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Exercise No. 1

Show that the general boundary condition

2% g, =h(T -T, )+ eolr* -T)

on

T-T, : . . : .
For —— <1, it can be linearized and written in the form

—Aa—T+qa:h(T—T,:)th,.(T—T,.)

> 3
on ou h, =4gcT est le

radiative transfer coefficient.
_ Solution
— <K 1, it is possible to linearize the equation
2

In the case where

-\lambda
I+ o =h(T—To)+eo(T* — T}), therefore let us assume that

T,
T

r

=a ( a=<l1)

hence

T=(a+1]T,
The term T* — T} can be written in the form
-1t < lr=p X s ari s i 412)
Substituting 7" with its expression, we obtain
T4 -1 =(1-T \a® +4a’ +6a +4)I
Since @ is very small compared to unity, we can write this relation in the form

T* -1} =41.(T-T,)
Therefore, the equation becomes
-Aﬂwﬁ =h(T -T, )+h(T-T,)
n

where h; is the exchange coefficient for the given radiation, defined by the relation
h, =4gcT;
Exercise No. 2

1) If the surface is black at temperature 7=505K, and if the reference temperature is
T,=500K, calculate the heat exchange coefficient for radiation ;.

2) Calculate the radiative heat flux 9ray with and without linearization.

Given: 6=5.67x 1078 W/(m? - K*#)
Solution

1) Calculation of the coefficient A,

h, =4eoT’ =4x1x567x107° x500° =2835W/m°K
2) Calculation of heat flux by radiation
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a) With linearization

Qray =, (T =T, )=2835%(505-500)=14175W / m"

b) Without linearization

Gy = 0T =T} )=1x5,67x10 x(505* —500" ) =14389 W / m?

Aq(_\‘ans —avec) ~ 14389-14175

=1,48%
q(sans) 143,89

Exercise No. 3

Find the heat equation in Cartesian coordinates for an anisotropic medium.

Exercise No. 4

The thermal conductivity tensor of an anisotropic solid is given by the matrix

a p 0
0 0 o

a) Write the expressions for the heat fluxes 9x, 9y, and ¢z along the directions
(Ox,0y,0z),
b) Derive the heat equation.

Solution

a) In an anisotropic solid, the components of the heat flux vector are given by

(ar) (or)

— 4, A Ay A & a p 0 ?X
or oT
—qy |=| 4 An An —I|=| B a O A
: oy oy
-q. Ay A A ol 0 0 a o7
0z 07
q.‘.(}’,t):—afl oTEr,r)_ﬁ(JT(r,r)
ox oy
T\r oT(r,
q\(r,[):—ﬁa (J" f)_alO Er f)
ox oy
il
QN(FJ)=*Q1 LT(:’I)
PRUCEE NI
let
or(F,t)  oq,(F.1) 0q,(F.t) oq.(F.t) .
oCp g" ):_ Q_} )_ \ﬁ B qy( )+g(r,t)
ot ox oy 0z
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We obtain the heat equation in Cartesian coordinates in an anisotropic medium in the form

e ~2(5 2( A2 2(
oC, oT(7,1) o 0 T(:.r)+a2 0 T(:,r)+m 0 T(:,r)+2ﬂ5 T(7,1)

~ _ = +g (F , r)
ot ox~ oy~ 07" Oxdy

Exercise No. 5

The temperature of a gas stream must be measured using a thermocouple. The

thermocouple junction can be modeled as a sphere with diameter D =% mm, of

thermal conductivity 4=30W/m"° C, volumetric mass density p = 8400kg/m3,
and specific heat capacity Cp =0.4kJ/kg"° C . If the heat exchange coefficient
between the gas flow and the thermocouple is £ =600 W/m?° C, how long will it
take for the thermocouple to record 99% of the temperature difference between
the gas temperature and the initial temperature of the thermocouple.

Solution
Assuming that the thermocouple head is a sphere

The characteristic length of the system is

== =0,00075m
6

Applying the formula
hS h
T(t)-T, - -
0 _ e pCV = PCL,
T: - T:(
Let
hS h
TO)-T, _ o
Tr' - Tr,
The term
h 600 .

