species a, the total volumetric mass
of the mixture will be

a=N
p=2.P, (L1)
a=1

where N is the total number of constituent species in the mixture.

From this definition, we can define the following quantities:

1) The mass fraction of species &

@, —p“— _ Fa (L2)

== a_.\,f =
o,
> Pa
a=l
2) The molar concentration of species &

c, =—2 (1.3)

where M, is the molar mass of species a.

3) The mole fraction of species @



a=Samn =, (14)

With these definitions, we can prove the following relations:

1) From the previous relation

C
—_a
X,
C
we have
a=N
a=N Co
=R
"= . =—=
a=l1 C c
a=N
D x, =1 (L5)
a=1
Pa
_Ca _M, _ P
X, =t =
c e cM
ou
xarMa = 2
C
a=N la:N
_ 2 _
ZxaMa T e Zpa ==—=M
a=1 4 a=1

let



it comes

hence

4) From the definition of the mass fraction of species

knowing that

D x M, =M
a=1
Cc.(
X, =—
c
¢ =P _ Pu_ @
o
Ma pMa Ma
;3=N ﬂ=N mﬁ
p=1 p=1 """ p
p o,
MU
Ko = B=N CU/;
p - -
o My
a)G.“
% —7M“
B=N a)ﬁ.

Z M/)’

p=1

(16)

(L7)



we find
a=l

It is easy to find a relationship between the molar fraction Xa and the
mass fraction @a, indeed

. Ol s P P P M
T o oMy peM, M,
M
Xy = WOy —— (1.9)
Mr}f
Wy _ Xy
M M

hence
a=N
[0 1
€ =— (I.10)
a=l Mr;r M
6) From the relation
x,M
, =——*
M



taking into account the relationship

p=N
D xzMy=M
=

we find

x M

o o

Wa =y (L11)
D XM

p=1

7) For a binary mixture, relation (I. 7) for the species A is written

and with the relation wg =1 — @4, we obtain then



thus
Vo,

M M g

2
®, , o
MA MB

Certainly, for the species B, this relation is written as

Vx, =

Vo,
S M M

~

®, , @ 1
My, My

(1.12)

(I.13)

8) For a binary mixture, the relation (I. 11) for the species A, is

XM,

by =
XaMy +x5Mp

its gradient is

Vo, =

(XM, +x,Mp )V, M, —x,M , (f?xAMA +\:/'xBMB)

2

(xAMA +xBM3)
hence

Vo, = 5
(XM, +x5M )

using the relation wp =1 — w4, we obtain, for species B

(1.14)



M M pVx,
2
(XAMA +xpMy )

Vo, = (1.15)

1. 3. Velocities

a=N - a=N -
dPVe 2PVe
V = <=l : — a=l zp_
‘”’i‘ p p 3 P
it [v4
) LZ:N .
V=> oV, (L.16)

where ‘70, is the average velocity of all molecules of species
a. The term pf} represents the mass passing, within the
mixture, through a surface perpendicular to the velocity
vector V. Similarly, the mean molar velocity V*is

a=N _ a=N _
Zcﬂ,Va ZC'aVa i
7 * a a= Co 17
V=l o 'C =Zl-c—va
c. o=
2
= a=N »
= N x.V, (L17)

a=l
where \_}a is the average velocity of all molecules of species a.
The term ¢V* represents the moles passing, within the mixture,
through a surface perpendicular to the velocity vector V.

From relations (J. 16) and (I.,1'’}), and taking into

account that ), @g=1and D, x¢=1, we obtain



a=N s _a=N a=N a=N
- ~ "
Z D V.~V W, = &,V — w,V
a=1 a=l a=1 a=l
ie.
a=N
7 * 7 % .
V-7 =Y o, -7") (L18)
a=1
likewise
a=N a=N a=N a=N a=N
- - - - e = — - e
V' V=YxV,- V=DV, -V x,=>x,V,-V>x,V
a=1 a=] a=1 a=1 a=l1
hence the relationship
a=N
o = - =
V-V =3 x,,-V) (1.19)

a=|
I. 4. Molecular Diffusion, Fick's Law

Consider a plane plate of silica glass with surface area § and
thickness e. Suppose initially that the two faces of the plate are
in contact with air, which is completely insoluble in silica glass.
At a given instant, the air under the plate is suddenly replaced by
helium, which is highly soluble in silica glass. Due to the porous
structure of silica glass, helium atoms (monatomic gas whose
atoms are the smallest in nature) gradually penetrate into the
plate under the action of molecular movements and appear on
the other side of the plate.

w, =0
Iy
e t<0

o
:S-
I
(o




t—

A 4

Wy

Figure I. 1. Development of the mass fraction profile
of helium in the plate.

This phenomenon of molecular transport of one substance
relative to another is known as diffusion. In this example, let us
call helium species A and the silica glass species B. The
concentrations will be given by the mass fractions @4 and @wp.
The mass fraction @4 is the mass of helium divided by the mass
of helium plus the mass of the silica glass in a given microscopic
volume. The same applies to the mass fraction @s.

At the beginning, the mass fraction of helium @4 in the silica glass
is zero everywhere. Immediately after, on the lower face of the
plate, the mass fraction is equal to @ao, which is nothing other than
the solubility of helium in silica glass. As time passes, the mass
fraction of helium in the silica glass develops, with a mass fraction
of zero on the upper face and @wao on the lower face. When the
system reaches the



steady state, the mass fraction profile in the silica glass approaches a
straight line such that
@py @40 —0 2\

—=pD =pD,, —= (1.20)
g PLap e—0 PLyg P

This shows that the mass flow rate (or mass flux) of helium per unit
surface area is proportional to the difference in mass fractions
divided by the thickness of the plate, £ is the volumetric mass
density of the helium-silica glass system and Dyg is a
proportionality factor called the diffusion coefficient or diffusivity
of the helium-silica glass system. For a differential element within
the plate, Equation (I. 1) is written

dw,
dy

Jay =—P Dyp (I.21)

The term % has been replaced by Jay, the molecular mass flux

of helium in the positive y-direction. This equation is the
one-dimensional form of Fick's first law. It is valid for any solid, liquid,
or gaseous binary solution, provided that the mass flux is defined

relative to the mixing velocity. In general, for a binary mixture

V, =a,V,, +@,V,, (1.22)

the velocity V is an average in which the velocities of species A
and B are weighted by their mass fractions. This velocity is called
the mass-averaged velocity. The velocity of species A is not the
instantaneous velocity of molecule A, but rather the arithmetic
mean of all velocities of molecules A within a given volume.

The mass fluxes Jjay and jBy of species A and B are defined by
j.r-‘l_\' = Py (Vr‘s_\' _V_\' ) (1.23)

Jpy = Py (VB_\- ~Vy ) (L24)



locally, during the inter-diffusion of the two species A and B, there
is a displacement of the center of mass in the direction Y if the
molecular weights of the two species are different. This means that
the mass fluxes Jay and JBy are measured with respect to the
movement of the center of mass. In vector form, the first Fick's law
is written

.}:A =R DAaanA (1.25)
}B ==p Dﬁﬁlﬁwﬁ (1.26)

These relations hold in isotropic fluids in which diffusion rates are
independent of orientation. In certain solids or structured fluids,
diffusion rates depend on spatial orientations; in such a case

Ja==P[Dis] Ve, (L27)

where [Dag] is the symmetric diffusivity tensor. This
equation shows that the mass flux is not necessarily parallel
to the gradient of the mass fraction @a.

