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Introduction
I. Introduction to Heat Transfer and Position vis-a-vis

Thermodynamics
From thermodynamics, we have learned that energy can be transferred between a system and

its environment. These interactions are called work and heat. However, thermodynamics
concerns only the final states of the processes during which these interactions occur and
provides no information regarding the nature of the interactions or their temporal rates.

In what follows, we will focus on extending thermodynamic analysis through the study of

heat transfer modes and seek the necessary relationships for calculating heat transfer rates.

So what is heat transfer? The answer to such a question is the following: Heat transfer is the
transfer of thermal energy due to spatial differences in temperature. In other words,
wherever there is a temperature difference within a medium or between media, there will be
a heat transfer.

The fields of thermodynamics and heat transfer are closely related; this concerns the rate at

which heat is transferred, which can be considered as an extension of thermodynamics.

The first principle of thermodynamics is the principle of conservation of energy, which
relates the different forms and interactions of energy between a system and its environment.
Based on extensive experimental evidence, energy cannot be created or destroyed during a
process; it can only change form. The first principle, or the first law of thermodynamics,
expresses the fact that:

When a system undergoes a transformation, the algebraic sum of the various energy
variations, heat flux, work performed, etc., is independent of this transformation. It depends
solely on the initial state and the final state of the system.

The total energy E of a system is the sum of the kinetic energy Ec, the potential

energy Ep, and the internal energy U
E=E.+E,+U (L.1)

Kinetic and potential energies are common to both mechanics and

thermodynamics, but internal energy is a property specific to thermodynamics.

For a closed system, the total energy E exchanged with the environment is divided into
two parts: the heat input Q to the system and the work performed W by the system. In
this case, Equation 1.1 is written as

AE=Q+W (12)

Generally, in thermodynamics, the variations in kinetic and potential energy are zero, and
the previous equation becomes
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AU =Q+W (13)

For an open system, the first principle of thermodynamics for a control volume can be written in the
form

AE=E,-E,+E, (L4)

where E., E; and Eg are respectively the incoming energy, the outgoing energy and the
energy generated within the system. If we focus on the rates of energy exchange, we can
rewrite relation [.4 in the form

%§_5,4a+ég (L5)

Q (a) E (b)

Figure I. 1. Conservation of energy: (a) for a closed system, (b) for an open system.

II. Phenomenological Laws of Heat Transfer
Heat transfer occurs through three different modes: conduction, convection, and
thermal radiation. When a temperature gradient exists within a stationary medium,
which may be a solid or a fluid, we use the term conduction to refer to heat transfer
occurring through the medium. The term convection refers to the mode of heat
transfer between a solid surface and a moving fluid or between two moving fluids
when a temperature gradient exists. The third mode of heat transfer involves thermal
radiation. Any solid surface or fluid emits thermal radiation in the form of
electromagnetic waves (light) that travel without a material medium through the
surrounding space.
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I1.1. Conduction
Conduction is the process by which heat is transmitted within a solid system from
its hot region to its cold region or between two systems in contact (one hot and the
other cold). This energy transfer occurs through the vibrations of the system's
molecules around their equilibrium positions. According to kinetic theory, the
energy or speed of the molecules is proportional to the temperature. Therefore, as
they move toward regions of lower temperature, the molecules release part of their
energy through elastic collisions or by electron diffusion (in the case of metals).

Conduction tends to equalize the temperature within the system, but the process continues as
long as a temperature difference is maintained.

Consider a solid system A formed by two subsystems A and Az. Let S be the contact
surface of the two subsystems which are at temperatures T(M, t) + dT(M,t) and T(M, 1).

The amount of heat transferred dQ between subsystem A; and subsystem Az across the
contact surface S with unit normal vector 7 is given by the formula

dQ=q.ai dS =qgcos0dS (1.6)

where 8 is the angle between the direction of the heat flux g and the unit normal vector 7 of the
surface.

Figure 1. 2. Definition of heat flux.

Points having the same temperature 7(M, ) form a surface called an isotherm. The heat
flux traversing the surface S within the system is due to the temperature gradient between
the isotherms. As this heat flux is caused
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due to the temperature gradient, it is natural to consider a linear relationship between them.
This postulates that the flux is directly proportional to the temperature gradient. This
relationship can be written in the form

Gg=—-AVT(M,1) (1.7)

TM,H)+TM),)

Figure 1.3. Isotherms and Fourier's Law.

where 4 is the thermal conductivity of the medium. Thermal conductivity is a physical

property of media that characterizes their ability to transmit heat from one point to another.

This equation is Fourier's law. The minus sign indicates that heat always flows in the direction of
decreasing temperatures, in accordance with the second law of thermodynamics. The
proportionality constant is the thermal conductivity of the material; it is a function of
temperature and pressure.
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I1. 2. Convection

During heat transfer between a fluid and a solid or between two fluids, the amount of heat
exchanged is given by Newton's formula

0=hS(T,-T.,) (L8)

where £ is the average convective heat transfer coefficient, To and T are respectively the
surface and fluid temperatures, and S is the exchange surface.

