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Introduction

Introduction

This document is a comprehensive and detailed resource covering the main concepts of
Mathematics 11, focusing on key topics in mathematical analysis and differential equations.

It begins with an in-depth exploration of single and multiple integrals, providing a complete
understanding of integration methods, applications, and problem-solving techniques. Improper
integrals are also discussed, focusing on cases with infinite limits or discontinuities.

A substantial section is devoted to differential equations, including first-order linear
equations and their analytical solutions, along with their geometric interpretations. Second-
order linear differential equations are studied in detail, with attention to particular solutions,
boundary value problems and their practical applications.

The manuscript also includes a section on numerical and power series, examining their
properties, convergence, and uses in various mathematical contexts. A thorough analysis of
Fourier series follows, explaining their construction, convergence, and applications in
engineering, physics, and applied mathematics.

Furthermore, the Fourier and Laplace transforms are presented in detail, highlighting their
definitions, properties, and practical roles in solving differential equations and signal analysis
problems.

Each chapter concludes with a collection of solved examples, designed to strengthen
understanding and develop problem-solving skills through active learning.

Finally, I humbly ask Almighty God to bless this work, to make it sincere, beneficial,
and enlightening for all readers — students, researchers, and anyone interested in this field.
May its pages inspire clarity, wisdom, and the pursuit of knowledge for the advancement of

science and humanity.
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Chapter 1: Simple and Multiple Integrals

Chapter 1: Simple and Multiple Integrals

1.1.  Review of the Riemann Integral and Calculation of Primitives
1.1.1. Subdivision
Let [a, b] be a finite interval. We call a subdivision S of [a, b] any finite ordered sequence
(t:)os<isn Within [a, b].
a=ty<t; < <t,=b
The step size of a subdivision S is defined as:
p(S) = maxp<i<n-1ltiv: — til
For a uniform subdivision of [a,b], the step size is bn;a, and each point is calculated by the

following equation:

b—a

ti=a+i ,0<i<n

1.1.2. Riemann Integral

By definition, the Riemann integral of the function f is:

b
f £() dx = SupsA*(f,S) = InfyA(f,S)

A function f:[a, b] = R is Riemann integral on [a, b] if, for every € > 0, there exists a
subdivision S such that its Darboux sums satisfy
AY(f,S)—A(f,S) <¢

The lower Darboux sum:
n-1
A(f,S) = Z m;(tiy — t;)
i=0

With:
m; = infxE[ti,ti+1[f(x)

The upper Darboux sum:
n-1
A (f,8) = Z M;(tiy1 — &)
i=0

With:
Mi = Supr[ti,ti+1[ f(x)

If the subdivision is uniform, the Riemann sum takes the following form

_ b—an_1 b—a b—an_1 b—a
R(f, Suniy) = lim Zf(a+1 —) =— Zf(a+l )
i=0 i=0

n-+oc N n

7



Chapter 1: Simple and Multiple Integrals

1.1.3. Calculation of Primitives
Let f be a continuous and positive function on the interval [a, b], the integral of this function
is the area expressed in square units of the surface bounded by the curve Cr and the x-axis,

between the points x = a and x = b.

—

[rerar

Fig.1: the curve of integral
We consider a function f continuous on an interval I. We say that a function F is a primitive

of f on I if F is differentiable and its derivative is equal to:

F(x)' = f(x)
b
f f(x)dx = F(b) — F(a)

1.1.4. Primitives of Useful functions

We have c a real constant.

e [ldx=x+c o fidx=ln|x|+c
o [xmdx=" 4 o Jedx=er+c
m+1
o Jcos(x)dx = sin(x) +c . fﬁdx = %arctang(g) +c
. fﬁdx = arcsin(g) +c . fsin;(x) dx = cotg(x) + ¢
e [tang(x)dx = —In(cos(x)) + ¢ 3 fmdx =tang(x) +c¢

The following functions all follow the rules of differentiation:

f[u(x)]”u’(x) dx = % +c (n+-1)

feu(x)u’(x) dx = e*™ + ¢

ju’(x) dx = In|lu(x)| + ¢
u(x)

f sin(u(x)) u'(x)dx = — cos(u(x)) +c
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f cos(u(x)) w'(x) dx = sin(u(x)) + ¢

J‘u(x) =—L+c
Julx) u(x)

X — ax
fa dx_ln(a)+c

fu’(x)tang(u(x)) dx = —1In(cos(x)) + ¢

Some useful trigonometric formulas:

__ sin(x) __ cos(x)
e tang(x) = c0s00) e cotg(x) = o
e cos?(x) +sin*(x) =1 o cos?(x) = Lreos@n

2
1-cos(2x)
2

e sin(2x) = 2sin(x) cos(x) o sin%(x) =
e cos(a+ b) = cos(a) cos(b) — sin(a) sin(b)

e sin(a + b) = sin(a) cos(b) + cos(a) sin(b)

cos(2x) = 2cos?(x) — 1 = 1 — 2sin?(x)

1.1.5. Integration by parts:

Let u and v be two continuous functions on [a, b], then:
b

b
] u()v' (x) dx = [u(x)v(x)]5 —f u' (x)v(x) dx

Example 1.1: Compute the following integral:

T

2
f xsin(x) dx
0

Answer: Weset: u(x) =x , u'(x) =1 andv'(x) = sin(x) , v(x) = —cos(x)

T T

fzxsin(x) dx = [— xcos(x)]”/2 fz— cos(x) dx = [—xcos(x)]g/2 + [sm(x)]”/2 =1
0 0
1.1.6. Variable change:
Let f:[a, b] = R be a continuous function. Suppose there exists a function v: [a, b] = R of
class C! and a function u, continuous on v([a, b]), such that for all x in [a, b], the following
equality holds:
f) = u(w(x)v'(x)
Then:

b v(b)
[ reoax =] uoay
a v(a)
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In practical calculations, we set: y = v(x),d'oudy = v'(x)dx
Finally, we change the limits of the integral.