If we consider a binary mixture composed of two species A and B, from
relation (1. 23), we have

ja=pao,(V,-V) (1.28)

V=w,V, +w0V, (1.29)

it comes

Ju=pw, (17,.[ -((UAVA + 0wV, )) = pw, ((1 — @5 ¥y~ (UBVB)
since wg =1— w4, we obtain

Ja = Po,0p (VA - V-B) (1.30)

if we interchange the indices A and B, this relation is written



thus
ji+Jjs=0 (1.32)

now, let us use this relation to show that, in a binary mixture
Dap=Dga, indeed

Ja=—pP szﬁwf'. = DBAﬁa‘)B =y DBAﬁ(l_a)A)

—p DV, =—p Dp, Vo,
therefore

D,g =Dy, (1.33)

This result shows that in the case of a binary mixture, a single diffusivity is
sufficient to describe diffusion.

In a binary mixture, for the mass fluxes, we have the relations

}A = Pa (171 - 17) F=p DA,Bﬁ Wy (1.34)

js=P5(Va=V)==-p DysV @y (135)
and for molar fluxes, the relations

}; =C, (‘?A —17*)=—C DAﬂﬁxA (1.36)

;; =Cp (‘I?B —'47*)=—C DABﬁxb, (L.37)

The velocities X_}a — ‘7 and I7a — 17* are respectively, the
diffusion yvelocity of species & relative to the mean mass
velocity V and the mean molar velocity V™.



I. 5. Mass Flux and Molar Flux

If \_}a, V and V* are respectively the velocities of species a@ with
respect to a stationary coordinate system, the mass average
velocity and the molar average velocity, the mass flux of species
a is given by one of the formulas

iy = PuVs (1.38)
Ja=pa(V.-V) (1.39)
Ja=Pu (Ve -V") (1.40)

N.=¢V, (L41)
7, =c,lV,-V) (142)
i :ca(‘?a —17*) (1.43)
The total mass flux is
a=N _
i, =pV (I.44)
a=l1
and the total molar flux is
a=N _ N
N, =cV* (1.45)
a=I
From relation (I. 39), we have
a=N _ a=N ~ _a=N - o
Da=2PVa=V Y Pa=pV-pV=0
a=1 a=1 a=1

therefore



> Ju=0 (L46)
from relation (I. 40), we have

a=N__ a=N = =
Z]a* = zpava = &
a=1 a=l

a=N = B
Pa =PV —pV

a=1

wherefrom

a=N - .
D= plv - V*) (147)
a=l

Let us now consider the molar flux; in fact, starting from relation (1.42), we have

a=N _ a=N 2z _a=N - -
Jo=Yc,V,-VYc,=cV'—cV
a=] a=l a=1
let
a=N » » o
J, =V -V) (1.43)

from relation (1. 43), it follows
a=N _ a=N i o i
Y. do= Y VeV ) &, =V —eV”
=1 a=1
hence
a=N _ -
Y. Jo=0 (1.49)
a=1

by eliminating the velocity vector V between relations (I. 38) and (1. 41),

<

~1

a = Pa

=%l

N, =c,

we obtain



na" = Nﬁ'
C,
but since M, =’c’—:, we find
i, =M,N, (150)
and we proceed in the same way with relations (I. 39) and (1. 42)
Ja = Pa (Vor - V)
7, =c,[V,-V)
we arrive at the relation
j.=M_J, (151)
in the same way, with relations (I. 40) and (I. 43)
j.; =torz(va 7V*)
i =c,V,-v*)
we obtain
Ja=M,J, (L52)

the total mass flux is the sum of the molecular mass flux and the mass flux
due to convection

n,=j,+p,V (1.53)
from this relation, we have
J o = ﬁ(x —P av

with equation (1. 44), it follows that



let
. AN
Ja =N, — Wy, Zﬂﬂ
=

by substituting expressions (1.50) and (I.51), we find

& % A=N %
M J,=M,N,-w, Y M;N,
p=1
thus
- - »3=NM5 -
Ja =er -, o EN‘H

(1.54)

(L.55)

the total molar flux is the sum of the molecular molar flux and the molar flux due to

convection
. ¥ T &
N,=J.+c,V

from there we have

and by substituting relation (I. 45), we obtain

T = Ca A=N =
Jo=N, =23 N,
¢ p=1
ie.
& - BN
er = er —Xg Nﬂ
,3:]

taking into account relations (I. 50) and (I. 52), this equation is written as

20

(1.56)

(L.57)



therefore

Ja =Ty =X, = (1.58)

I. 6. Mass flux and molar flux for a binary system

For a binary system consisting of two species A and B, we have the relations

ja=—pDsVo, (1.59)
}:B = _pDBAﬁwB (1.60)
fiy =—pD Vo, +w,ii, +iiy)=—pD, Vo, +p,V (16la)
fig =—pDp Vg +@glii, +iig)=—pDyg, Vg + pgV (L61b)

o7, V)= L2285, (163a)
Wy Dp
L 79 P
oV, -V, )= -248 ¥, (L63b)
Xalp

With relations (I. 63a) and (I. 63b), we have

o7, -V, )=—L2a8 5,
W,y
clv, -V = _Das Vx
( A H) A
XaXp

if we use relations (I. 34) and (I. 36)

21



we can write

C(ﬁﬂ - VB ) =Ja
XaXp
By eliminating the term (\_}A - 173) between these two
relations, we obtain

Ja___Ja

PO Op  CXyXp

(1.63¢)

relation (I. 63b) is

D —
_ AB
V=V = BB
XaXp

let us calculate Vlnfc—:, indeed

VinZA = V(nx, —Inxg)=Vinx, -VInx,
Xp

_'@xA 76’)(8 _\:f'xA 76’(]—)(4)

XA Xp XA Xp
Vx Vx — 1 1 X4 +Xp =
=—A+—A=VXA PRI O .. BVXA
Xa Xp Xo  Xp XaXp

let

- =~ X
_ A

Vx, =x,x5Vin
Ap
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therefore

V, -V, = —DMﬁln':—A (1.63d)
“*B

1. 7. Maxwell-Stefan Relations

Consider the mechanics of the elastic collision between a
molecule of species A and a molecule of species B. The
molecule of species A has velocity \_}A and the molecule of
species B has velocity ‘73-

/ :
e 0 ‘\6 Ci

B

Figure 1. 2. Elastic collision between the molecule of
species A and the molecule of species B.