To calculate this coefficient, it is assumed that the quantity of heat on the surface occurs by
conduction, such that

=h(T,-T,) (1.9)

Thus, the local convective heat transfer coefficient A, is

oT

—
0_\’ y=()
h,=——22 (1.10)
- I, -T

o0

The average convective heat transfer coefficient is calculated using the following formula
[ L
h=— j h,dx (L11)
3"
0

The calculation of this convective heat transfer coefficient requires the solution of the fluid balance
equations.

Fluid at Teo

Surface at T

Figure 1.6. Illustration of Newton's Law.
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II. 3. Thermal Radiation

Every surface emits radiation known as thermal radiation, provided its temperature is different from

absolute zero. This quantity of heat is calculated using the Stefan-Boltzmann formula, namely

Q =eaST* (112)

where the coefficient € is the emissivity of the surface, 6=75.67 X 108 Wm—2K~* is the
Stefan-Boltzmann constant, and S is the emitting surface. If the surface is black, this
coefficient is equal to one.

Surface at T

Figure I. 7. Illustration of the Stefan-Boltzmann law.

If the surface is surrounded by an infinite medium at temperature 7o, the net amount of heat
exchanged is

0 =cas(ty -1?) (113)

If heat transfer occurs between two surfaces S1 and 2, the net amount of heat exchanged
between these two surfaces will be

0=0,-0, =81} -1 (114)

The term F12 is called the shape factor; it depends on the emissivities of the two surfaces, the

distance between the surfaces, and their respective orientations with respect to one another.
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Fluid at Too

Surface at TO

Figure I. 8. Illustration of Newton's Law.

12
Q Q21 Surface a T1

Surface a T2

Figure 1. 9. Heat exchange between two surfaces.

-10 -
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Conduction
II. Heat Equation
IL1. DefijafioDéthe Adoofittbie Heat Equation
Let us write an energy balance on a volume element v surrounded by a
surface §.

S|
I

Figure II.1. Control volume in a heat transfer field.

The variation in internal energy U is equal to the sum of the heating
power and the internal heat generated by an internal source of
volumetric density gs

(iTLI! = *I(} nds + Ic;_ydv (IL.1)

At the same time, the variation in internal energy, given that the latter
depends solely on temperature, is expressed as

HT M, ’)dv (11.2)

_[ PCp
where P and Cp are respectively the volumetric mass and the
specific heat capacity at constant pressure of the medium.

By inserting these terms into the energy balance, we obtain

- .
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J'pcp Mu - —J' divgdy + J‘q‘. dv (IL3)

it

knowing that, from Fourier's law,

G=-AVT(M 1) (I1.4)

we arrive at

I, r)dwjdfv(,ﬁ'r(M,r))dH [a.(m, v (15)

v

jpcp

by placing all terms under the integration sign, we obtain

j{pc,, ((“:" )—dn(WT(M t))- .(M,r)]dv=0 (IL6)

v

this integral can be zero only if the function under the integral sign is
zero, hence the relation

oT(M,1) _

P div(29T(M 1))+ g, (M.1) (1.7)

#C;

this is the heat equation in its general form within a stationary
solid in the presence of internal heat sources. Generally, the
thermal conductivity 4 can be considered constant, and
consequently, the heat equation takes the form

oT(M 1)

= AAT(M ,z)+q,(M,t) (11.8)
1

PCp

where A is the Laplacian operator.

Dividing both sides of this equation by the term pCp, we obtain

. ko .
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TM.1) _  ar(, 2)+ 2400 (IL.9)
ot pCp

. 1.
the coefficient 4 = 5Cp 18 called the thermal

diffusion coefficient.

I1.2. Boundary Conditions
If we examine the heat equation carefully, we observe that it
contains a first-order derivative with respect to time and
second-order derivatives with respect to space; this necessarily
implies three boundary conditions. There is one initial condition
with respect to time and two boundary conditions with respect to
space, which we will detail in the following.

I1.2.1. Initial condition

If the temperature distribution at time =1%p is a certain
function fitM, 1), the initial condition is

T(M,1)=f(M,1,) (IL10)

I1.2.2. Boundary Conditions
The boundary conditions imposed on the temperature T(M, 1)
depend on the physical scenarios considered.

a) Surface at constant temperature (Dirichlet condition) If, for a
spatial position Mo, the temperature is constant, then the boundary
condition in this case is

T(M.,t)=g(M,.1) (IL.11)

This condition is also called a first-type condition. In practice, this
boundary condition occurs in cases where the surface is in contact

with a melting solid or a boiling liquid (phase change). In these two

. b .
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case, there 1s heat transfer across the surface while the
temperature remains constant during this phase change.

b) Surface subjected to a heat flux (Neumann condition)

If, now, for the spatial position Mo, a heat flux ¢ is
imposed, the boundary condition in this case becomes

—AMZQ (I1.12)
oM

This boundary condition, also known as the
second-type condition, arises during surface heating

by a heat flux, such as with an electrical resistance.

If the spatial position Mp is adiabatic, and thus isolated, the
boundary condition is then

oT(M 1)

=0 11.13
oy (IL.13)

¢) Surface in contact with a fluid (third-type condition) Finally,
it may occur that for the spatial position Mp, heat exchange takes
place by convection; the boundary condition in this case is
written

oT (M
—ALMG”) =h(T(M,,1)-T,) (11.14)
C.