Example 1.2: calculate the following integral using a change of variable:

2Zeﬁd
X
o Vx
Answer: We use the following change of variable:
y=v(x) =Vx
We obtain:
1
v(a) = 0,v(b) =V2etv'(x) = —
(a) (b) (x) e
22eVx 2 gV V2
dx=4f dx=4f eydyz[ey]‘/izél(eﬁ—l)
o Vx 0 2Vx 0 °

1.1.7. Primitives of rational fractions:
A rational fraction is defined as the quotient of two polynomials. Most of the primitives that

we can formally calculate can be done using simple changes of variables.

e Integral of the type: [ ﬁdx,a ER

1
j dx=In|x+a|+c,ceR
X+ a

1
(x+a)™

e Integral of the type: [ dx,a € Randn > 1

1 1
J Grar Y T U nara?
1.2. Double Integral

+c,c€eER

Letz = F(x,y) be afunction defined in a closed and bounded domain D of the xoy plane.
We divide the domain D arbitrarily into n elementary subregions of area A, As,, ..., A .
Now, we choose an arbitrary point (Py);<x<nIn €ach elementary domain.

Let F(P,),F(P,), ..., F(B,) be the values of the function F(x, y) at these points, and then
form the products F(Py)As, . The sum of these products is called a Riemann sum for the

function F(x, y) over the domain D, and it takes the following form:
n
F(P)As, = F(P)As, + F(PAs, + -+ F(Py)Aq,
k=1
The double integral of the function F(x,y) over the domain D is defined as the limit of the

integral sum when the largest of the domains A, — 0. It is denoted as:

10



Chapter 1: Simple and Multiple Integrals

J.fF(x,y)dxdyzﬂ.F(P)ds=m lim N F(Py) A,

axASk—>0 =

1.2.1. Rule for calculating a double integral
Let F(x,y) be afunction defined and continuous in a closed domain D of R?, and this

domain is such that:

ou
sic<y<d = gi(¥)<x=<g,(y)

Then, the double integral of the function F over D is calculated as follows:

b fa(x) d rg2)
ff F(x,y) dxdy = f [ f Fx,y) dyldx = j [ j F(x,y)dx]dy
a () ¢ Yg1(¥)

{sianSb = fik) <y <fo(x)

Example 1.3: Calculate the following double integral: I; = ffj—ydxdy

Where the domain D is defined by: D = {(x,y) e R?/0 <y < x < 1}
Answer: Let (x,y) € D, we choose 0 < x < 1, and it follows that 0 < y < x. Thus,

10X o 1 . 1 2 1_4
11=j0 UO ﬁdyldx=LX[2\/§]odx=2L(xﬁ)dx:z(gxs/z)O_g

1.2.2. Fubini's Theorem or Integration over a Rectangle
Let F(x, y) be a function defined and continuous in arectangle D = [a, b] X [c, d] of R?:
Then,

|| Peuyydxay - ] g ] "F e y) dyldx = j b f P e y)dxldy

Example 1.4: Compute the following double integral: I, = [[(x? + y) dxdy
If the domain D = [0,1] x [1,2] :
Answer: According to Fubini's Theorem, we have:
1 2 1 1 1 3
Jf(xz + y)dxdy = Jo U1 (x? +y)dyldx = Jo [x2y+§y2]§dx = fo (x? +E)dx
1, 3\t 1
= (37 + ?‘)0 "6
1.2.3. Change of Variables in a Double Integral
A. Double Integral in Curvilinear Coordinates:
Suppose the integration variables x and y can be expressed as functions of new variables u

and v as follows:

{x = x(u,v)
y=yW,v)

11
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Where the functions x(u, v) and y(u, v) have continuous partial derivatives in a domain D’

of the uo'v plane, and the Jacobian of the transformation in the domain D’ does not cancel:

Ox O0Ox

D(x, 3 A4,
_ (x,y) _|ou ov £ 0

D(u,v) dy 0dy

Ju 0Ov

Then, the formula for transforming a double integral to curvilinear coordinates is as follows:

ff F(x,y)dxdy = ff F(x(u,v),y(u,v))|J| dudv

Example 1.5: Perform the change of variable indicated in the following integral:

1 2x u=x-+y
I4=fdxf F(x,y)dy, v = Y
0 x x+y
Answer: The new values of x and y in terms of (u, v) are:
X=U-—uv
{ Yy =uv
So,
_|1=v —-u] _
1= =
The new domain D' is:
D' ={( )eR21< <2 o<uc< !
={wy p=v=E3 susg—)})

Then the integral 1, is:
1
v
I, = . dv uG(u,v)du
5 0
2

wIN

B. Double Integral in Polar Coordinates
When transitioning from rectangular (Cartesian) coordinates x and y to polar coordinates r

and @, we define:

{x irc?sgwithr >0and 0<0 <27
y = rsinf
We have: J= |cost9 —rsinf| _ -

sinf  rcosf |
The double integral of a function F in polar coordinates is:

ff F(x,y)dxdy = ff F(rcosO,rsin8) rdrd6

44y \vhere the domain D is defined by :
x2+y

Example 1.6: Calculate Is = [[

D=={(xy) ER}4 <x*+y*<9}

12



Chapter 1: Simple and Multiple Integrals

X = rcos6

Answer: We have the polar coordinates as: { o
y = rsinf

4<x?+vy2<9,2<r<3hence 0<0<2nm

We have :

; _ff dxdy _ff rdrd6 _J31d Jznde—z ]2 = 1 9
7)) x2+y2 " J) r2cos?0 +r2sin20 ), r r 0 CArinTiz =iy

1.2.4. Area Calculation in R?

The area of a plane figure bounded by the domain D is calculated using the formula A(D) :

A(D) =f dxdy

Example 1.7: compute the area of A where domain D considered as follow:
D={(x,y) ER3,0<x<21<y<5}

Answer:

A(D)=ffD1dxdy=jOZU151dyldx=Lz[y]fdx=J024dx=[4x](2)=8

1.3.  Triple Integral
Let F (x,y,z) be a function defined in a closed and bounded domain D in the Ox, Oy, Oz.
space. We arbitrarily divide the domain D into n elementary domains with volumes
AVy, AV, ..., AV,. Now, we choose an arbitrary point(Pk),<x<, in €ach elementary domain.
Let F(P,),F(Py),...,F(P,) be the values of the function F (x, y, z) at these points, and then
form the products F (Py)AVj,.