During an elastic collision, there is conservation of momentum and kinetic
energy, namely

7 3 _~f _.F
muVy+mgVp =m,V, +mpVy

1 ~5 1 -5 1 -5 1 =2

—m, Vi +—mgVy =—m, V= +—mpVy~

5 Mava T M e =5 MaAVA TS e Ye
relations, from which we obtain the velocities of molecules of species A
and of species B after the collision
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v (my —mg IV, +2mzV,
A

my +mpg

V= (mg —m, )VB +2m,V,
B=

my +mpg

For the molecule of species A, the quantity of momentum exchanged
during the elastic collision with the molecule of species B is

L N 2 P
m,(V, -V} )= %(vﬂ V) (L64)
A B
s
e (S,
X xX+dx

Figure L. 3. Control volume for deriving the
Maxwell-Stefan relations.

When molecules of species A move through the mixture, they
encounter other molecules that impede their motion. We observe
that this situation closely resembles Poiseuille flow of a fluid in
a tube. Consequently, we can apply Newton's second law, which
states that the sum of forces acting on a system is equal to the
variation of the momentum of that system.
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In this control volume, molecules of species A may gain or lose

momentum each time they collide with molecules of other species.

We assume that the only forces acting on the control volume are those

due to pressure, which we assume to be constant throughout the system.

The collision rate between molecules of species A and
molecules of species B depends on the number of molecules of
species A per unit volume (ca = cxa) and the number of
molecules of species B per unit volume (¢ = cxg); thus, the
number of A — B collisions per unit volume and per unit time is
proportional to XaXB.

The net force acting on the molecules of species A is equal to the difference

between the pressure forces acting on the surfaces of the control volume, namely

Fapi= (PS)_\- _(PS)

x+dx

the partial pressure of species A is Po =xaP and since the pressure is
constant throughout the system, we can then write

Fs, =(XAPS) *(XAPS)

X X+dx

or even

X

d(x,PS)
Fy, = (XA PS )_l- ™ (XA PS)_\- =z #

Sy

‘FSr =-P§
: dx

this net force is proportional to the collision rate and to the variation in the
system's momentum, hence

dx
= d—: oL XyXp (VA_\ - VB,\-)
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Taking into account the other two forces Fs, and Fs, in the ¥
and z directions, we obtain

- PS ﬁ’xﬁ oC XAXB(‘?A -1;8)

To convert this proportionality into an equality, we introduce a
coefficient fas, such that

ﬁ f”; A B(VA_"?B)

the term §xA is the force per unit volume of the mixture that
attempts to pass the molecules of species A, with a relative
velocity (VA — VB) through the molecules of species A. The
proportionality coefficient faB plays the role of a friction
coefficient. Let us now introduce a new coefficient which we
call the Maxwell-Stefan diffusivity Dz, such that

D*ap = —
Ab‘

thus, for the species A

ﬁ'xA - _M (1.65)

and for the species B

mnATBCE A (L.66)
D Ba
for a mixture containing N species, these relations are written
P gt x x.W —V
Va,=—y L2 /B f"( 8 f‘) (L67)

= D’up

and substituting the Velomty vectors V and Vﬂ n terms
of the molar fluxes N and Nﬁ using relation (I. 41)
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Vx, =- (1.68)

ﬁ’xa _ —ﬂ:ZN (xa (}ﬁ +Cﬁl?)—* xﬁ(Ja + caV))
p= CL ap

X, =—
“ f=1 CD‘Q,B
hence
. = I
Va,=-Y 5e ik ) (1.69)

Relations (1.68) and (1.69) are called the Maxwell-Stefan equations.
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CHAPTER II

CONCENTRATION PROFILES IN STEADY
STATE

In the 2z direction, equation (I. 62a)
Ny =—cDyVx, +x,(N, +N,)

is written as

d
N, :_CDAB%+XA(Nr1; +NB:)

or alternatively in terms of the mole fraction XA of species A

dx N, +Ng N ,.
LB i N . (IL1)
dz cD g cD s

This is a first-order ordinary differential equation with a source term. The

general solution to this differential equation without the source term is

[. NA’ +Nbl- ]_

cD i
Big(z)=Ce “H
and the particular solution with the second member is
N,

)=y N

Az * Bz

therefore, the global solution of the differential equation is

Nz’l;*'NB.: J_

x‘,,'(z]—xAG(Z)+xAP(Z)—C€( Das ) N (g9

Nr'l: + NBZ

where C is an integration constant. By assuming the boundary conditions

2=2,%,(z)=x, (r.3)

we obtain
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N _{ Naz+Np; ]-]
C= [-’Cm _ = Az ] ¢ cDyp
Az R NB:

by substituting this expression into Equation (II. 2) and after some algebraic
manipulations, we obtain
D p In (N +Np ) x,(2)= Ny,

<

Z—I (N,q,:"'NB;)xAI_NA:

NA:+NB::

or even

N,. = cDgN 4. " (NA: +NB:)—"'A (Z)—NA:
o (NA;“*NB;)(Z*ZI) (NA;+N3:)XA|*NA:

(IL.4)

I1. 1. Diffusion of a species A into a stationary species B

During the diffusion of species A into a stationary species B, the total
molar flux of species B is zero

N =0
Therefore, the total molar flux of species A, based on relation (II. 4), becomes

N, = D 4p i NA:-"A(Z)_NA; _ D p I l_xa(Z)

-3 Naxn—Ny 27 1-x4
I S ) (IL5)
B A 1=y

at the distance 2=22, this total molar flux is

‘D
N,, = CLAp I
Z| l_xA|

1-x4)

(IL.6)

22

Since the system is in a steady state, the total molar flux remains constant;
therefore, we can write
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cD

AB lnl_xn(:) _ ¢Dyp i 1- x4,
=4 I=xy -7z l-xy4
or else
z-2]
l—x{a‘(z)(l—x{,12 Ja-q
I=xy 1=y

whereby the molar fraction profile xa(z) of species A

XA(Z

z-2]
)-1- (- [ 22)7

l_x““

(IL.7)
and based on the relation xg(z) = 1 —x4(z), the profile of
the molar fraction xg(2) of species B is

=7

Xpy |27
XB(Z): xm[ ]
positions Z1 and 22 is

(IL.8)
the average value of the mole fraction xg of species B between

I n
Ap = ‘xb’]j[i] dn
0

XBi

the mean value of the mole fraction Xg of species B becomes



using the formula

n
J.a”dry =
Ina

the mean value of the mole fraction XB of species B is given by

Xg = *B2 " Xp1 (IL.9)

L kdr fommmes T -------

Liqud A

Figure II. 1. Diffusion of species A in a stationary gas
containing species A and species B.



0.6F
Xz |
0.4}

Figure II. 2. Molar concentration profiles of species A and
of species B as a function of z.

We observe that the mean value of the mole fraction XB of species B is

nothing other than the logarithmic mean of the limiting mole fractions.

The total molar flux is

1—x,, D,y lnxm

=7 l=xy 23—z xp
and by substituting the mean value of the mole fraction X, it follows
Dy,
Ny. = ”—(-"Hz_xm)

h (32 - )xB

the term XB2 — X1 is nothing other than Xa1 —X42, in fact



Xy —Xpg = (l —Xa2 )_ (1 — X4 ) =X X2
therefore

D
Ny = AR (%4—%3) (IL.10)

(32 - )-’53

this relationship represents the evaporation rate as a function of the
driving force (Xa1 —x42).