II. 3. Another way to derive the heat equation

II. 3. 1. Cartesian coordinates
Consider a elementary cube with sides dx, dy, and dz
surrounding a stationary medium at temperature T(x,y,Z,?).
The quantities of heat per condition perpendicular to each
surface of the cube at points X, Y, and Z are

-14 -
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0. =1L ayaz, 0,--2 L asdz, 0.~ T asay (L1
oX ‘ <

Y

The quantities of heat conducted through the surfaces opposite to
the previous surfaces are obtained by a first-order Taylor expansion,
namely

Q);+d_x = Q_\- + %dx (1116)
ox
20,
Q\'+d\' = Q\' + —'d}’ (1117)
Q:.Jra’:_ = Q; + aaQ- di’. (1118)

If the medium contains a volumetric heat source 9s, the
energy generated Eg within the cube's volume is then

E, = q dxdydz (11.19)
The energy stored Es; in the volume of the cube is, by definition,

By = pCp o dsdydz (11.20)
C

The energy balance over the volume of the cube, in accordance with the
principle of conservation of energy, is

E,+E, -Eg = Ej, (IL.21)

let

or
Q.\' + Q\' + Q: + q“.dXd}'dZ— Q.Hd’.\' - Q\'-Hh' - Q; +dz = ’DCP T}‘ de\‘d}'d:
: o o

using relations (I1.16, 17, 18) we arrive at

.
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a0, oQ, .
Ql " . Q) dyf aQw derqsdxd}’dZ: pC'.p aaidxdydz (1122)
1

ox oy oz

By substituting the relations (I1.15), we obtain

2 (ﬂ. a—Tjdxa’de 2 [/1 a—T}dxdde L {/1 a—T]dxdydz
ox\" o oy o &\ & (I1.23)
é‘T(x, Y, z,r)

+ g, dxdydz= pCp dxdydz

9.

Figure I1.2. Volume element dv =dxdydz in Cartesian
coordinates.

by multiplying by the volume element dxdydz, leading to the

heat equation in Cartesian coordinates in its most general form

- 16 -
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0 oT 0 orT 0 oT or
o A | A || A== — (IL24
ﬁx( Ox ) oy ( dy J 0z [ 0z ] 45 =PCr ot ( )

If the thermal conductivity 4 is constant, we recover equation (I1.9),
namely

ct

2 2 2
E:T:a 6T+6 T+6T 118 (IL.25)
ox° oy- o0z° | pCp

II. 3. 2. Cylindrical Coordinates

When the nabla operator V is expressed in cylindrical coordinates,
Fourier's law is written as

G= —A{L(“ 0.2); , (e, Z]a__ J (IL.26)
or r op 0z

where

cl AT i (IL.27)
rop 0z

are respectively the components of the heat flux in the
radial, circumferential, and axial directions.

By applying the principle of energy conservation to the volume

element rdrdgdz, the following heat equation is obtained

pcpa—T=ii(;Lr£J+izi 1L +£(28—T}+q5 (1128)
ot r-op\ Op) 0Oz\ 0Oz

If the thermal conductivity 4 is constant, the equation becomes

or [1 a[ ar}rlazr o°T

,
or 2

r- op

9
0z”

}r ds (I1.29)
!J

b
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II. 2. 4. Spherical Coordinates

—> . . .
When the nabla operator V is expressed in spherical
coordinates, Fourier's law 1s written as

=i BT(r,QD,@)Er a oT(r, ¢, 9)59 - OT(r,go,G)é,@
or i oo rsiné op
(11.30)
or AoT A aT
r=A—r Qg =———sq, =~ I1.31
or 4 r oo > 2 rsind de ( )

are respectively the components of the heat flux in the radial, polar,
and azimuthal directions. By applying the principle of energy
conservation to the volume element r2sin@drd@dep, the following
heat equation is obtained

Pl ;[ir“fi—r}—g L ,,i(ﬂg—Tj
o r\ o) risint00p\ 09) )

+ L s (1511166—T)+q5
r*sin@ 06 o6

If the thermal conductivity 4 is constant, the equation becomes

or _ |1 a[ 2 aTJ 1 o°T 10 ( ar)
—=a r-—I\+—--: —+ sinf) —
ot r? or or) r’sin® 0 0¢® r’sing 00 ol

qs
G

+

(IL33)

- 18-
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II. 4. Special Forms of the Heat Equation
Let us return to the heat equation in its general form for the case
where thermal conductivity is constant, namely

5
oTM.1) _ ar(m, z)+ 2 W:0) (1.34)
ot PCp

and let us consider the various particular cases.

II. 4. 1. Fourier's Equation
In the absence of internal heat sources (gs(M, 1) =0), the heat
equation becomes

oT(M 1)
ot

= aAT(M,z2) (1L.35)

this equation is called the Fourier equation.