= = 0,1 585
pCoL.  8400x400x0,00075

To read 0.99 of the initial temperature, we must have

T0)-T. o0,
T.-'_Tsc
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0,01 = 158
hence
(< I000) 5514,
-0,158

Thus, it will take 29.14 seconds for the thermocouple to record 99% of the temperature

difference between the gas temperature and the initial temperature of the thermocouple.

Exercise No. 6

A container with an inner surface S1 and an outer surface S2 contains a fluid at
temperature 7o. The ambient air temperature is constant and equal to 7o . If one assumes
that the internal and external convective heat transfer coefficients are A1 and Ay, calculate
the temperatures of the container and the fluid as a function of time, 71(¢) and T2(?).

Solution

For the fluid
dr; (1)

(=pCV),— = =S (T (1)-T. (1))

For the container

dT, (t
Cpev), B0 s 007 s (1,6 -7300)
t=0, Tl(O) L,(0)=T,
dr;(0) _ d1(0 )
dt dt
K = hlsl K, = hISI K, = h2S2
LAy, ’ PGV, PGV,
d 2
Avec 'opérateur D=—,D* = — , nous obtenons
dt dr
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(D+ K ) (1) K\ T () =0

~K,T,(t)+(D+ K, + K3 )T, ()= K
(D2 + (K, + K, + Ky )D+ K, K, () =

T,(t)=T, + Ae"" + Be™
(K, + K, + K3)+ (K, + K, + K, ) — 4K, K,
2
—(K, + K, +Ky)— (K, + K, + K, —4K,K,
2

r] -

r; =

By calculating the constants A and B, we find

Tl(r)_Too: ) el — n e
Ty—T, Kh=n Hh=n

Exercise No. 7

Given that the daily variation of temperature at the soil surface is 7(¢) = Tocos(w?),

T(t) =T, cosat

and we propose to calculate the ground temperature 7(x, £); for this, we must solve the
Fourier equation

10T (x,1) 8°T(x.t)
a ot ox 2
a) Write the appropriate boundary conditions,

b) Show that (i)s = /2 (1+i),

c) Seek the solution in the form: T(x, t) = X(x)e*®*,

d) By taking the real part of the solution, calculate the integration constant.
¢) What conclusions can be drawn from this solution.

Solution

a) Boundary conditions

x=0;T0;t) =T, cosat
x=o0;T(x;t) = Finie
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b) Write (ia))% in the form

1
(iw)? =a+ib
Let

. v I .
iw=a” —b” +2iab

Hence

@
ad=b=]—

2
Therefore (ia))% = \/g + i\/g

¢) By substituting the form of the solution T(x, t) = X(x)e’®* into the Fourier equation, we
obtain
() ; = ;
{_ X(x)e!&)! = X (x)ef(t)f
a
Let

X"(x)—f—wX(x):O
a

The solution to this ordinary differential equation is

[+ .
liew liw
¢ W B

X(x)=Ae V¢ +Be Ve

x.| N .
T(x,t)=| Ae Va + Be Va emn

However, since the temperature must be finite for x = 00, the constant A must be zero, hence

fiw [0 [o [0 | wt-x.|2
N ot N2a, N2a jiwr N2a V2a
T(x,t) = Be T =RHe V9 4o = Bp Yl

d) The real part of this solution is

[(!J
T(x,t)= Be_- V2a cod mf —x i)
2a

From the first boundary condition, we have
T7(0,t) = Becosawt =T, cosawt

B=T,

Ainsi
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e) In conclusion, the ground temperature has an amplitude that
is damped by the term e~*V5 and is phase-shifted relative to
the temperature 7() =Tocos(@?) by an angle equal to x4/~

Exercise No. 8

h h

8 <-------1--

Exercise No. 9

Given that the spectral emissive power curve E3,5(4, T) exhibits a maximum, find
the equation that allows one to deduce Wien's displacement law.
Solution

We note that the spectral emissive power distribution £3,5(4, T) of a black body
exhibits a maximum at Amax Which depends on the temperature 7'. To find this
maximum, let us calculate

dE.