The integral sum of the function F(x,y,z) over the domain D is defined as a sum of the form
n
z F(P)AV, = F(P)AV, + F(P,)AV, + -+ F(P,)AV,
k=1

The triple integral of the function F(x,y, z) over the domain D is defined as the limit of the

integral sum when the largest of the volumes AV, — 0. It is denoted by

(o= [ snsar - _ig 3 scnom
k=1

1.3.1. Rule for Calculating a Triple Integral
Let F be a function defined and continuous in a closed domain D of R3, then:

fffF(x»y,Z) dxdydz = ff dxdyfzzF(x,y'Z)dz

The double integral over dxdy is calculated on the domain T, where T is the orthogonal

projection of D on to the xOy plane.

13



Chapter 1: Simple and Multiple Integrals

Example 1.8: calculate the triple integral I; = [[f (x + v + z) dxdydz the domain D is

defined by:
D={(xy,2)€ER3x>0,y>0,z>0,x+y+2z<2}
Answer: The orthogonal projection of the domain D on to the xOy plane, where z = 0, is
T={(x,y) ER%,x>0,y>0,x+y <2}

Additionally, z; =0etz, =2—-x—yand z; < z < z,. So,
2—-x-y 1 2—=x-y
11=ffdxdyj (x+y+z)dz=ff[(x+y)z+zzz]
0 0

1
=ﬂ[2x+2y—x2—y2—2xy+§(2—x—y)2]dxdy

We have:
{0<y<2—x
0<x<?2

Thus, the double integral of this function is:

2 2—x 1
Ilzf [.f 2x+2y—x2—y2—2xy+§(2—x—y)2dy dx
o LJo

? 2 1 3 2 1 2 1 272—x
— [1@=xxy +y2 =2y = xy? 432 =2y —5 @ -0y dx
0

-] -0 -2 4
0 6

B (2—x)3+(2—x)42_1 1 7
=1 3 24 °7 3 24 24
1.3.2. Change of Variables in a Triple Integral

The change of variables in a triple integral allows for transitioning from the variables

X, ¥, Z to new variables u, v, w related to the original variables by the following
relations:
x = x(u,v,w),
y= yuv,w),
z= z(u,v,w),
Wherex = x(u,v,w),y = y(u,v,w) and z = z(u,v,w), and their first partial
derivatives are continuous functions in a domain D . The Jacobian of the transformation in

the domain D' is:

14



Chapter 1: Simple and Multiple Integrals

dx O0x Ox
du Jdv Jdw
I N I
du Jdv Jdw
dz 0z 0z
Ju Jdv OJdw
In this case, the formula for transforming a triple integral is

fﬂ F(x,y,z)dxdydz = fff F(x(u,v,w),y(u, v,w), z(u, v, w)|J|dudvdw

1.3.3. Triple Integral in Spherical Coordinates

| D(xy,2)
~ID'(u, v, w)

J

Let M(x, Y, z) be a point in space R3. We then have the following transformation formula:

X =rcosfsing
{yzrsin@singo
Z=T7COoSQ
withr >0,0<60<2m,0<@p<m.
the jacobien is:

cosfOsing —rsinfsing 1rcos6cosh
sinfsing rcosfsing rsinfcose|=r?sing
cos @ 0 —sing

] =

It follows that: dxdydz = r? sin ¢ drd@d¢

Example 1.9: Calculate I, = [[f x? dxdydz , Where the domain D is defined by:
D ={(x,y,z) ER3,x%2+y?+z? < a? a> 0}

Answer: We perform a change of variables to spherical coordinates.

Now, let (x, y, z) be a point in D, we have:

x2+y?+2z2<a?,r*?<a?,and0<r<a

a 2 T
I, = fff x? dxdydz = f r* drf cos? 0 d@f sin3 g do
0 0 0

1 % (" (1+cos20\ (™
B[ e
5 lolJo 2 0

4
— o5
—157ta

1.3.4. Triple Integral in Cylindrical Coordinates

then:

The transition from Cartesian coordinates to cylindrical coordinates is related by the

following relations:

X =rcos6@
y =rsinf
zZ=1z

15
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withr > 0et0 < 6 < 2m. the value of jacobienis: | = r
fffF(x,y,z)dxdydz= fﬂF(rcos@,rsinH,z)rdrd@dz
Example 1.10: Compute the integral:

fffv(xz + y2)dxdydz

Where the domain V is a cylinder defined by: x2 + y2 <4, 0 <z <3

Answer: we have:

x =rcosf
y =rsinf
zZ=2z

x2+y? = (rcos6)?+ (rsinf)? = r?(cos? 6 + sin? ) = r?

3 2T 2
jﬂ (x? + y?) dxdydz = j j j r?rdrdfdz
1% z=076=0"Yr=0
3 21 2 3 21 1 2
fff (x2 + y?) dxdydz = f f U r3 drl dodz = j j [—r“‘] do dz
%4 z=076=0 L/r=0 z=076=0 4 0
3 3

3 2T

= f [f 4d9] dz = f [46]3%, dz = f 8m dz = [8n]3
z=01/6=0 z=0 z=0

= 2471

1.3.5. Volume Calculation

The volume of a body occupying the domain D is given by the following formula:

V=ﬂj1dxdydz
D

Example 1.11: let D a sphere x2 + y? + z2 < a?, we use the spherical coordinates:

y =rsinfsing@

{x=rcosesingo
Z=T1CoS¢Q

With, 7 > 0,0 < 8 < 2m,0 < ¢ < m, The Jacobien is: dV = r? sin ¢ drdfd¢
Compute the volume of the sphere.