I1. 4. 2. Poisson Equation
In steady state, the temperature does not depend
on time (aT(M’ D= 0); the heat equation is known

. o : : .
as the Poisson equation and is written

AT(M)+2L: EM) =0 (IL36)

II. 4. 3. Laplace Equation

The Laplace equation is obtained in the case of steady-state regime
and in the absence of internal heat sources (gs(M, £) =0). In this
case, we obtain

AT(M)=0 (11.37)

- 19 -
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I1. 5. Heat Conduction in the Case of Simple Geometries
under Steady-State Conditions and Without Internal Heat
Sources

II. 5. 1. Flat wall

Consider a plane wall with thermal conductivity 4 and thickness
L in the Ox direction and infinite in the other two directions. To
find the temperature distribution within this wall, one must then
solve Laplace's equation in the Ox direction, namely

ME"') =0 (IL38)
dx”
the boundary conditions in this case are
7(0)=T, (11.39)
T(L)=T, (I1.40)
Integration of the heat equation yields
T(x)=Cx+C, (I1.41)

by applying the boundary conditions II. 39 and II. 40, we obtain the relations

T, =C,x0+C, (11.42)
C; =T, (11.44)

T, —T,
o= = ’ (11.45)

by introducing these expressions into Equation II. 41, we obtain the
temperature distribution in the wall

e Fim
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1(x)= (0 -1) 747, (I1.46)
or in a dimensionless form
(-1, - (I1.47)
-0 L
y A T] >—T2
Q
_—
T T,
A
X
0 L

Figure 11.3. Heat conduction in a plane wall.

The amount of heat passing through the wall is

Q=-1S dr(x) _ ;¢ (i~ T5) (IL48)
dx L
let us write this equation differently
_(L-T)
0= 3 (I1.49)
AS

To determine the temperature distribution in a plane wall, one can
start from the expression of the heat flux and not from the heat
equation. Indeed, we have

-1 -
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0= 59T (IL50)
dx
by integrating this equation as follows
L 15
0fdx=-1s [dar (IL51)
0 i
the amount of heat is therefore
0= (7, -1,) (IL.52)
I .
AS
To find the temperature distribution, it suffices to write
X Tm
que Qfdx =-AS IdT , soit
0 n
OL =S(T, - T(x)) (IL53)

by substituting Q with its expression (Equation 11.52), one obtains
the temperature distribution in the wall

T(x)-T, _x

(11.54)
-1 L

A 4

| =

e 5
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Figure II. 4. Temperature distribution in a plane wall.

II. 5. 2. Hollow Cylinder

Let a hollow cylinder have an inner radius 7;, an outer radius
Ye, a length L, and be made of a material with thermal
conductivity 4. Let 71 and T2 be the temperatures of the inner
and outer walls of the cylinder, respectively. By radial
symmetry, the temperature within the cylinder depends only
on the radius .

-

Figure I1.5. Heat conduction in a hollow cylinder.

a

~ ~ 2 q2

li(;-£]+i,, 2 I (IL55)
r-op°  0z°

Since heat conduction is radial, the temperature depends only on the
radius 7, and Laplace's equation reduces to the following
differential equation

1i(r d T(*’)J ~0 (IL56)

with the boundary conditions

e 2
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1(n)=1, (IL57)
T(r,)=T, (11.58)
a first integration of this equation yields
4T _ e (IL59)
dr
hence
d1(r) _ € (I1.60)
dr r

by integrating a second time, we obtain the temperature distribution in
the cylinder

T(r)=C,Inr+C, (IL.61)

by calculating the integration constants, the temperature distribution in
the cylinder is

T()-T i’
-5 __ x (IL62)
T, -1, Ln Te
hi
The heat flux passing through the cylinder is therefore
Q=274 rLdZ—(r) (I1.63)
r

By differentiating the expression for the temperature and inserting its
expression into the flux equation, one obtains

—— (IL64)

-24 -
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Figure I1.6. Temperature profile in a hollow cylinder.

I1. 5. 3. Hollow Sphere
Let a hollow sphere with inner radius 7;, outer radius 7e

and composed of a material with thermal conductivity 4.
Let T1 and T2 be the temperatures of the inner and outer

walls of the sphere, respectively. The Laplace equation is

1 8(36TJ 1 a(aT] 1 0[ ar]
v [l R N e t | sind
reor\ 0r) r°sin"@0p\0p) r°sin~@ 06 oo

ARy Lo
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Since heat conduction is radial, the temperature depends only on the
radius r, and the Laplace equation reduces to the following
differential equation

L7i(r2 dT(r]J:u (I1.66)

Figure II. 7. Heat conduction in a hollow sphere.

The boundary conditions are

T(rr. ) =T (I1.67)
T(r,)=T, (IL.68)
a first integration yields
2410 o (1.69)
dr
hence
dT(."‘) _ Cl (1170)
dr ¥ 2

by integrating a second time, we obtain the temperature distribution

e Yo
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T(r):—ﬂ+ 2% (I1.71)

i

by calculating the integration constants, the temperature across the
sphere becomes

1.4

T\r)-T, :
-5 _r & (IL72)

T, -T, 11

Te N

The heat flux passing through the sphere
0=—-4zir? d1r) (I1.73)
¥

by differentiating the expression for the temperature and inserting its
expression into the flux equation, we obtain

Q= Ai-1 (IL.74)
Te — T
drir,r,
T(r)— T, 1o
L -1,
0.5 4+
0.0 + i
510 75 140

27 -
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Figure I1.8. Temperature profile in a hollow sphere.
II. 6. Heat conduction in the case of simple geometries

under steady-state conditions and with heat sources
Inicines

I1. 6. 1. Wall plan
Consider a plane wall with thermal conductivity 4 and
thickness L in the Ox direction, infinite in the two other

directions where there is a constant internal heat source ¢s.