Ab

da

(4.7)

by differentiating relation VI. 148 with respect to the wavelength 4, we obtain

‘-SCl/ﬁ e’;'T —“1 +C1C2 e;'T
dE, ,(2.T) T

N

from which
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&) 3 O

il = 4 3
- T
by simplifying and rearranging, we obtain

€ ek
iT{e” —l] = %e”

& . . . .
If we denote by X= ﬁ, this relation can then be written in the form

=1 %
e’ 5
2,0
X
154 5
1,0 +
: e’ -1
0'5 Jl E e‘l'
i
0,0 } : # : t |
0 2 4 ! 6 8 10
X
’ ; e’ —1 X
Figue VI. 14. Fonctions — et g
e
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In Figure VI. 14, we have plotted the functions e’;;l and g—‘ at their point

: .. : . -1
of intersection is the solution to the equation 67 = )5—6 The value x that corresponds to

the solution is x=4,965. Knowing that x = f—;, we can then write
- 2 4,965
A T

max
and by substituting the numerical value of the constant C2, we obtain

AT = 28984mK

This relation is known as Wien's displacement law. This law shows that the wavelength
corresponding to the maximum value of the spectral emissive power is inversely proportional
to the absolute temperature of the black body.

Exercise No. 10
Given that the maximum spectral emissive power corresponds to A, T= C3, and is
Ep(Amax, T) = C4T?, calculate the numerical value of the constant Cs.

Solution
The maximum spectral emissive power E3,.,.(T), which corresponds to the maximum

wavelength Amax, is obtained by substituting the relation Amax7 = C3 into the equation

¢

2
ﬂs[e’”. —l}

This relation shows that the maximum spectral emissive power E; (D) depends
on the fifth power of the absolute temperature of the black body.

E;, (’LT):

let

E (A .T)=C,T>

max *

Exercise No. 11

According to the electromagnetic theory of light, the radiation pressure in a
cavity of volume V and temperature T’ is P =%, where u is the energy
density per unit volume. Derive the Stefan-Boltzmann law from the first
and second principles of thermodynamics.
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Solution
Consider a cavity of volume V at temperature 7' containing electromagnetic waves whose
energy density is #. Based on the electromagnetic theory of light, the radiation pressure P in
the cavity is
pt
3
if U is the internal energy of the cavity, we can then write that

U=uV
From the first principle of thermodynamics, we have

1dS =dU + PdV
if we substitute the expressions for the internal energy U and the pressure P, it follows that

TdS = d(uV)+ % dV =Vdu+udV + % dv
from which the expression for entropy dS

dS:Kdu+iudV
T T

Since the energy density # of electromagnetic waves in the cavity depends only on the temperature
T, we can write that

du = L dT
dT
then in this case, equation VI. 180 becomes
i e o e
T dr 3T

Since the entropy S is a function of the temperature 7 and the volume V', we can write

dS=[aS] dT+(OS} dv
or ), ov ),
By
ar)e. Tdr
(&S‘J 4
e =—1U
ov ), 3T

since the entropy S is a state function, it must necessarily satisfy the condition

2 2
0°S oS

oToV ~ oVoT

0%s 0°’s ., .
calculate et ,d’ol1
oTov oveT

e _LEY 0¥A) 16
orov  ov \oT ov\TdT) TdT

- 10 -
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(3]

il o ) ok u]
oveT oT \ oV or\3r 3\TdTl T

if we substitute these expressions into equation VI. 186, we obtain
ldu 4(1du u
Tdr 3\rar T

equation, which after simplification becomes

du_du
T dT

let
du_,dT
u T

the solution to this separable differential equation is
u(T)=cr*

Exercise No. 12

Calculate the quantity of heat emitted by a black surface at 4000°C and deduce the
fractions of energy emitted in the following spectral bands:
[0-0.38][0.38-0.78}|0.78 — 0| zam

Exercise No. 13
The temperature of the filament in an incandescent lamp is 2500 K. If we assume that the
filament is a black body, determine:
a) The fraction of energy radiated in the visible band,

b) The wavelength corresponding to the maximum emission.
Data A1=04pm, 1, =0.76 um

Exercise No. 14

Consider a sphere of diameter 20 cm at 800 K suspended in air. If we assume that the
sphere is a black body, determine:
a) The total emissive power,

b) The amount of radiation emitted during five minutes,
¢) The emissive power at a wavelength of 3 #m.

