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Exercise 01: Domain and Limits
1. Find and sketch Df : ( Df Õæ�P
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(a) f(x, y) =
√

9− x2 − y2

(b) f(x, y) = ln(x+ y − 1)

(c) f(x, y) = arcsin

(
x− y

x+ y

)
(d) f(x, y) =

1√
x− y2

(e) f(x, y) = arccos(x2 + y2 − 2)

(f) f(x, y) =
1

x2 − y2

2. Prove the limit does not exist: ( �èXñk. ñÓ Q�
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(a) lim
(x,y)→(0,0)

x2y

x4 + y2
(try y = x2 and y = x) (b) lim

(x,y)→(0,0)

x2 − y2

x2 + y2

3. Use polar coordinates to compute: (H. A�k Ég.
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(a) lim
(x,y)→(0,0)

x2y2

x2 + y2
(b) lim

(x,y)→(0,0)

x3y

x2 + y2
(c) lim

(x,y)→(0,0)

xy2

x2 + y2

Exercise 02: Partial Derivatives and Differentiability

1. Compute fx, fy, fxx, fxy for: (Ég.
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(a) f(x, y) = sin(xy) + ex
2y (b) f(x, y) = arctan(y/x) (c) f(x, y) = xy (x > 0)

2. Show f(x, y) = ln(x2+y2) is harmonic: fxx+fyy = 0. (fxx + fyy = 0 :
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3. Find the tangent plane to z =
√
x2 + y2 at (3, 4, 5). ((3, 4, 5) Y

	
J« z =

√
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4. Show f(x, y) =
√

|xy| is not differentiable at (0, 0) despite fx(0, 0) = fy(0, 0) = 0.

fx(0, 0) = fy(0, 0) = 0 	
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Exercise 03: Chain Rule and Taylor

1. z = eu−v, u = x2 + y, v = x− y2. Find ∂z
∂x and ∂z

∂y . ( ∂z
∂y ð

∂z
∂x Yg. ð
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2. (Thermodynamics) For ideal gas P = nRT/V , T = T (t), V = V (t): find dP/dt by chain rule.
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3. Write the Taylor expansion of f(x, y) = cosx sin y to order 2 at (0, 0).
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4. Write the Taylor expansion of f(x, y) = ex cos y to order 2 at (0, 0).

5. Write the Taylor expansion of f(x, y) = ln(1 + x+ 2y) to order 2 at (0, 0)



Exercise 04: Optimization and Lagrange

1. Find and classify all critical points of: (�Ë �
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(a) f(x, y) = x4 + y4 − 4xy

(b) f(x, y) = x2 + xy + y2 − 3x

2. (Minimum surface area) Closed box, volume V0 = 32m3. Minimize S = 2(xy + xz + yz).
S = 2(xy + xz + yz) Q
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3. Minimize f(x, y) = x2 + y2 subject to 2x+ 3y = 12. ( 2x+ 3y = 12 	
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4. (Challenge) Prove the square maximizes area among all rectangles with fixed perimeter, using La-
grange multipliers.
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5. When an electric current I flows through an electrical circuit with resistance R, the amount of heat
generated per unit time is proportional to RI2. Decompose the current I into currents I1, I2, I3 using
three conductors with resistances R1, R2, R3 in such a way that the generated heat is minimized.
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Exercise 05: Miscellaneous Problems
1. (Implicit relations and thermodynamics) Let F (P, V, T ) = 0 be a relation between pressure P ,

volume V , and temperature T of a physical system. Assuming the implicit function theorem applies,
prove:
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(a)
∂P

∂T

∣∣∣∣
V

∂T

∂V

∣∣∣∣
P

= − ∂P

∂V

∣∣∣∣
T

(b)
∂P

∂T

∣∣∣∣
V

∂T

∂V

∣∣∣∣
P

∂V

∂P

∣∣∣∣
T

= −1 (cyclic rule)

2. (Laplace equation) Show that u(x, y) = ex cos y satisfies
∂2u

∂x2
+

∂2u

∂y2
= 0.

.
∂2u

∂x2
+

∂2u

∂y2
= 0
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3. (Error propagation) The volume of a cylinder is V = πr2h. Using the total differential, estimate

the maximum relative error
dV

V
when r and h are each measured with a relative error of 1%.
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4. (Electrostatics) Given V =
k

r
, r =

√
x2 + y2 + z2, k =
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(a) Compute E⃗ = −∇V and show E⃗ = k
r⃗

r3
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(b) Show ∆V = 0 for (x, y, z) ̸= (0, 0, 0).

Page 2