To determine the temperature distribution in this wall, one must
then solve the Poisson equation, namely

2
e T,(,X) +4s —g (IL75)
dx” A
with the boundary conditions r
7(0)= T, (11.76)
7(L)=T, (11.77)
y A T ST,
ds
T, %
A
X
0 L

Figure I1.9. Heat conduction in a plane wall.

e b ot
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T(x)= —%xz TR (IL78)

where C1 and C» are integration constants to be determined from
the boundary conditions.

The boundary conditions provide the following relations for C1 and
8))

T, =-25 402 +C, x0+C, (IL79)
2
7=t pipree (IL8O)
2
hence

T,

O, w2 Ly sy (IL81)
L %

C, =T, (I1.82)

by substituting the integration constants into Equation
I1.78, we obtain the temperature distribution in the wall

rle)-7, - L {E[Zj](r )

If we assume that the two temperatures 771 and T2 are equal to

| =

(I1.83)

Th, then the temperature distribution within the wall becomes

T(x)-T, = qgf [f [f” (I.84)

Let us find the position where the temperature is maximum within the
wall; for this, let us calculate the derivative of Equation II. 84, namely

-29 -
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; 2 .
dTlx)_ gsL (i—z—fJ (IL85)
dx 22 \L I

the temperature is maximum if

aTlx) (IL86)
dx
that is, for
/
xX=— 11.87
: (187)
and from this, the maximum temperature is
qs r
T, =—+T 11.88
max 81 0 ( )

II. 6. 2. Full Cylinder

Consider a hollow solid cylinder with outer radius 7, length L,
composed of a material with thermal conductivity 4 and subject
to a constant heat generation rate 4s. In this case, the Poisson

@ﬂﬁﬁﬁ@i&éﬁtﬂ%ﬂi’@%@oﬁ%qumion is written as

li(,,d_T]+£:0 (I1.89)
rdr\  dr A

if we multiply both sides of the equation by 7, we obtain

i[rd—T) = -IsT (IL.90)
dr\ dr A

A first integration leads to the expression

o (F =
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dT _ﬁ 2

R | e Y o (11.91)
dr 22

by integrating once more, we obtain the temperature distribution,
namely

T(r)z—j—;rz +CiInr+C, (I1.92)

the integration constants are obtained from the following boundary conditions

T(r.)=T, (11.93)
i1 0 (I1.94)
dr
C =0 (I11.95)
ds 2
C, = 4—; 4T, (IL96)

from these values, the temperature becomes

=T, = (’zf[l ["U (IL.97)

qs

= 5 >
Figure I1.10. Solid cylinder heat generation site.

o] =
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II. 7. Analogy between Heat Transfer and Electricity In
electricity, the potential difference V2 — V7 across the terminals
of an electrical resistance R is proportional to the electric current
I passing through it; this is Ohm's Law.

-V
r=22-4 (IL.98)
R
V), —————G00000———— V,
!
R

Figure II.11. Illustration of Ohm's Law.

by rewriting the equation

0= 2) (I1.99)

and if we make a comparison between this equation and
Ohm's law, we can correspond the quantity of heat Q to the
electric current I and the temperature difference 71 — 12 to
the potential difference V1 — V2. Thus, starting from relation
II. 99, we obtain an electrical analogy for heat transfer by
conduction, by defining a thermal resistance R given by
=1, {,—~I,
Q—('L~)—('R~) (11.100)
AS

let

o=t (11.101)
S

In the same way, we define the thermal resistance for the cylinder
by the relation

3



Transfert de chaleur [

Rl _ink (I1.102)
2rAL
and for the sphere via the relation
i/ (I1.103)
drlr,r,

T, ———000000— T,
0
R

Figure I1.12. Thermal circuit analogous to Ohm's law.

II. 8. Planar Walls in Series

In many practical cases, a flat wall may be composed of several
different layers assembled in series. This situation is illustrated in
Figure 6.

4 Ze! A
P t—r <
L E; B E,

Figure II. 13. Planar wall formed by several layers in series.

-33-
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The amount of heat passing through the first layer is

o=1Tu ;T” (I1.104)
1

the same amount of heat also passes through the second
layer, the third layer, and so on. Therefore, by rewriting
Equation II. 104 for the other layers, we find

Q:TI_TH =TI|—T32 =T22_T33 =T3-’-_T2 (I1.105)
R, R, R, R,

this relation can be written in the form

LT AT Ty 4Ty — T35+ 155 - T, _ L-T,
R, +R, +R; +R, R, +R, +R; +R,

Q

Consequently, the amount of heat passing through the layers in series is

I -T, I, -7,

— - 11.106
0 R +R,+R, +R, R, ( )
R, R, Ry R,
o) T,
——=ep— 00000~ 000000~ 000000~ 000000 ———

Figure II. 14. Analog thermal circuit for a wall
composed in series.

where the equivalent thermal resistance is defined by the relation
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Ri,q =R +R,+-R, (11.107)
or else
n=N i
R =) — 11.108
» Zﬁﬁ ( )

II. 9. Series-parallel planar walls
Unlike the first case where the wall is composed of several

layers in series, the planar wall may also be composed of
several layers arranged in parallel as shown in Figure 8.