Answer: the volume of the sphere is:

2w T a 2 b4
sz f f rzsingodrd(pdezf 1d9-f sin @ d(p-f r2dr
6=0Y¢=0Yr=0 6=0 =0 r=0

3

Q

4dta
3

= [613" - [~ cos g7 - E] =

16
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Chapter 2: Improper Integrals

2.1.  Definition of an Improper Integral
The integral f; f(x) dx is called an improper integral if:
e a=—00rb = +oo or both.
e We can find multiple points within the same interval as long as a < x < b. These
points are called the singular points of f(x).
2.2.  Improper Integral of the First Kind
Let £ (x) be a bounded and integrable function over every finite interval a < x < b. Then, by

definition:
+o0 b
f f(x)dx = lim f f(x)dx
a b=+ Jg
The integral fa+°° f(x) dx is said to be convergent if Jim f; f (x) dx exists.

The integral fa+°° f (x) dx is said to be divergent if Jim f: f (x) dx does not exist.

The same definition applies for:

f_:f (®)dx = lim_ f bf(x) dx

Example 2.1: Compute the following improper integral:
f‘l-oo 1 d
S *

too _ t1 _ 11" 1
f —dx = lim —dx = lim ——] = lim ——+1]=1
L xly t

x2 t—+o0 1 xZ t—+c0 t—+o0o0

Answer:

Where the limit is exist then, the improper integral is converge.

2.2.1. Improper Integral of the First Kind for Specific Functions
e The geometric or exponential integral: fa+°° e P* dx, where t is a constant, is

convergent if p > 0, and divergent if p < 0.

Example 2.2: Compute the following improper integral:
+ 00
f e %% dx
1

Answer:

17
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oyt _ _ _

+00 . _ t . _ o= 2% _ e~2t o2 o2
e dx = lim e dx = lim = lim |- + =

1 t—>+oo t—>+oo0 —2 1 t—>+oco

1

Since the limit exists, the improper integral converges (p > 0).
e The power integral of the first kind: f;ooi—; where p is a constantand a > 0, is

convergent if p > 1, and divergent if p < 1. (This is known as the Riemann series.)

Example 2.3: Compute the following improper integral:

+0oo 1
—dx
) &
Answer:
+ oo 1 ¢ .
—dx = lim —dx = hm [2\/§] = lim [2VE-2] =
t>+400 1 t—>+o00

1

Since the limit dlverges, the improper integral does not converge. (p < 1).
e The power integral of the first kind: folz—;f where p isa constantand a = 0 is a

singularity point, is convergent if p < 1, and divergent if p > 1. (This is known as the
Riemann series.)

Example 2.4: Compute the following improper integral:
1
j —dx
0o X

11 11
j —dx = llm —dx =lim[lnx]} = lim[—Int] = 4
0 X t—0 X t—0 t—0

Answer:

If the limit is not exist then, the improper integral is diverge (p = 1).
2.2.2. Convergence Criteria for Improper Integrals of the First Kind

A. Comparison Criterion for Integrals with Non-Negative Integrands:
a) Convergence: Let g(x) = 0 for all x > a, and suppose that fa+°°g(x) dx

converges. Then, if 0 < f(x) < g(x) forall x > a, fa+°°f(x) dx also converges.

Example 2.5: Compute the improper integral of f(x):

+oo 1
f > dx
1 X“+x

Answer: we propose g(x) = x%

We compare between f(x) and g(x). For x > 1 we have x? + x > x? then the inverse is:

18
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1
2+1

< —,weconclude 0 < f(x) < g(x)

The convergence of | 1+°° g(x)dx

+ oo 1 t
f —dx— lim —dx— lim ——] =1
1 t—>+o0 t—>+o0 1
Then [ g(x) dx is converge.
According to the comparison criterion, if g(x) converges, then f(x) also converges.
b) Divergence: Let g(x) = 0 for all x > a, and suppose that fa+°°g(x) dx diverges.
Then, if £(x) > g(x) forall x > a, [ f(x) dx also diverges.

Example 2.5: Compute the improper integral of (x) :

+002
f —dx
1 X

We propose g(x) = i
We have: f(x) = % >g(x) = %

The divergence: [~ g(x) dx :

+00 t 1
] —dx = lim | —dx = lim [Inx]{ = lim [In¢t] = 4
1

X to+co ) X t—+oo t—>+00
Then, 7 g(x) dx is diverge.
According to the criteria of comparison, if g(x) diverges then f(x) also diverges.
B. Quotient Criterion for Integrals with Non-negative Integrands

8) If f(x) 2 0and g(x) 2 0, and if lim % A # 0 or oo, then [ £ (x) dx and

fa g(x) dx either both converge or both diverge.
b) If A=0in(a)andif [~ g(x) dx converges, then [ f(x) dx converges.
0) IfA=ooin(a)andif [ g(x) dx diverges, then [ f(x) dx diverges.

Example 2.6:
Compute the improper integral of f(x):

f+°°x +1
1 X3
Answer: we propose g(x) = xiz

Compute the ratio:
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f(x) x+1 x2 x+1 1
_— e — = :1+_
gx) x3 1 X X
X 1
f()=lim 1+4—=1+#0,0
x—>+oog(x) X400 X
+ 00
lim —de=1
X—+00 X

1
By the Quotient Criterion, since g(x) converges, f(x) also converges.

This criterion is related to the comparison criterion, of which it is a very useful alternative
form. In particular, by taking g(x) = xip , We obtain, based on the known behavior of this
integral:
Theorem 1: let xl_i)inoo xPf(x) = A, then:

e [ f(x)dx converges if p > 1 and A est fini.

o f;mf(x) dx diverges if p < 1 and A # 0 (A may be infinite).

Example 2.7: determine the convergence of this integral:

Answer: we used this theorem: lirp xPf(x) = A,
X—>4 00

If we propose: p = 2, then:

. , 1
lim x == 1
X—+00 X

According to the theorem, if A = 1 and p > 1 then, f(x) is converge.

C. Absolute Convergence and semi-convergence:

f:mf(x) dx is said to be absolutely convergent if fa+°°|f(x)| dx converges. If

S f (x) dx converges but [ | f (x)| dx diverges, then [ f(x) dx is said to be semi-

convergent.
2.3. Improper Integral of the Second Kind
If f(x) is unbounded only at the endpoint x = a of the interval a < x < b, then we define:

b b
fa f() dx = lim, J f(x)dx

ate

We say that f: f (x) dx is convergent if the limit exists.

We say that f:f(x) dx is divergent if the limit does not exist.