I R Z1(¢
Liquid )

Figure II. 3. Evaporation of a liquid of species A in a
gas containing species A.

Let us now study the variation of the height z1(?) of liquid A
in a mixture of composition XA2.

The evaporation rate of liquid A in the mixture is equal to the decrease in the mass of
its column



_ PaS dz (r) _ DpgS s
MA dt (Z2 —,MI(I))_ (xﬂ.l ';"1'12)

X

where PA and My are, respectively, the density and molar mass of the
pure liquid, and S is the cross-sectional area of the tube containing the

pure liquid A; after rearrangement, this relation becomes

(2 — 2,1 )z, (1) =~ Malaslia =Xi2) g 1y
PaXp

if we introduce the quantities

- CMADAB(@ _xaz)

Pa*p

Q . H=2,-75(0). hlr)=2(0)-z)

.
H+h(t)=z, —z(t), dn(t)=—-dz ()
Relation (II. 11) then reduces to the equation
(H + h(t))dh(t) = Qdt
by integrating the two sides separately

hf %H +h(t))dh(r) = hﬁoczr

0

we obtain

Hh(r)+%hz(r)= 01

or even

h*(t)+2Hh(r)-2021 =0 (IL12)
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1,5F -

a(t) 1 '

Figure ;I(t)él_. Z\{&riation of
Za(t) = 121(0)——1Zz as a function of time.

The positive root of this quadratic algebraic equation is

]+2!21r —]}
H-

h(t)=H

if we substitute the expressions for A(2), H, and €2, we obtain

4 0)-2,0)=(c, -z.l(o){ \/1 . 26Mf£fs(xm )i 1}
or in dimensionless form

z(1)-2(0) _ [\/1+ 2cM 4D (X1 = %2 1

- ~——1| (IL13)
< (O)_ 22 Pa XB(ZE - (O))- ]
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this relation can be used to determine the diffusion coefficient from

the measurement of the liquid level in the tube as a function of time.

Consider diffusion in a stagnant gas film surrounding a liquid droplet using
the balance method.

In steady state, the mass passing through a sphere of radius 7 is the same as
that passing through a sphere of radius 7+ dr; mathematically, this is
expressed by the equation

4rr’N,, =4rx(r+dr)’N (I1.14)

Ar+dr

the total molar flux Nar+4r at radius 7+ dr can be expanded using
the Taylor formula and written in the form

dN,
NAr+c.-’r = NA!' * - dr
dr
wherefrom
dN ,,
4zr’N,, =4n (r2 +2rdr+dr*| N,, +—2Cdr
dr
or even after simplification
dN,,
r?—A 4 2/N,, =0

dr

it is easy to see that this relation can be written differently, namely

%(ﬂw”:o (IL15)

since, according to Fick's law, the total molar flux Nar is

__ Dy dx, (r)
l—xA(r) dr

NAr =

Equation (IL. 15) becomes



d ,2 cD,p d,rA(r) -0 (IL.16)
dr l-JCA(?‘) dr

suppose that the temperature across the gaseous film surrounding the liquid
drop varies with the radius r according to the law

Ll

where 7 is a real number. If we assume that the law of variation of

the diffusion coefficient Dag as a function of temperature 7() is

g@__(z@f

Dyps \ T

then its variation as a function of the radius 7 is written

3n
Dyp _ {LJ :
D sz, n

by substituting this expression into Equation (II. 16) and since the

concentration ¢ is constant, we obtain the differential equation

3n+4
d| _r2 dul)|_, (IL17)
dr (l—xA(r)) dr
where the solution is
3n+d
r () _. (IL18)

(1-x4(r)) ar

where C is a constant to be determined.



e —_——-

Gaseous fil
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Figure II. 5. Evaporation of a liquid droplet of species A
in a stagnant gas film.

The integration of this equation, after separation of variables,
between xa1 and xa(7) for the mole fraction and between 71 and
for the radius, is

va(r) d r 3n+4

X
[ A ) = Cj 2 dr
J 1-x,(r)
XAl
this integral is easily calculated and yields the expression for the molar
fraction xa(r) as a function of the radius r

1-x,(r) 2C 1 1
S = IL19
1- X4 3n+2 3Hq+2 In+2 ( )




Figure I1.6. Control surface for deriving the mass balance.

The integration of Equation (II. 18) this time, between xa1 and Xa2

for the mole fraction and between 71 and 72 for the radius, is

XA2 dXA(F) r 3n+4

_[ TA(J’):CIF 2 dr

XAl

hence

= 3n+2 In+2

1—x 3n+2| 2 i
Al = 2
o h

(11.20)

Eliminating the constant C between relations (I1.19) and (I1.20), we arrive at the

relation
] T X r 1 - I b ]
]n A( ) ll‘l A2
I = ’t/’(] - ] o l’m
1 1 1 1
3n+2 - 3n+2_ ”NLZ_ - 3n+2
2 2 2 2
r h ) L§i
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which after simplification becomes

alr)

]—xﬁ&):[bauzJﬁ (L21)

where a(r) and B are

the total molar flux N4, through any sphere of radius 7 between
ryand 72 is

3n

Dygif 2 d
N,qr(-"l): = - n X;ff‘)

(l—-xﬂ(r)b}z

the substitution of the e )pression for the derivative

r=n

of the mole fractlon — calculated from relation
(II. 21) for r=r1, we obtaln
3 cD
W, (=212 ) In—42  ([1.21)
2 1=xy
n+4
S 1
1 3In+2 3n+2
’”1 2 r’) 2
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Figure II. 7. Molar fraction profiles xa(7) as a
function of radius r for different values of .

I1. 2. Equimolar Counter-diffusion

In the case of equimolar diffusion, we have
NA: = _NB:
It is clear that relation (II. 4) cannot be used because it contains

an indeterminacy; for this reason, we must use the relation

N, =—D,p m

-

&

which, after integration between the distances Z=21 and z=2, leads to
the expression

N,.
xale)=xz=——2(z—z) (I1.22)

whereby the total molar flux of species A
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at the distance Z=22, this total molar flux is
= Yal a2
Ny, =D pp—"—75

22_4|

since the system is in a steady state, we always have the constancy of the total
molar flux, and thus
Xa1 —Xa2

D Xa1 — %4 () =cD,,

Z— 2| 2.2 4]
from this equality, the profile of the molar fraction Xa(z) of species
A as a function of distance z is given by
T (I1.23)

]

1

XA (Z): Xal +(x.42 — Xy )

&
ra
ra

as for the molar fraction profile X(z) of species B as a function
of distance z, it is given by the expression

—_—

IB(Z)z Xp + (st — Xpi ) f _il (11.24)

&.2 (.1

II. 3. Diffusion with Heterogeneous Chemical Reaction

Consider a catalytic reactor in which the homogeneous chemical reaction
takes place

2A—B

We will assume that each catalytic particle is surrounded by a stagnant
gas containing species A, which instantaneously and irreversibly
converts to species B according to the reaction 2A — B, after which
these two species exit the reactor in a gaseous stream now containing
both species A and B.