4
A4 T
2
I
13
L1 L2 equals L3 L "

Figure II. 15. Planar wall formed by several
series-parallel layers.

In this case, the equivalent thermal resistance is given by the expression

R.R
A ... ) (1.109)
R, + R,
Rl = Ll ’ R2 =il R3 =if R4 =i (11'110)
A4S, 4,8, 2385 2484
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The individual resistances of each layer of the surface through
which heat transfer occurs must be taken into account in the

calculation, i.e., the surface that is perpendicular to the heat flux.

R2
R1 R4
T, Tl
Q ’
“000000"
Lt
Figure II. 16. Analog thermal circuit for a wall
composed in series-parallel.

I1. 10. Combined Heat Transfer Mechanisms
In this typical case, there are three modes of heat transfer. A
mode of heat transfer by convection between the walls and the
ambient fluid, a mode of transfer by radiation between the walls
and the ambient fluid, and the third mode by conduction through
the solid layer. Let T denote the temperature of the ambient
fluid, and let 71 and 7> denote the temperatures of the walls of
the solid layer.

Assuming that heat transfer occurs from left to right (
Too > T;o), the quantity of heat exchanged by convection is
Q{'mn‘l = I'L“I‘S'(T;' _T‘I ) (11111)

in terms of thermal resistance, we have

T, —T
Qc'mn'l = R I

(I1.112)

convl

oo
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where the convective thermal resistance is defined by the relation

Rmm'i = L (11113)
h S
T, >~T,
Convection Convection
+— Q >
_—
Fluid at Teo T T, Fluid at Teo
A
@ — >
Radiation Radiation
0 L

Figure II. 17. Combined heat transfer mechanism.

The heat exchanged by radiation is
Qo1 = £10 ST} ~ 1) (I1.114)

this can be expressed in terms of thermal resistance to radiation in the
form

/.

oy = I1.115

Qm_\ 1 Rm_m | ( )
T, -T,

rayo 1 = 7 I (11116)

EIO'S(T: —Tﬁ)

the heat exchanged by conduction is

7
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T e T’)
Qcmm’ = M (Hl 17)
L]
AS
the thermal conduction resistance is consequently
L
R, . ,=— 11.118
cond s ( )

As on the right we have heat exchange by

convection and by radiation, we can also write that
O ot = th(Tz —Tm:) (I.119)

R
comvz h,S

R

(11.120)

Similarly, for the heat exchanged by radiation, we have
Qra‘\'n 2 = €0 S(T24 - T;’ ) (11121)

where the thermal resistance due to radiation is

-1,
pare ) (IL122)

ravo 2~

by combining these formulas, the exchanged heat is

/ e 1 L. =T
= 5 .12
R Rc'mu‘ 1 Rm_\‘n 1 Rr.'un v2 thr)'u 2 ( 3)

“ + R('nm! +
R +R R + R

convl ravo |

Q

cony 2 rayo 2

It is often useful to define the overall heat transfer coefficient U by
the equation

e R
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Q=US(T, -T,) (11.124)

By comparing equations II. 123 and II. 124, the overall exchange
coefficient with respect to surface S is therefore

1

US = (I1.125)
Rc'mn‘ |R)'(f)‘(! 1 RL'()H\' 2 Rm,\'n 2
"}e R o +Rmnd + R R R
conv | & rayo 1 conv 2 + rayo 2
R convl RCOHV 2
Rcond
Too —1 o000 ‘ Too
“000000"
Rrayol Riayo 2

Figure II. 18. Equivalent electrical circuit.

II. 11. Critical thickness of thermal insulation for a

conduit
We know that when we add to a wall, we increase the thermal
resistance and consequently reduce the amount of heat
exchanged. This is natural, as the exchange surface of a wall
is constant; adding insulation always increases the thermal
resistance of the wall without increasing the convective
thermal resistance. However, in the case of a cylinder, things
are very different. Adding insulation to a cylinder increases
the conductive thermal resistance while simultaneously
decreasing the convective thermal resistance. Consequently,
the amount of heat exchanged may increase or decrease
depending on which of the two effects is dominant.
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Consider a cylindrical conduit with inner radius 7; and
outer radius 7. We cover this conduit with a thermal
insulator of thickness e and thermal conductivity Aisor.

Let the temperature of the inner wall of the pipe be To and the
ambient fluid be at temperature 7. If 2 denotes the
convective heat transfer coefficient between the outer surface
of the pipe and the ambient fluid, the thermal resistance by
convection is therefore

R, =———+ 11.126
con 27{(?;‘ +€)Lh ( )

Figure II. 19. Critical insulation thickness of a
cylindrical pipe.