If f(x) is unbounded only at the endpoint x = b of the interval a < x < b, then we define:
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b b-¢
f f(x)dx = lim f f(x)dx
a e-0* a
The integral f; f(x) dx converges if the limit exists.

The integral f: f(x) dx diverges if the limit does not exist.

If £(x) is unbounded only at an interior point x = x, of the interval a < x < b. Then, we

set:
b

f(x)dx + Sli_r)gl+ f f(x)dx

Xot+&p

Xo—&1

fa Fo dx = Jim, |

a

The integral f; f(x) dx converges if the limit exists.

The integral f; f(x) dx diverges if the limit does not exist.

Example 2.8: Compute the following improper integral:

flidx
0o Vx
Answer:
jlidx = lim 1ialx = lim[Z\/}]l =lim[2 — 2Ve] =2
o Vx e-0 ), \x £-0 € g0
Since the limit is exist then, the improper integral is converge (p < 1).
2.3.1. Cauchy Principal Value
It may happen that the limits do not exist when &; and &, tend to zero independently. In this

case, it is possible to set ¢; = €, = € so that:

b Xog—& b
j f(x)dx = lim f(x)dx + lim J f(x)dx
a e-0% Jg £220% Jy e
If the limit exist then, the value limit called the Cauchy Principal Value.
Example 2.9: To define the principal value, we take symmetric limits around the singularity

point x, = 0

11 1 1
f —dx = lim f —dx+f —dx )= lim(ne—1Ine)=0
X >0t -1 X e X e—0t

The Cauchy Principal Value exists and equals 0.

2.3.2. Improper Integral of the Second Kind for Specific Functions

f: (,:z)p dx converges if p < 1, and diverges if p > 1.

f: (bfi)p dx converges if p < 1, and diverges if p > 1.

Example 2.10: determine the convergence of this integral:
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fl dx
0 1—x

Answer: we have p = % < 1 then, the integral is converge.

fl dx )

o VI—x

Note: In the case where p < 0, the integrals are proper.

2.3.3. Convergence Criteria for Improper Integrals of the Second Kind

A. Comparison Criterion for Integrals with Non-negative Integrand
Convergence: Let g(x) = 0 for all a < x < b, and suppose that f:g(x) dx converges.

Then, if 0 < f(x) < g(x) forall a < x < b, it follows that f;f(x) dx also converges.

Example 2.11: determine the convergence of (x) :

S |
| e
Answer: we propose g(x) = \/i;
We compare between f(x) and g(x):
1+x=1
(1+x)Vx = Vx
1 1
A+ ovE V&

Then,

0=<fx) =g
Verify the convergence of g(x):

[Lax-2

— x oy

0o Vx

So g(x) is converge.

According to the comparison criteria, if g(x) converges then, f(x) converges.

Divergence: Let g(x) = 0 forall a < x < b, and suppose that ffg(x) dx diverges. Then, if
f(x) = g(x) foralla < x < b, then [ f(x) dx also diverges.

Example 2.12: determine the convergence of f(x):

[
Ol—xx

We propose g(x) = ﬁ
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We have, f(x) = g(x)

Forany € > 0,
1-¢
. R T _ 1—¢ — i _ — T —
Ll_r)r} — dx = lgl_r)rll[ln(l )16 lgl_r)rll In(e = 1) ell)rg;r Ing = +o0

0
So, fol g(x) dx diverges.
According to the comparison criteria, if g(x) diverges then, f(x) diverges.

B. Quotient Criterion for Integrals with Non-Negative Integrand

a) If f(x) > 0and g(x) > 0, foralla < x < b, if lim L’?:A;&Ooroo,then

x—+00 g(x

f: f(x) dx and f: g(x) dx both converge or both diverge.
b) If A =0 dans (a) and if [ g(x) dx converges, then [ f(x) dx converges.
¢) If A= oodans(a)andif [~ g(x) dx diverges, then [ f(x) dx diverges.

Example 2.13: Determine the convergence of f(x):

[k
—dax
1 Vx
1

Answer: we propose g(x) = -

FO) X
A G T A T T A, V= e

Verify the convergence of g(x):

X t—>+oco X t—o+o t—>+oco

400 1 + 0o

f —dx = lim —dx = lim [Inx]{ = lim [Int] = 400
1 1

Since A = o and [ g(x)dx diverges, we conclude that [ f(x) dx also diverges.

This criterion is related to the comparison criterion, of which it is a very useful alternative

1
(x—a)P’

form. In particular, by taking g(x) = we obtain, based on the known behavior of this

integral:
Theorem 2 : let lir+n (x —a)Pf(x) = A, then:
X—>+00
o f:f(x) dx converges if p < 1 and if A is finite.
J f:f(x) dx diverges if p > 1 and if A # 0 (A is infinite).

Example 2.14: determine the convergence of this integral:

+ oo 1
L G-z

Answer: we used this theorem: lirp (x —a)Pf(x) = A,
X—+ 00
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If we propose: p = % a = 1then:

lim (x — 1)%/2- 1

x—>+00 (x — 1)1/2 -
According to the theorem, if A = 1 and p < 1 then, f(x) is converge.
Theorem 3 : let lirP (b —x)Pf(x) = B, then:
X—+ 00
o fabf(x) dx converges if p < 1 and if B is finite.
o fabf(x) dx diverges if p = 1 and if B # 0 (A is infinite).
C. Absolute and Conditional Convergence

f: f(x) dx is said to be absolutely convergent if f:lf(x)l dx converges. If f: f(x)dx

converges but If:lf(x)l dx diverges, then If(f f(x) dx is said to be conditionally convergent.
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Chapter 3: Differential Equations