43



Gas A . Gas Aand B
.. C Y |
e ©
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z

Figure II. 8. Schematic of the catalytic reactor and
movement of species A and B.

In this situation, for every mole of species B moving in the negative
z direction, there are two moles of species A moving in the positive
z direction. Consequently, in the steady-state regime, we can write,
between the total molar fluxes of species A and B, the relation

Ny, = —% N, (11.25)

the total molar flux of species A is

Ny, =—cDyp ﬂ;iZ(Z)"”xA(Z)(NA: +Np.)

and substituting relation (II. 25), we obtain

N4, z_CDAB%_(Z_)-I_xA(Z{NA: _iNA:]

dz 2
d’]{“‘(z) _Naz g, (11.26)
1-—x, (z) D ap
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the integration of this relation between the distances z=0 and z=4§ is

T dx,(2) - I i@

1
-erl——xA(z) AB ¢
0
| N,. ;
[—2ln[l——xa(z)]:| =t [2]8
4 A0 D s
let
N,.
21n l—leO =—_—_A2 & (I1.27)
2 cD,p

by integrating again the relation (I1.26) between the distances z=0 and
Z=2, we obtain

{—21:{1—%“ - Hm:) Nz [y

cD
XAD AB

| I N,
211{1—EMJ—2111(1—5;:}5| (z)]:— Az_, (I1.28)

cD,p

. . Np . .
since the ratio ﬁ 1S constant, we can write

In[l —%me ) In[l s %xm] —11{1 = %x,i (z)J
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ol
x,(z) == 2[1 - %xm)) ’ (I1.29)

Limit of the gas layer

2 moles of A l

T 1 mole of B
Z=0 |

Catalyst surface

Figure II. 9. Schematic of the catalyst surface where
the reaction 2A — B takes place.

The total molar flux of species A is
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Figure I1. 10. Mole fraction profiles xa(z) and
x5(2) as a function of z for the reaction 2A — B.

the derivative of the molar fraction xa(z) with respect to the
distance z is

= o
i 5 5 Y40

1
2Inf 1-—x 2
i) 2"“’][1 o)

substituting into the expression for the total molar flux at z=0 leads to

1 1
2(1 — .rm,] ln(l = .xm,J
cD, 2 2
N, (Z = O) == =

1 o

or even
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TR NEN

therefore, the total molar flux is

2eD
N,.(z=0)= C;B In 11 (11.30)
1-—x
9 A0

this quantity can be interpreted as the reaction rate per unit surface area of the
catalyst.

Now, suppose that the reaction 2A — B is not instantaneous on the
catalyst surface. Assume, in this case, that the rate of disappearance
of species A on the catalyst surface is proportional to the
concentration of species A in the liquid near the interface

L}
N,, =kiex, (IL31)
where k; " is the first-order reaction constant.

Since the regime is steady, the molar flux of species A crossing the unit
surface at position 2 is the same as that crossing the unit surface at
position z+ dz, from which the mass balance

NA:S = Nf\;m’:S

with the Taylor expansion applied to the molar flux Naz+dz, we obtain

L

dN .
N,S = [NA: + A dsz

ie.

L =0 (I1.32)
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Gas layer limit

NAZ
] P i ----------------------------
e B ¢ Al e
NAz+dz
Z — 8" !

Catalyst surface

Figure II. 11. Schematic for deriving the mass balance of the
reaction 2A — B.

the molar flux Naz of species A, from equation (I1.26), is

if we substitute this expression into equation (I1.32), we obtain the ordinary
differential equation

d 1 dx,(z)
dz 1 2) dz

1——x, |z
A

=0

whose boundary conditions are
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the solution to this ordinary differential equation is
1
—21n I—ExA(z) =Ciz+GC,

the integration constants C1 and C» are obtained from the boundary

conditions, and are
ZIn(l— I xm]—21n AL
2 2 kfc

o

1
C,=—2In|1—-—x
jmci-12,)

C =

therefore, the molar fraction x4(z) of species A is written

z 2
N . d a
1—%xﬂ(z)=[1—1¢] (1—1%] ’ (11.33)

the mole fraction Xa(2) of species A, from relation (11.33), is
given by

: s
I N, |¢ 1 )
xd(z):Z—Z{ ) kfc] (]_EXAUJ
|

and its derivative at z=0 is

22 - 3l-gme -2 o)
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which gives the molar flux Naz of species A the expression

1N,
2¢D 45 2 kic
—1In 17_1__ r
2' A0
"o leu :
For very large k; (i.e., 3 ©c is very small),
the Taylo 1\5 expansion of the term

In(1—-5-") using the formula

N, (z=0)=

(I1.34)

2

X
l l__ =—x———F e
Il( Y) X >

In 1 Ny |__ 1N,
2)1( 2 kyc

by substituting it into the expression for the molar flux Naz of species
A, we obtain

2cD N,..
NA:(Z :0): CZap |:-—-l Az ~ln[l"‘%“‘:ﬂ.l))}

5 | 2kl

leads us to the relation

or again

N4 (z=0)= Ij) In— (I1.35)
o1+ A8 1=—x40
k'S 2

Dug )
The term k{—i“; 1llustrates the effect of the surface reaction

kinetics of the catalyst on the diffusion-reaction process.
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. Dyp .
The inverse of the term k{_/'ig 1s called the second number of

Damkdhler Day

)

Da,, =

AB

II. 4. Diffusion with Homogeneous Chemical Reaction

Consider a container containing a liquid B in which a gas A dissolves and
diffuses isothermally, undergoing a first-order homogeneous irreversible
reaction such that

A+B— AB

the mass balance, in steady state, of species A in the control volume Sdz is

NA:S _k]m(AS{iZ - NA:+()¢:S

Z = 0 777777777777777777777777777777777777777777777777777777777
NAZ.
e i ,,,,,,,,,,,,,,,,,,,,,,,,,,,,
Liquid A
z4dz [ i ''''''''''''''''''''''
_ L NAz+dz

Figure II. 12. Schematic for deducing the mass balance of the
reaction A+ B —AB.
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Using a Taylor series expansion, for the molar flux Na, +dz, we
obtain

dN ,.
N,.S-klc,Sdz= (NA_ + 4 dz]S
) ) dz
dN ,.