The thermal resistances by conduction of the conduit wall and of the
thermal insulating layer are

Rumd 1= ; In i (11127)
2mAL
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B e _op B (11.128)
) 22‘3‘1.\7}.’[" r{‘

the amount of heat exchanged is therefore

= e 11.129
0 R +R +R ( )

cond?2

conv condl

in terms of the conduction rays, this quantity of heat is

Lo =T
— = 11.130
Q 1 L. | r+e 1 ( )
In=+ -In +
22AL . 2mhg,L 1, 2x(r,+e)Lh
the equivalent thermal resistance is

B, =i gt R, T (IL131)

27AL 1, 2xA,L L, 27(r, +e)Lh

Let us find the extremum of this expression by calculating the
derivative with respect to the thickness of the thermal insulation;
this extremum is determined from the relation

4Re _g (IL132)
de
let
i
L - L | A - (L133)
de 27hg Ll T.te| (2z(r, +e)Lh)
r,

or else
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* : .2k 5 sy
de  2zhy,L(r, +e) (27(r, +e)Lh)’
that is to say
1 . - (I1.135)
211—/11’.\‘0.‘1‘(}1) + E) A~ (I‘( 5 lf'-)- L°h”
r,+e, = Hisol (I1.136)

Here ec is the critical insulation thickness. Note that this critical
thickness depends on the thermal conductivity of the insulator
used and the convective heat transfer coefficient. We have
plotted in Figures II. 20 (a) and II. 20 (b) the variations of the
equivalent thermal resistance and the quantity of heat exchanged
as a function of thickness.

We note that for a thickness e less than the critical thickness
e_c, the thermal resistance decreases and consequently the
amount of heat exchanged increases. The thermal resistance is
minimal for e = e c and consequently the quantity of heat
reached is maximum for this thickness. Beyond this critical
thickness, adding insulation increases the thermal resistance
and this leads to an inevitable decrease in the amount of heat
exchanged. Thus, when insulating pipes or tanks, it is
imperative to ensure that the thickness of the insulation used
is greater than the critical thickness.
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50—

0,0 } i
0,0 25 5,0

(b)

Figure II. 20. Variation of thermal resistance and heat
quantity as a function of insulation thickness.
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II. 12. Ailettes

Fins are small surfaces attached to a body immersed in a fluid. The
purpose of fins is to increase the heat dissipation from the body to
the fluid.

6)

RPN

*iks y
AN

R 11 >
PIF‘",'“

il a,
Fithimn
ot

Figure 11.21. Examples of fins.
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For this, consider an infinitesimal element of a fin with
cross-sectional area Ss(X), thickness dx, and lateral surface
area dSr.(x) immersed in a fluid at temperature Teo. Let us
write an energy balance for this infinitesimal element.

Q.\' = Q.\'ﬂh‘ + dQc'um' (11137)

From Fourier's law, we have

@, =—AS; (x)dT(x) (I1.138)
‘ dx
the amount of heat at the point x + dx is
dQ.
0. =0, + %8 4y (I1.139)
' T dx

using Equation II. 137, we find

Q,rae =—ASg (x) dT(X) -4 i [S.v (-’C)dT—(J)]dx (11.140)
dx dx dx

the amount of heat exchanged by convection between the fin element and
the fluid is

dQ.,,, = h(T(x)-T, )ds, (x) (11.141)

By substituting relations I1. 140 and II. 141 into the energy balance,
we arrive at the equation

— 284 (x) dz(") =284 (x) drlx) _, ﬁ[sg (x) dT(x))

X dx dx dx ] (IL.142)
+h(T(x)-T, )ds, (x)

-45 -



Transfert de chaleur [

dSL(x)
————— >e > b------p
Q) dx | Qeray)
dQ _conv

Figure II. 22. Illustration of heat transfer in a fin.
let

dx dx A 7 dx

"(ss(.x)ﬁ@j_ﬁ(r(r)_r CEAC (IL.143)
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or else

1) (1 dSW)drl) (1 hdSW) o\ o
dx? +(SS(\') dx ] dx _[SS(X)Z po ](T()‘)_Tx.]—() (H 144)

This is the general equation for a fin. Its solution, subject to
appropriate boundary conditions, yields the temperature distribution
within the fin and, consequently, the amount of heat exchanged
between the fin and the surrounding fluid.

II. 12. 1. Uniform cross-section fins
Let us begin with the case of a straight, rectangular fin of
uniform cross-section . The fin is fixed at its base to a surface
at a constant temperature 7 and extends into a fluid medium at
a constant temperature 7.

S
./:

Figure II. 23. Uniform-section airfoil.

In this case, the surfaces Ss(x) and Sz(x) are

Ss(x)=S5 (11.145)
S, (x)="Px (11.146)
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where P is the perimeter of the fin cross-section, consequently

dssx) _ (11.147)

as.x)_p (I1.148)

by substituting these expressions into the general equation of the
bladelet, we obtain the equation

“'L(“) -m*(T(x)-T,)=0 (11.149)
dx” ‘
where m= % 1s a constant parameter.

Physically, the boundary conditions for this type of problem are

a) The temperature at the base of the fin is the surface

temperature of the body to which this fin is attached;

this provides us with the first boundary condition.
7(0)=1, (11.150)

b) For the second boundary condition, there may be three
possibilities, which are

1) The fin is very long; in this case, the fin temperature becomes
equal to the fluid temperature

T(0)=T,, (I1.151)

2) The tip of the fin can be thermally isolated, i.e.,

@ =0 (I1.152)
X

¢ x=L
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3) If the fin is not insulated at the end, it exchanges heat with the
fluid surrounding it; in this case, the following boundary
condition applies to the temperature

—i4 dg—(”‘) =h(T(L)-T,) (11.153)
X X,

x=L
The solution to Equation II. 149 is

T(x)-T, =C,e™ +C,e™ (11.154)

where C1 and C; are integration constants determined from
the boundary conditions. By applying the boundary
conditions to the different thermal configurations cited above.