3.1.  Generalities:
3.1.1. Definition:
We call a differential equation (D.E.) of order n any equation of the form:
F(x,y(x),y’(x), ...,y"(x)) =0
Where F is a function of (n + 2) variables.
y: I — Risafunction that is n times differentiable on I.
Example 3.1: F(x, y(x),y'(x)) = 0 Therefore,
Yy +yx) =0
y(x) =y
y'+y=0
3.2. Linear Differential Equation:
A differential equation of order n is said to be linear if it is of the form:
(E): ap(@)y +ai(0)y’ + a(x)y" + -+ an(x)y™ = g(x)
g(x) : Second Member
ay()y +a;(x)y" + a,(x)y" + -+ a,(x)y™ : First Member.
Where a,, and g(x) are continuous functionson I c R.
Example 3.2: An example of a first-order linear differential equation (because it contains
only one derivative) is:
ao(x)y + a;(x)y" = g(x)
if (x) =0,V x €1 Therefore : Equation (1) is called a homogeneous linear differential
equation, and it is denoted by (E,)
ifvie{0,1,..,n} where a;(x) : is constante (1), V x € I Therefore (1) is called n-order
linear differential equation with constant coefficients.
3.2.1. Proposition :
If y; and y, are two solutions of the homogeneous linear differential equation (E,) of order
n,then,va,f € R, wehave ay; + By, is also a solution of this equation.
Proof:

{“ X [ag(xX)y1 + a1 (X)y1 + - + an(x)y,™ = 0]
B X [ag(x)y, + a;(x)y; + - + an(x)y,™ = 0]

Therefore Va, 8 € R we have :
ao(x)(ay, + Byz) + -+ + ap(x)(ay,™ + By,") =0
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3.3. First-Order Linear Differential Equation
3.3.1. Definition
A first-order linear differential equation is of the form:
fG)y" +g(x)y = h(x)
Where f, g, and h are continuous functions on an interval I c R.
3.3.2. Theorem
Let the equation (E) y'+ a(x)y = b(x), be a first-order linear differential equation
(F.O.L.D.E).
The equation y'+ a(x)y =0 is the corresponding homogeneous differential equation
(H.D.E).
Let A: I — R be the primitive of a(x) (that is, (A'(x) = a(x) ).
Then the solutions of the equation (E) on | are the functions y: I — R defined by:
y(x) = yo(x) + ¥, (x) = ke 4 4 =4 [f b(x)e4™) dx] keR
Yo (x) : The solution of the homogeneous differential equation (H.D.E.)
¥p(x) : The particular solution.
Example 3.3: Solve the differential equation:
(E): 59" +20y=0
Answer: the D.E is simplified as follow: y’' + 4y =0
The primitive is: a(x) = 4, then , A(x) = [4dx = 4x
Therefore, the solutions of (E)
y(x) = ke™* ,where k € R
Example 3.4: Solve the differential equation:
y' = 3x%y + 2x2
Answer: the D.E is simplified as follow: y’ — 3x2y = 2x2
Let us find the solutions of (H.D.E)
(Ey): y' —3x%y =0

a(x) = —3x%then 1 A(x) = [ -3x*dx = —x3
Then, y, = ke*’ where, k € R
Let us find y,:

Vp = U b(x)eA(x)dx] e A = U ZxZe_xgdx] e*’ =¥’ [—%e‘xs] = —%

Then, the general solution of the differential equation is: y(x) =y, + ¥, = ke*® —

wIiN

Example 3.5: Solve the differential equation (E):
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y' + 2y =sinx
Answer: Let us find the solutions of (H.D.E)

y +2y=0
Then, L==2
y
fldx=f—2dx=—2x+c
y
|}/0| — g 2X+C — pC. g2

Vo = iec . e—Zx — ke—Zx
Then, y, = ke ?* where,k € R
- We use the method of variation of the constant, that is:

We note the function k(x) such that y , = k(x)e™** is a particular solution of the equation
(E).
y'p =k'(x)e™** = 2k(x)e™®*  ,wehave: k(x)e > =y,
Then, y'p =k'(x)e™** =2y,

y'p + 2y, = k'(x)e™** =sinx
Then, k'(x) = e** sinx

k(x) = fezxsinx dx = —cosx e?* + 2fcosx e?* dx
{ u(x) = e?* { u'(x) = 2e%*
v'(x) =sinx Ww(x) = —cosx

The second case:

{ u(x) = e?* {u’(x) = 2e%¥

v'(x) =cosx (v(x)=sinx
]ezxsinx dx = —cosx e** + 2sinx ezx—4je2xsinx dx
jezxsinx dx + 4jezxsinx dx = —cosx e** + 2sinx e?*
5fe2xsinx dx = —cosx e** + 2sinx e?*
2X 3 1 2x 2 : 2x
k(x) = | e“*sinx dx = —=cosx e“* +=sinx e

5 5
The results of y, is:

1 2o 2 2
yp(x) = (—gcosxe x +§smx e x)e‘ x

1 2
yp(x) = —gcosx+§smx
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We conclude the general solution y(x):

2

2x —lcosx+—sinx
5 5

y(x) =yo+y, =ke”

3.3.3. Cauchy-Lipschitz Theorem:
Let (E): y' + a(x)y = b(x) be a linear differential equation. Then, foreverya € I and g €
R, there exists a unique solution y of (E) such that y(a) = 8

Fig 3.1: Curve of the solution y = f(x).

Example 3.6: We consider (E): x2y’ + 2xy =5
Solve (E) on the interval ]0, +oo]

Find the solution on this interval that also satisfies y(1) = 6.

Answer: We have: y' + %y ==

x2

We have : a(x) = %then, A(x) = 2Inx = Inx?

— —Inx? _
Yo = ke = x_2

y, = e 4% U b(x)eA(x)dx]

y, = e~ n¥’ U%elnxzdx] = xiz [5x] =;
We conclude y(x) =y, +y, = :'—2 + ; where: k € R.
- Wehave:y(1l) =6then,k+5=6,k =1.
Then, y(x) = xiz + %
3.4. Second-order linear differential equation with constant coefficients:
3.4.1. Definition:

A second-order linear differential equation with constant coefficients is an equation of the

form:
(BE): ay" +by" +cy=gx)
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a,b,c € Rand g(x) : Continuous function on an interval, I c R, and is called the non-

homogeneous term (with (a # 0))
The equation: (Ey) : ay' + by' + cy = 0 is called the homogeneous equation associated to
(E).