-
£,

Sdz

N,S—-klc,Sdz=N,S+

hence

dN ,.
4 1 kl'c, =0

L

by substituting the molar flux Na; derived from Fick's law

dc,
NA: =-D,p a’:

we obtain, for the concentration of species A, the ordinary differential equation

Dy =2 —kft, =0 (IL36)

with the boundary conditions

dc
Z i L . A — 0
dz
if we introduce the dimensionless quantities
7 C
i A
§==,T(8)=
L C.io

in the ordinary differential equation (II. 36), we obtain



d’ (C'Aor(f))

p,, a0l ) _m r)=0
AB a ( I3 é:)p_ 1 \E a0
d*r
dgg) ~@’I(&)=0 (IL37)
where the constant parameter @ is
5 kL
D AB
for the function I'(£), the boundary conditions are written as
£=0, 1(§)=1
2T, df(‘g’)zo
dg
the solution to the ordinary differential equation (II. 37) is
MNE)=cCce®™ +Ce™ (IL.38)

the integration constants C1 and C3 are determined from the
boundary conditions for the function I'(€) and are
~p& DE

b L
= 2cosh@®

Gt
2cosh@®
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Figure II. 13. Molar concentration

profile Cﬁi? as a function of z.

after substituting these integration constants into the solution (I1.38),
we obtain for the function I'(§) the expression

_ cosh®(1-¢)

f(é:) cosh@

which can be written in original variables in the form

cosh ’klﬂl— [l— ZJ
cy(2) D,y L

- (11.39)

€0 k*
cosh_ [
D/\B

the molar flux Naz of species A is
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using expression (II. 39), we find

By

N,.(z2=0)= /D k" ¢ ;o tanh ’gl (I1.40)

AB

II. 5. Absorption of a Gas by a Falling Liquid

Consider the absorption of a gas of species A in a liquid film B in laminar
and two-dimensional flow over a vertical surface under the effect of
gravity. Before beginning the calculations, let us adopt the following
assumptions:

a) Gas diffusion in the liquid film does not affect its velocity profile,

b) The solubility of the gas in the liquid film is very low, so that the

viscosity of the liquid does not change during the absorption process,

¢) Gas diffusion in the liquid film is very slow, which leads us
to assume that the penetration depth of the gas in the liquid film
is very small compared to the thickness of the liquid film

The movement of the liquid film B on the vertical plane is governed by the
continuity equation

ov. E 1), Vilex) (IL41)

=
o oX

and the equation of motion

A e (2.x) , v (o 5) e B (&1)_ 8 Vel3) (:; ) (11.42)
B 0z - ox ox~
subject to boundary conditions
=0, 2 _q (IL42a)
dx
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x=68,V,(x)=0 (I1.42b)

the velocity vector V(z, x) of the two-dimensional flow in the
(2,X) plane is

V(z,x)=V,(z, x)k +V, (z,x)i

but since the liquid film B is very thin, it is legitimate to assume
that the component Vx(z, ) of the velocity vector V(z, x) is zero,
hence

V,(z,x)=0
this leads us, starting from the continuity equation (II. 41), to write
v, (3» x)

this relation shows that the Vz(2,X) component of the velocity
vector V(z,x) will depend only on the X coordinate

=0

Y. (z, x) =V, (x)

With these approximations, the equation of motion (II. 42) of the liquid
film B reduces to the equation

d’ V. (r)

dx”

1% +g=0

whose solution is

V.(x)=- 8y +Cx+C,
) 2v

where C1 and C2 are integration constants to be determined from the
boundary conditions (II. 42a) and (II. 42b), in this case

go’
2v

C1=0., C2:

Thus, we obtain for the velocity profile V(x) the expression
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V, (%)= Vi [l - [g)j] (I1.43)

where the maximum speed Viax is

52
vmil?( = g
2v

Since the regime is steady-state, the mass balance for species A is written
as

N, Wdx+N,Wdz=N,., Wdx+N ., Wdz

The use of a Taylor series expansion for the molar fluxes Naz+ dz
and Nax+ax yields

N Wax+ Ny Wz = (N + S dg ) W+ (N + Sz dx ) Wz,

relation, which after simplification becomes

ON ,, 5 ON 4,
0z ox

=0 (11.44)

}?

\ 4
»
e

V\%‘ >|<|
™
t~

dx

dy
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Figure II. 14. Absorption of gas A in a liquid film B.

under the assumption of a constant concentration ¢, the molar flux
Ny, of species A in the z direction, in accordance with equation (.
62a), is given by

1

(u)]
=

cilTXx .
Naz ==Das g (22)V; (%)

1

since the transport of species A in the z direction occurs essentially
by convection and that for dilute solutions VZ* (x)=V,(x), this
equation simplifies to

N,. =c, (z,x) V. (,x) (IL.45)

As for the transfer of species A in the x direction, it occurs by
diffusion, meaning that there is practically no convective transfer
due to the low solubility of species A in liquid B. Consequently, the
molar flux Na; of species A in the x direction is given by

ac/’!. (‘? ? X)
ox

by substituting relations (II. 43), (II. 45) and (II. 46) into equation (IL. 44),
we obtain the partial differential equation

3N A ol o 2 (.
Vinar| 1 —{'—“} Sealor) D ‘3“1_(~’f) (IL47)
o 0z ox”©

I (11.46)

with the boundary conditions
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z2=0, c,(z,x)=0 (I147a)

x=0, cs(z,x)=ch (I1.47b)
=g, aled) (IL47¢)
ox

The first boundary condition reflects the fact that liquid B is pure
upon entering at the top of the vertical surface; the second boundary
condition stipulates that at the liquid-gas interface, the
concentration ¢4 of species A is determined by its solubility cao in
liquid B; and the third boundary condition indicates that species A
cannot cross the vertical surface.

According to the hypothesis of a short contact time, species A
penetrates only over a short distance from the liquid-gas interface;
consequently, species A will perceive the liquid as moving at speed
Vmax and the vertical surface as being located at an infinite distance.
With these simplifying hypotheses, we can reformulate equations
(II. 47), (I1. 47a), (I1. 47b) and (II. 47¢) and write

Vo M =D,; 8‘“‘—(;“) (1L48)
2 ox
z=0, c,(z,x)=0 (11.48a)
x=0, c,(z,x)=c, (IL.48b)
¥=w,¢,(z,x)=0 (I1.48c¢)
if we introduce the dimensionless variable
(IL.49)
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and we calculate the partial derivatives acA;j’ )

d2ca(z, . .
and Ieazx) as a function of this new

2

dimensionless variable #, we obtain

deu(ex)_de(ex)on on_o| x| __1n
0z dg &z 6z @& 4D 52 2z
Vl'l'la?{
aCA (Z’ 7() = _lz dCA (Z,X) (HSO)
0z 2z dpy
ocﬂ(g,x) dc,,,'(z,x)é‘_ry on _ 0 X B 1
ox dn  ox Ox 0z| |4D,pz 4D g2
Vmax VIT[H.X
E’ca(z, x) 1 dec,(z,x)
ox 4D,pz  dn
vmax
2 B (oo
0 CA(_,Z X) = 1 d CA(“'”\) (IIS])
ox~ 4Djpz  dp?
V

substituting relations (II. 50) and (II. 51) into equation (II. 48), we arrive at

the equation
_Inde,(zx) _Dyy 1 d’c, (fsx) (11.52)
2z dpn Vo 4Dagz  d n-

max

VITI ax

with the dimensionless concentration (1) defined by
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E(J ): Ca (z,x)
€0

the differential equation (II. 52) becomes

d°2 E??) +on92\) () _, (IL53)
dn” dn

n=0, 3(n)=1 (I1.53a)

n=w, 2n)=0 (I1.53b)

to reduce the order of the ordinary differential equation (II. 53), we
introduce the function X(#) such that

)= 22 () (IL54)
dn
hence
dj(’?) + 27}3(17) =0
n
where the solution is
s 2
X(m)=Cpe™
beyond
dE(U) — Cle—f}z
dn
and thus
Ui
(n)=c J'e"’f2 dn+C, (IL55)
0

where C1 and C; are integration constants that we determine from
the boundary conditions (II. 53a) and (II. 53b)
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o

d 2 2
Ci[e™dn+C, =1, C [e dn+C,=0
0

0

from these relations, it follows

[ e ]

o) &

Ie_"’qu

0

by substituting the expressions for these integration constants into equation (II.