1) Very long finlet

T)~T, _ - (I1.155)
Th - Tar,

2) Isolated fin at the end

T(x)—Tx _ coshm(L - x]

(IL.156)
T~ coshmL
3) The fin exchanges heat by convection with the fluid
surrounding it
T(x)-T coshm(L—x)+ h sinh m(L—x)
= ";’1 (I1.157)
T, -1, coshmL + " sinhmL

mA
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The amount of heat exchanged by the fin is calculated in two
different ways, namely starting from Fourier's law applied to the
base of the fin

Q, = —&S(d—ﬂﬂ] (IL158)
v=()

either based on the heat removed by convection to the fluid through the lateral
surface of the fin

0, =hP[(T(x)-T.)dx (1L159)

0

Calculate for each case the amount of heat dissipated
by the fin using Fourier's law for simplicity.

For a very long fin, the amount of heat dissipated is

Q, =VAhSP(T, -T,) (11.160)

For an isolated fin at the end, the amount of heat dissipated is

Q, = AhSP(T, T, )tanh mL (11.161)

For the case where there is convective exchange between the tip of the

fin and the surrounding medium, the amount of heat dissipated is

sinhmlL + . coshmlL
Q, = AhSP(T, -T,,) L (IL162)

coshml. + ——sinhmlL
mA

(¥
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1,00

0,75 +

0,50 +

0,25 +

0,00

t d
0.0 25 50

Figure II. 24. Temperature profile for a very long
fin.

0,75+
0,50 +

0,25+

0,00 t t t {
0.00 0.25 0.50 0.75 1,00

Figure II. 25. Temperature profile for an isolated fin at the
tip.

.



Transfert de chaleur [

1,00

0,75 +

0,50 +

0,25 +

. 3 I
f T T 1
0,00 0,25 0,50 075 1,00

Figure II. 26. Temperature profile for a fin
exchanging heat with the surrounding medium by
convection.

I1. 12. 2. Slat Efficiency

To characterize the fins, we define the efficiency 7a as the
ratio of the heat actually dissipated by the fin to the maximum
heat that could be dissipated by the fin if its temperature were
equal to the base temperature Tp. The quantity of maximum
heat dissipated by the fin is therefore

Opux =hPUT, -T,,) (11.163)

the efficiency #a of the fin is thus given by the expression

0 _;“S[dm))

3 B dx )
e = Qmax - hPL(T’; _Tm)

(I1.164)
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By combining equations II. 160, II. 161 and II. 162 with equation II.
164, we obtain for the studied cases the following expressions for

the yields
a) Very long wing
i, (11.165)
“ mL '
b) End plate
h mL
f, (I1.166)
mL
c¢) The fin exchanges heat by convection with the fluid
surrounding it
; h
1 sinhmlL + coshmlL
Ny=— ma (1.167)
mL coshmL + ' sinhmlL

mA

II. 12. 3. Fin efficiency
Fins are used to enhance heat transfer, and the addition of

fins to a surface to improve heat transfer must necessarily
justify the cost and complexity associated with this
operation. There is no guarantee that adding fins increases
heat transfer. Fin efficiency is based on the increase in heat
transfer relative to that exchanged by a surface without
fins. The efficiency & of a fin is defined by the relation

g = __ (I168)
Q.\mr:.' ailette hS, b (rb K T:n- )

.
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Let us note that the efficiency #a of the fin and its effectiveness &4
are intimately related. Indeed, we have

5, = 1 (7, ~T,) (IL.169)
1S, (T, ~T..)
let
s,
11170
=Nag ( )

Thus, the efficiency €, can be determined from the fin efficiency
Na and vice versa.

For a very long airfoil with uniform cross-section, and since $=.p,
the efficiency &; is given by

g e 7,-7,)_ |4 (11.171)
hS,(T, -T,) hS

oo

From this relation, we can draw the following conclusions:

a) Thermal conductivity should be as high as
possible. This is why the fins are made of aluminum,
a material with high thermal conductivity and
exceptional lightness, as well as resistance to
corrosion compared to other materials.

b) The ratio § should be as large as possible.
This criterion is satisfied by thin fins.

c¢) The use of fins is even more effective when the convective
heat transfer coefficient is low. This situation occurs when

the external medium is a gas and convection is natural.
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II. 12. 3. Efficiency of a Finned Surface
To determine the amount of heat exchanged by a finned surface,
one must take into account the unfinned surface Ssq as well as
the fin surface S4. In this case, the amount of heat exchanged by
the finned surface is

Q = Q.m o5 Qu (11172)
let
Q = hS.\-(r (T.' BE T‘-K:- )+ qahsu (7}, - T:c- ) (11173)
or else
Q = h(S.s'(r =k !?(rSa XT:’) - Tm ) (11174)

we can now define the overall efficiency g for a finned surface
by the relation

Q _ h(Sm + ??uSu XT}) i T)’:)

7, == = (I1.175)
¢ Q.-‘) hS.’) (7}) - TJ: )
let
n, =t MaSa (11.176)
L, S;

2
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