a(ys + ') +b(yo +yp) + c(vo +¥p) = g(x)

ayy + byy +cyo + ayy + by, + cy, =0+ g(x)

solution (Ey) particular solution

Then, the general solution is:

y(x) = yo(x) + yp (x)
3.4.2. The solutions of the homogeneous equation:
The homogeneous equation is called: (Ey) : ay” + by +cy =0

The equation: ar? + br + ¢ = 0 is called the characteristic equation (C.E.) associated
to (E). The discriminant is:

A= b? — 4ac
Value of A The solution of y,(x) The bases
A> 0, Yo(x) = kie™* + k,e™* (e™*, e"?¥)
1,75 ER
A= 0, Yo(x) = (kix + ky)e™” (xeT0x, eToX)
0 ER
A< O,
rn=a+if, Yo(x) = e[k cos(Bx) + k, sin(Bx)] | (e cos(Bx),e sin(Bx))
rn=a-—Iif

Example 3.7: solve the differential equationto R :
(Eo): 2y" —=2y"+y =0
Answer: The characteristic Equation: 2r2 — 2r + 1 =0
A= (=2)2—4(2)(1) =4 -8 = —4 = (2i)?
Then, the characteristic equation has two complex roots:

T = % + i%

Then, the C.E. has two complex roots: 11
rp=-—1c

2 2

Then, y,(x) = ez* (k1 cos (g) + k, sin (’2—6)), where: kq,k, € R.
3.4.3. The particular solution of (E): ay" + by’ + cy = g(x)

A. Method of variation of constants
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We consider the constants k; and k, in y, as unknown functions and look for a particular
solution of (E) of the form:

Yp () = k1 (0)y1(x) + ka2 (x)y2(x)
With the function k; (x) and k,(x) satisfying:

k1 (0)y:(x) + ky(0)y,(x) = 0

B + Ky = 12

With,

Yo(x) = kyy1(x) + kay,(x)
Example 3.8: solve the following equation (E) to R
(E):y" —y—2y =cosx
Answer: lets us find the solution of (Ey ): y" —y —2y =0
CE.:r2—r—2=0,A=(-1)2-4(-2)(1) =9

{T1=2
7‘2=—1

With, yo(x) = kie?* + k,e™ , where: k; ,k, € R
The particular solution:
We are looking for the functions k, and k, such that:
Vp(X) = k1 (x)e® + ky(x)e™

{ ki(x)e®* + ky(x)e™* =0 . cee e e (1)
2ki(x)e?* — kh(x)e™ = COSX wuvvurver o (2)

If we add the equations: (1) + (2)

3ki(x)e?* = cosx

ki(x) = 3Cosx e %x

Then, k,(x) = %f cos x e~ **dx

Compute the integral of [ cosx e 2* dx :

{u =e %X y =-—2e7%
v' =cosx ,v =sinx

jcosx e X dx =e *sinx + 2 f sinx e %* dx

{u =e X y =-—2e7%
v =sinx ,v = —cosx

f cosx e *dx =e **sinx —2e **cosx — 4f e %* cosx dx
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f cosx e ¥ dx + 4f e ?*cosx dx = e **sinx — 2e ?* cos x
5 f cosx e ¥ dx = e ¥ sinx — 2e"?* cos x

—-2x 1 —2X o 2 —-2x
cosx e dx=§e smx—ge COS X

2

1 111
_ 2% g0 — |2 02X iy 2 -2
ki(x) = 3fcosxe dx 3 5e sinx 5e

* cos x]

ki(x) = ie‘zx sinx — ie‘zx
! 15 15

We multiply the equation (1) by (-2) and add to equation (2): (—2) = (1) + (2)

CoOS x

—3k;(x)e ™ = cosx

-1
ky(x) = ?ex cosx

-1
k,(x) =?fex cosx dx

Compute the integral [ e* cosx dx :

{ u=e”* , u =e*
v’ = cosx , v =sinx

fexcosxdxzexsinx—fexsinxdx

{ u=-e* , u =e
v' = sinx , v =

Jexcosxdx=exsinx+excosx—Jexcosxdx
fexcosxdx+fexcosxdx=exsinx+excosx
Zfexcosxdx =e*sinx + e*cosx

1 1
jex cosxdx =—e*sinx +—e*cosx

2 2
-1 -1 1
kz(x)=?Je cosxdx=? e smx+§e cosx]
o) = — 2 ¥ sinx — e
2(x) = —ze¥sinx ——e*cosx

Yp(x) = ky(x)e?* + k()™

y,(x) = [ie"zx sinx — ie_zx cos x] e + [—le" sinx — lex cos x] e™™
p 15 15 6 6

31



Chapter 3: Differential Equations

_ 2 1 1
yp(x) = 1—551nx - 1—5cosx - gsmx - gcosx
() = = =rsinx — —
yp X) = 1OSII’IX 10COSJC
Finally the general solution of (E) is:

3

— 2x =X _ i -
y(x) = kie“* + kye o Sinx —ggcosx

Where, ki, k, € R

3.4.4. Special functions of the second-order differential equation:

Case 1: ay” + by’ + cy = e™PB,(x)

If m is not a root of the

characteristic equation

If m is a simple root of the

characteristic equation

If m is a double root of the

characteristic equation

Yp = e™ Qn(x)

Yp = xe™ Qn(x)

Yo = xzemen(x)

Example 3.9:

y'+y —2y=e¥
HDE:y"+y' —2y=0
CE:r2+r—-2=0

_ _ T'1=—2
A= 9,VA= 3,{r2:1

Yo(x) = ke ?* + k,e*

ki, k, ER
The particular solution:

y,(x) = 3Ae3*
yp (x) = 94e®*
9Ae3* + 34e3* — 24e3*

= 3%

1
104e® = e3%, 4 = —
e e 10

() = = o3
ypx —106

y(x) = kie™?* + k,e*

1
_ ,3x
+1Oe

m = 3 is not a root of (C.E.).