Exercise No. 15
a) Find the expression for the surface element in spherical coordinates,

b) Derive the expression for the solid angle in spherical coordinates on a sphere of radius r,

c) Calculate the solid angle associated with a sphere and with a hemisphere.

-11 -
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Exercise No. 16

The energy density contained within the volume of a cavity containing electromagnetic radiation is

=8/TV E,

u, 2
c

From statistical thermodynamics, we know that the probability of finding a system N;
in the energy state E; is given by what we call the Boltzmann distribution.

_Ei
P=Ae T

where k is the Boltzmann constant and 7 is the absolute temperature of the system.
Consequently, the average energy E of such a system is

o _E,'

[Eie ¥k,
= _ 0
E; = n K
Ie KT dE,
0

Planck's hypothesis is that the energy exchanged between the oscillators on the wall of a black
body cavity and the standing electromagnetic waves present within it occurs in discrete energy

packets called quanta, given by the formula
E, =nhv

where 7 is an integer.
a) Calculate the average energy E of the oscillators,

b) Calculate the energy density #, contained within the volume of the cavity containing,

c) Given that E,p= %uv, find the expression for the spectral emissive power Ey .

Solution

Planck's hypothesis is that the energy exchanged between the oscillators on the wall of a black
body cavity and the stationary electromagnetic waves present within it occurs in discrete
packets of energy called quanta, given by the formula

E, =nhv

where 7 is an integer.

Let us now calculate the average energy E of the oscillators located on the wall of the
cavity constituting the black body. This average energy E is given by the formula where
we have replaced the integral with a summation since the energies E, are exchanged in
discrete packets E, =nhv
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P nhv

Znhve__”

E _ n=0

n=wc _Nhv

S
n=0

If we let X= %, the previous formula can be written as

n=wx

Z nxeﬂr,:‘
E=kT®=2 =T
D)

Z e—n.\'

n=0

where the functions N(x) and D(x) are defined by the following expressions

n=wL

N(x) = Z nxe ™

n=0

n=w

D(x)= Ze_'”

n=0
If we explicitly define the function D(x)

=nx

Dix)=1+e* +e > +e> +..e

we observe that it represents a geometric sequence with ratio e™*

express the function D(x) in the form

; consequently, we can

Explicitly, the function N(x) is written as

N(A) = xe—\' + 2X€—2.r + 3.1'6_3't I nxe_”"'
N().) = _x(gf,r + 2872,1‘ + 36—3.\' Feeet ne—n,\-)
this function N(x) can also be written in the form

N(x)= —xi(l re e et +---+€m""-): —xi[ l J

dx dx

let

-13 -
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By substituting the expressions for the functions N(x) and D(%) into Equation VI.
126, we obtain the following relation for the mean energy:

E_kae"'(l—e""'P_kThv e’ hv

(-ef ATl-e)

e —1

Therefore, the energy density #, contained in the volume of a cavity containing
electromagnetic radiation is

3 Sxth V°

v 3 hv
€ i
e —1

u

Let us now find the relationship between the energy density #, and the spectral emissive
power E,.

Exercise No. 17

Assuming the Sun radiates as a black body, calculate its temperature from the following data:

Rg=17.0x 108 m: radius of the sun, Rgr= 15 % 1019 m: sun-earth distance,
S =1380 W/m?: solar constant (average radiated energy flux incident on Earth's

atmosphere).
Exercise No. 18

Calculate the shape factors for the following configurations:

-~

Exercise No. 19

Calculate the shape factor and the net radiated energy between two infinite parallel
surfaces of respective temperatures 771 and 72. The two surfaces are assumed to be opaque
and gray with respective emissivities €1 and &€2.