55), we obtain

n

Ie"’zdf} )
2 K
Z(n)=1-2 =l-— e dn
( ) P 2 \/;_([
Ie dn

0

from the definition of the error function erf(z)

erjf( _’;drf

Equation (II. 56) can be written as

Z(n)=1-erf(n)

it follows that

CA(Z’X) =1 —é‘?:f
€40 49,1;;&
V

max

the molar flux Nax of species A at the liquid-gas interface is

A X (X 0) /13 (M)
x=0

ox

63

(I1.56)

(I1.57)



with the derivative of the error function given by the formula

dlerf(n)) _ 2 dn .

da _ﬁg

we obtain for the concentration gradient €4(z,X) the expression

dl ———
4DAB Z - 2
dc, (Z, x) . 2€i40 Vs V_r:jxi_
ax \/; d}C
4Dapz
aCA (Z-,.’C) - 2CA0 e Vmax
Ox Jr [4D,,z
VIT\BX
which writes for x=0
(M) _2cy9 1
Ox v=0 \/; 4D 452
Vmax
thus
2¢ 4D
NA_‘_(x = ())= Caolas 1
\/; 4D spz
Vl‘ﬂﬂ)ﬁ
be it finally
D=V
Ny(x=0)=cy % (IL58)

the total mass of species A absorbed at the liquid-gas interface is
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WL
m, = IINA-‘ (x =0)dzdy
00

by substituting expression (II. 58), it follows
J.-.‘ D45Vn1 ax d’d\’

by integrating, we obtain

4D, .V _
AB Y max (1159)

m, =c WL ]

0.6} _

c A(Zx)e {AO}

0.4 .

0,2 -

0 . 1 . 1 . I I . 1 )
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X/(4D_ABZ/V_max) 2

(gure II. 15. Molar concentration profile

. X
fonction de ———
4D 5z

Vv

max

II. 6. Dissolution of a solid in a flowing liquid
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Consider the two-dimensional laminar flow of a liquid B of
constant thickness 6 over a vertical surface composed of a
species A slightly soluble in this liquid. The motion of liquid
B on the soluble surface is described by these two equations,
which are the continuity equation and the equation of motion.

V(o) V(e
az ox

=0 (I1.60)

+V, (z,0) 2= =¢ +v# (IL61)

Since the liquid film B is very thin, it is justified to assume that the
x-component Vx(z,X) of the velocity vector V(z, x) is zero, thereby

V(2,x)=0

this leads us, starting from the continuity equation (II. 60), to write

V(o) _,
oz

this relation shows that the velocity component V;(z,X) of the
velocity vector V(z,x) will depend only on the coordinate X

V, (z,x) =V, (x)

With these simplifications, the equation of motion becomes

VL,,(") +g=0 (IL62)
dx”
with the boundary conditions
x=0, V,(x)=0 (IL62a)
x=s, ) _, (IL62b)
dx

the solution to equation (II. 62) is



V.(x)= iy +Cix+C,
) 2v

where the integration constants C1 and Cz, determined from the boundary
conditions, are

g0
V

C =

,C, =0

and this leads to the velocity profile Vz(x) of the liquid film B
which we write in the form

V. (x)= %[2&]—(5‘)] (IL63)

the transfer of species A into the liquid film B is described by equation (II.
47) (where the velocity profile (II. 43) is replaced by the velocity profile (II.
63)), we therefore have

3 HEHET J o) p,, ———826;*(5‘ ) (1164

2v ) o 0z ox~
5
A 'i
x 1
e

A J

Figure II. 16. Dissolution of a solid surface composed
of a species A in a liquid film B.
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Since species A is sparingly soluble in liquid B, it is possible to
consider that diffusion occurs over a very short distance relative to
the thickness 6 of liquid film B. In this case, we can therefore write

G~(5)

and the velocity profile V;(x) of the liquid film B becomes

o2 ()

let

with this approximation, equation (II. 64) reduces to

. ac, (z,x) B D,pv EZL'A (z,.x‘)

oz g8 (e
with the boundary conditions
z2=0, c4(z.x)=0 (I1.65a)
x=0, cylz,x}=06, (I1.65b)
x=00,.0,(z,x)=0 (I1.65¢)

The first boundary condition reflects the fact that liquid B is pure
upon entering at the top of the vertical surface, the second boundary
condition stipulates that at the liquid-gas interface, the
concentration ¢4 of species A is determined by its solubility c4o in
liquid B, and the third boundary condition arises from the fact that
species A is negligible far from the vertical surface.

with the dimensionless variable # and the dimensionless molar
concentration 2(#)
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n = x(g‘j}l (n)="<4 (z,x)

OD,pvz C a0

Equation (II. 65) reduces to the ordinary differential equation

2
d*2(n) | 2 d2M0) _, (IL66)
dn” dn
with the boundary conditions
n=0,2n)=1 (IL66a)
n=ow, X(n)=0 (IL.66b)

to solve this differential equation, we reduce its order by setting

dx(n)
dn

2(n)=
from which the new differential equation

420, 32 5()=0
dn

whose solution is

— 3

2(’?): Cie”

it follows, then

dx(n) _ ~ -
dn !

the integration of this relation yields the profile of the dimensionless
concentration, namely

7
()= [ dn+c,

0
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where C1 and C2 are integration constants derived from the boundary
conditions (II. 66a) and (II. 66b)

0 o
3 3
C\[emdn+C,=1,C [edn+C, =0
0 0

solvent
CI =_.1\—1" C2 _—..l
- 3
Ie_’f dn
0

after substituting these constants into the dimensionless concentration profile,
we obtain

% .3 T .3 7 _3
J.e_” dn Ie_” dr]—_[e_” dn
40 _0 0
Z(n)=1-2 — =
_[e T dn Ie T dn
0 0

relation which takes the form

=]

