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Exercise 01: Domain and Limits

1. Find and sketch Dy: ( Dy fwjj o s)

(a) flw,y) =9 — a7 —y? © floy) = (i . z) (e) f(,y) = arccos(a® +y* — 2)
1
(b) f(z,y) =In(@+y—1) @ f@y) = ——3 () f(z,y) = ﬁ%ﬁ

2. Prove the limit does not exist: (839> g0 & L4 QL‘ o)

2 _ 2
(a) (tryy =2* and y = x) (b r -y

lim fiy ) lim ———
(2,9)—(0,0) T4 4 2 (z,9)—(0,0) T2 4 2
3. Use polar coordinates to compute: (wlw> Jol o Ldadll OSluaY Joatll)

x2y2 J?Sy

2
. zy
(@)= (0,0) T2 + 12 ®) o 77 g2

(2) (x,y>1—>m<o,o> x2 + y?

(c)

Exercise 02: Partial Derivatives and Differentiability

1. Compute fxafyvfszxy for: (JDT e fmvfyafrzvfmy w“)
(a) f(x,y) =sin(zy) + "V (b) f(z,y) = arctan(y/x) (¢) flz,y)=2aY (z>0)

2. Show f(z,y) = In(x?+y?) is harmonic: Jazt+fyy =0. (foa + fyy =0 l:u‘y flx,y) = In(2? + y?) Q;‘ v)

3. Find the tangent plane to z = /22 + y2 at (3,4,5). ((3,4,5) &= 2= /22 +y% J dw\ol‘ ! .,\oj;‘)

4. Show f(z,y) = y/|zy| is not differentiable at (0,0) despite f;(0,0) = f,(0,0) = 0.
£2(0,0) = £,(0,0) =0 ol oo @2 )L (0,0) wis Joladd b e f(a,y) = V]zyl O Oy

Exercise 03: Chain Rule and Taylor

yu=a"+y,v=u—y> Find 32 and 52. (5 3 52 =)

1. z=¢e"7"

2. (Thermodynamics) For ideal gas P = nRT/V, T = T(t), V = V(¢): find dP/dt by chain rule.
(A Sasliy dP/dt aem ol : V= V() « T=T(t) « P=nRT/V JEI 5l Jal 5o (2,141 Kalyally)

3. Write the Taylor expansion of f(z,y) = coszsiny to order 2 at (0,0).
((0,0) daadl wie 2 L3N 4> f(z,y) = cosasiny J LU &5 J;\)

4. Write the Taylor expansion of f(z,y) = e” cosy to order 2 at (0,0).

5. Write the Taylor expansion of f(z,y) = In(1 4+ = + 2y) to order 2 at (0,0)



Exercise 04: Optimization and Lagrange

s

1. Find and classify all critical points of: (J &> 41 Ll f@j A= o)

(a) flz,y) =a" +y* —day

(b) f(z,y) =2%+ay+y? -3z
2. (Minimum surface area) Closed box, volume Vo = 32m?®. Minimize S = 2(xy + 22z + y2).

S = 2(xy+xz+yz) P Vo = 32m? L (él.iu &jw CC_‘a..«.U ;JJ.:.‘AY‘ «>L.,J\>
3. Minimize f(x,y) = 2 + y* subject to 2x + 3y = 12. ( 2z + 3y = 12 Q;‘ L floy) =22+ 9 ao)
4. (Challenge) Prove the square maximizes area among all rectangles with fixed perimeter, using La-

grange multipliers.

é\J.;\f Olaelae rL\:'J.«:L_ ceod) Laadl 13 odaid ] o v aalew d“""" RYZS C"“ ol el Cd.)au.”)
5. When an electric current I flows through an electrical circuit with resistance R, the amount of heat

generated per unit time is proportional to RI?. Decompose the current I into currents I, I», I3 using
three conductors with resistances Ry, Ro, R3 in such a way that the generated heat is minimized.

oo ol ol Bamy 5detll 514N ZaS" 0B ¢ R doglie o3 &34 8 )l as T SUAS b e s
08 Gt Ry, Ry, Ry Oleglal 013 Jlg ©3 Jeaial It I, Is W JI T L olCay 7 RI?

RECHNA R SV Y

Exercise 05: Miscellaneous Problems

1. (Implicit relations and thermodynamics) Let F(P,V,T) = 0 be a relation between pressure P,
volume V', and temperature T of a physical system. Assuming the implicit function theorem applies,
prove:

1A & 39 ¢ V oead ] P larall op &M F(PV,T) =0 K3 (4,141 Kalodly Liedll BN
readl Lieall D) Dane &2 oL AL Wl T

w P| ot __or o 0P| T OV
aT|, av|, v, aT|, oV |, oP|, v
2. (Laplace equation) Show that u(z,y) = e cosy satisfies —azu + 78211 0
. W = =0.
p qa Y Y o0x2 " Oy2
%u  0%u ,_"n £ .
gz g =0 B ul@y) = et cosy Ol gy (Y Dslasy

3. (Error propagation) The volume of a cylinder is V' = 7r2h. Using the total differential, estimate

the maximum relative error A when r and h are each measured with a relative error of 1%.
a4 4V <& g e s 4 K
1% 0,05 e UaE GLAE B 7 e
4. (Electrostatics) Given V = E, r=\2 it 22 k= (L sl L )
T 4meg

—

(a) Compute E = —VV and show E = k 7% (v s wofi)
(b) Show AV =0 for (z,y,z2) # (0,0,0).
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