Exercise No. 20

Calculate the shape factor and the net radiated energy between two infinite concentric
cylinders with respective temperatures 71 and 72. The two surfaces are assumed to be opaque
and gray with respective emissivities €1 and €2.

Exercise No. 21




Abdelhafid Boussouf University, Mila
Faculty of Sciences and Technology
Department of mechanical and electromechanical engineering

Advanced heat and mass transfer
Prof. S. Saouli

Consider a cylindrical furnace such that R=H =1 m, the upper surface (S1) and the
base (82) have emissivities €1 =0.8 and €2 =0.4, respectively, and are maintained at
temperatures 71 =700 K and 72 =500 K. The lateral surface is considered black and
is maintained at temperature 73 =300 K.

a) Calculate the energy radiated by each surface,

b) Explain how to maintain these surfaces at the specified temperatures during a steady-state

regime.

-15-
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Exercise No. 1

If Pa is the volumetric mass of species &, the total volumetric mass of the mixture will be

a=N

P= 2 Pa

o=l

where N is the total number of species constituting the mixture. From this definition, we can define
the following quantities:

1) The mass fraction of species

_Pa
@, =—*
o
2) The molar concentration of the species a
c, = Pa_
M{I
where M, is the molar mass of species @.
3) The molar fraction of species &
c
TR - |
X, =—
c

With these definitions, show the following relations:

a=N

a) z x, =1
a=1

a=N
b) D x M, =M

a=1

w,
M
Q) X, =7
’f’w_ﬂ
s My
a=N
d) Y a,=I
a=1
M
E) tza)aM—a
g T L
a:iMar M
X&‘Mﬂ‘
g Y« =jy
D XM,

-16 -
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Exercise No. 2
For a binary mixture, we have for species A
@,
s oo M A
Xa =
Oy , Dp
M A M B
to show that
Va,
Vx. = M M g
J‘; ‘11 - 2
( . . J
M, My
and for species B
Vg
- M M
A" B
Vxp =

For a binary mixture, for species A, we have the relation

x,M 4

W, =
XaMy+xpMy
to show that
» M M ,Vx
— AT B 4
Vo, = g
(x4M 4 +xpM )
and deduce for species B the relation
. M M ;Vx
- A pVXAp
Va, =

(XM 4 +x,M )2
Exercise No. 3

For a binary mixture composed of two species A and B, the mass fluxes jay and
JBy of species A and B are defined by

Ja=po,(V,-V)
;B = p@p (‘;3 —1?)

where V=g A ‘_}A + 0)3173 is the mean mass velocity. Show that

17
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a) jA +jB =0
b) Dap=Dpa

Exercise No. 4

If 17,1, ‘7, and V* are respectively the velocities of species @ with respect to a
stationary coordinate system, the mean mass velocity, and the mean molar velocity,
the mass flux of species @ is given by one of the formulas

TR
-_f':a :pa(‘;a _"7)
}r: = Pu (V‘a —V-*)

as for the molar flux of species a, it is given by one of the formulas

N,=c,V,
7, =c,[V,-V)
jt =, 7, -7*)
Show that:
a)
a=N .
n, =pv
a=l
b)
a=N . ~
N, =¢V"
a=1
©)
{I:N_ i
2 Ja=0
a=I1
d)
a=N _ -
I =0

Exercise No. 5

Let us now study the variation in the height 21(?) of liquid A in a mixture of
composition XA2.

- 18 -
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Ly [T AT <2

Liquid

Exercise No. 6

Consider diffusion in a stagnant gaseous film surrounding a liquid droplet. The molar fraction
x4(7) is obtained from the differential equation

3n+4
d| r? dx,(r) =n
dr| (1-x,(r)) dar
a) Define the appropriate boundary condition.
b) Calculate the total molar flux Na-(r1).
3n
N, ()| Do eale)
ar\) =\~ 3n dr

(1 X4 (r))rt?

r=n

Exercise No. 7

Consider the two-dimensional laminar runoff of a liquid B of constant thickness 6

on a vertical surface composed of a species A slightly soluble in this liquid.

-19 -
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