J‘e_”?’ch] + .(lze_’?sdiy

2()=*——"
Ie_"'dn
0
J:e_”;dq
Z(n)=1—-— (IL67)
Ieh”ﬁdr]
0

Let us introduce the gamma function I'(n), which is defined by the integral
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I'(n)= Tﬂ”_le_’gdﬁ
0

if we assume that
p=n’, df =3n"dn
(o] 3
: -
The 1ptegral /0 e™" dn
1S written as

o © o0 2
& 1 ™ ] i
Ie""' dn = Je'ﬂ —dﬁ; = —Iﬂ 7‘6"’351,8
0 0 3 30
3p°
by comparing this relation with the definition of the gamma function, we

note that

n—1=——
3

hence

n=

U | —

and beyond, it comes

[edn= 11*(1) - r(i + 1) - r[i]
) 33 3 3

With these manipulations, we obtain the following formula for the
molar concentration €4(z,x) of species A:

o 3
J-e_”' dn
calz,%) _ 3 (IL68)
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the molar flux Nax of species A at the soluble-liquid surface
interface B is

2

NA_\-(x:0)=—DAB[ =

knowing that

a_n_g N gé‘ 3 B 85 3
ox oOx| \9D,vz 9D,z VvZ

he comes

= 3
go -5
9D, pvz

N 4, (x = 0) =—D,pC 40 _(

relation, which after simplification, is written as

. D25 |3
Ny (x=0)= ‘*“Z {"gjﬁ J (I1.69)
A

the total mass of species A dissolved in liquid B is
WL
my = J.INA.\‘ (x = 0)dzdy
00

and by substituting relation (II. 69)
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1

E
I Cao | 8 ABé ‘dzdy
" (4] 9V<

3

u.‘--miE

and by integrating, we obtain

|
m, = 2DABCAUWL[ 80 ]3 (1IL.70)
4= .
r(;) 9D,gv L

I1. 7. Diffusion with Chemical Reaction in a
Porous Catalytic Medium

Consider the diffusion of a gas containing species A as reactant and species
B as product, with a molar production rate per unit volume €2, through a

catalytic porous reactor composed of spherical particles of radius R.

Let us perform a mass balance of species A within a spherical
shell of thickness dr . In a steady state, the sum of the mass
Azr’ Ny, of species A crossing the sphere of radius 7 and the
production rate Q4zr?dr is equal to the mass

An(r +dr)*>Nar+ ar of species A leaving the sphere of radius
r+dr. Mathematically, this is expressed by the equation

47 r’N,, +4nr’dr2 =4z (r+dr)’ N4, (IL71)

the total molar flux Nar+4r at the radius r+dr can be developed
using the Taylor formula and written in the form
dN

dr

N

Ar+dr

hence

4 erA,, +a47rridrQ =4r (r2 + 2rdr+ dr? {NA). - dj"‘" dr)
r
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re-—=+4+2rN,, +r202=0

dr
d (- 2

—\r°N, J+r°Q2=0 (I1.72)
dr( Ar )

Spherical catalyst

{f? Ca =Cas
Gas film e
containing A and B {} R

Figure II. 17. Porous catalyst particle in which the
reaction A = B takes place.
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Figure I1.18. Control volume for deriving the mass balance.

Without considering the microscopic mechanisms of diffusion at the pore
scale, it is possible to define the diffusion of species A in these porous
catalytic particles via the relationship

de \r
Nar =-D, (;'f )

the molar production rate £ per unit volume is
—_— " »
Q=k!Sc,

where S and k; are, respectively, the available surface area per unit
volume of the catalyst and the first-order reaction rate constant.

Substituting these two expressions into Equation (II. 72) leads to

i(— rzDA —w—dc’_“ (r)] +r2k1"Sr:A =0

dr dr
D—:‘i[ﬁ m)—kfsc»A =0 (I1.73)
ro dr dr
with the boundary conditions
r=0, c, (r) = finie (I1.73a)
r=R, c,(r)=c (I.73b)

if we introduce the function 2(7), such that

ealr) _ 2(r)

CAS r
the derivative dc{’;fr) is
written as
de (r) d ( Z(r)) ( 1dx(r) ):(r)j
AT =g = ——
d dr r rodr re
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by substituting it into equation (II. 73), we obtain the ordinary differential equation

d-Ez(f‘)_ QE(I’)
dr D,

k('S k('S
Z(r):Ci cosh |—— r+C, sinh |-~ r
D, D,

which, in terms of the concentration cA(7), can be written

=0

whose solution is

calr) ﬁcosm/g—s r+ 2 ginh |91, (1L74)
A

Cas r r A

The integration constants C1 and C2, determined from the boundary
conditions (II. 73a) and (II. 73a), are

R

sinh E R
\ D,

by substituting them into the solution (II. 74), we obtain, finally, for the
concentration ca(7), the expression

C,=0,C,=

k'S
) sinh |—— r
calr) _R A (IL75)
;

k'S
sinh /I— R
D,

Cas
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Figure
II. 19.
Profile
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the molar flux Na, of species A on the surface of the
catalyst particles is

7



No(r=R)=-p,|421)]

dr

the derivative of the concentration ca(r), from equation (II. 75), is

k S k"S
sinh
ch(r) CMR D, HR /kS
AB

dr

sinh

which, for r=R, takes the form

: 0 kS
d_ct"__(ﬁ :CAS _.l_+ lecoth 1 _R
dr | _. R \D, D,

its substitution into the molar flux expression yields

1 [kS k'S
NA,,(rzR)=DABc'AS[E— \/ '~ coth ‘/D R] (1L.76)

DA A

the molar flow rate of species A is

my =47 R*N 4, (r=R)

L k'S
my, =47 RD, L‘AS[I—R g—scoth }D'— R] (1L.77)
A A

II. 8. Non-equimolar counter-diffusion

let

When the molar fluxes of the two species A and B are opposite and
unequal, the diffusion is referred to as non-equimolar counter-diffusion.
This type of process occurs in the presence of chemical reactions. In this
case, we have

Ng =-nN,, (n#1)

by substituting this relation into equation (II. 4), it follows
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D gN 4, i (NA: _nNA;)xA(Z)_ N 4.
(NA:_HNAzXZ_ZI) (NAz_nNA:)xAI_NA:

N,. =
from which

Dyp y (1=n)x,(z)-1 (1L78)

(1-n)z-z) (-n)xy -1

at the distance Z=22, this total molar flux is

Ny, =

cD ln(l_n)x“_l
(l_”)(zz _Zi) (1_”)xm =1

since the system is in a steady state, we always have the constancy of the total
molar flux, and thus

cD s i (1 - ”) il (Z)_l = D s I (1 —n) Xpp 1
(1-n)e—z) (-n)xy-1 (-nke-z) @-n)xy-1
4 |

(l—n) xA(z)—l _[(l—n);cA2 —1}32—21

(1-n)x, -1 (1-n)x, -1

from this relation, the molar fraction profiles Xa(2) of species
A and xB(2) of species B are given by

NA.-'.=

1
£, lg) = +[xm— lﬂ}{(l_”)"“_l}zm (IL.79)

(l—n)_chl -1

xp(z)=— —(xm— ]n][(l_")x“_l}ﬁ (I1.80)

(l—n))c}‘,‘E -1
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Figure II. 20. Profiles of the mole fraction x4(z) as a
function of z for different values of 7.
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