Example 3.10:

y' =3y ' +2y=¢e*
HD.E:y" —-3y"+2y=0
CE:r?2—3r+2=0

_ _ T‘1=1
a=1,V8=1,{11 2

m = 1isasimple root of
C.E.
yo(x) = kie* + kye?*
ki, k; ER
The particular solution:
yp(x) = Axe”*
y; (x) = Ae* + Axe*
yp (x) = 24e* + Axe™
2Ae* + Axe* — 3Ae”*
—3Axe* + 2Axe* = e”*
Ae*(—1+ 3x —3x) =e*
—Ade* =e*¥, A=-1
y,(x) = —xe*

y(x) = k,e* + k,e?* — xe*

Example 3.11:

y' =2y'+y=e*
HDE:y'" —2y'+y=0
CE:r2-2r+1=0
(r—1)2=0,r = 1double

root.

m = 1 is a double root of C.E.

Yo(x) = (ki + kpx)e”
ki k, €R
The particular solution:
y,(x) = Ax?%e*,
y;(x) = 24xe* + Ax%e*
yp (x) = 24e* + 4Axe”
+ Ax?e*
Yp (x) = 2y5(x) + yp (x)

= eX*

1
2Ax= x,Az—
e e >

x) = lxzex
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y(x) = (k1 + kpx)e”

Case 2: ay” + by’ + cy = e™ P, (x) cos(fx)

m + if is not a root of the characteristic

equation.

m + if a simple root of the characteristic

equation.

Yp = e™*(Acos(fx) + B sin(fx))

¥p = xe™* (A cos(fx) + B sin(fx))

Example 3.12:
y" +y = e% cos(2x)
m=0,=2m+if=0+2i
HDE:y"+y=0
CE:72+1=0,r =4,
m + if is not a root of C.E.
Vo (x) = (kq cosx + k, sinx)
The particular solution :
¥p(x) = (A cos(2x) + B sin(2x))
¥p(x) = (—2Asin(2x) + 2B cos(2x))
¥p (x) = (—4A cos(2x) — 4B sin(2x))
¥p (x) + y,(x) = cos(2x)
(—4Acos(2x) — 4B sin(2x)) + (A cos(2x)
+ B sin(2x)) = cos(2x)
—3A cos(2x) — 3B sin(2x) = cos(2x)

{—3A =1 =

—3B=0" 3

B=0
1
yp(x) = —§cos(2x)

1
y(x) = kycosx + k, sinx — §cos(2x)

Example 3.13:
y" + 4y = % cos(2x)
m=0,=2m+if=0+2i
HDE:y"+4y=0
CE:r?4+4=0,r=+2i,
m + if asimple root of C.E.
Yo (x) = (kq cos(2x) + k, sin(2x))
The particular solution :
¥p(x) = x(A cos(2x) + B sin(2x))
¥p(x) = Acos(2x) + B sin(2x)
+x(—2Asin(2x) + 2B cos(2x))
Vp (x) = —4Asin(2x) + 4B cos(2x)
+x(—4A cos(2x) — 4B sin(2x))
Vp (x) + 4y, (x) = cos(2x)
—4A sin(2x) + 4B cos(2x) = cos(2x)

{_44314=:10' B =

B = o

1
yp(x) = y cos(2x)

y(x) =k, cos(2x) + k, sin(2x)

1
+ 7 cos(2x)

3.5.

Partial Differential Equations
Let f: R X R — R be a function of two real variables defined in the neighborhood of a point

A(a, b). If the function x — f(x, b) has a derivative with respect to x, we denote it by f,'(a, b).
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We can define the partial derivative with respect to x by:

ERXR-R,  (xy) = ()
Similarly, the partial derivative with respect to y is defined in the same way.

We denote:

,_9of , _9of
fx—c’)x'fy_ay

3.5.1. Successive Derivatives

In the same way, we can define the derivative of the function f; with respect to x, denoted by

n azf
fxz or 22
2
Also, the derivative of the function £/ with respect to y is denoted by f,5, or aay_a];'

2

The derivative of the function f, with respect to y is denoted by f;é or Z—y’;.
2

The derivative of the function £, with respect to x is denoted by £, or i—a’;.

3.5.2. Schwarz’s Theorem

If the partial derivatives f;, and £, are continuous, then these derivatives are equal:

14 II

xy — Jyx
Example 3.12: Compute :

0%f 0%f 0%f 0%f
0x2%’ dydx’ dy?’ dxdy

For the function:
flx,y) =x%+xy + y?

Answer:
of 0>f __ 0
AR ity i
of of _ 0
— =2 , =2 , =1
3y ~ VT2~ < oxay

3.5.3. Derivatives of a Function Composed of Two Variables
Let the function F(x,y) = f(u, v), where u and v are functions of x and y that admit partial
derivatives.
If f itself has partial derivatives, then F also has partial derivatives, and we have:
OF _0udf ovof
dx Oxodu OJxadv
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OF _oudf ovof
dy dyou Odyodv
Example 3.13: Let F(x,y) = f(u,v), where: u = x + y,v = x — y and f(u,v) = u? + v?

Determine the Derivatives of a Function F(x, y)?
Answer:

Method 1: compute F(x,y) in terms of x and y:
F(x,y) = (x+y)*+ (x —y)? = 2x% + 2y?
Compute the partial derivatives directly:
OF _ . OF
ox "0y
Method 2: verify using the chain rule according to the formula:
OF oudf dvadf
dx Oxdu O0Jxadv
OF _oudf ovof
dy dJdydu O0ydv

:4y

Now:
of of
%— 2u,a—v— 2v
And
(')u_lav_l(')u_lav_ 1
ox 'ox dy oy
Then,
oF
ol MCRwW+(M)R2v) =2(u+v)
oF
3y (DCw + (-D2v) =2(u—v)
Substituteu =x +y, v =x —y:
oF
a=2(u+v)=2(x+y+x—y):4x
oF
@=2(u—v)=2(x+y—x+y)=4y

3.5.4. Total Differentials
Let U: R X R — R be a function of two variables that has continuous partial derivatives.

The total differential of U is written as:
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If U(x,y) = constant, then dU = 0.
Example 3.14: let’s consider the function.

Ulx,y) = x* + y?
Compute the partial derivatives

ou ou
x N gy T
Write the total differential
du = 6_U dx + a—U dy
i} 0

dU = 2xdx + 2ydy
If U(x,y) = constant
That means x2 + y? = C, which is the equation of a circle.
Since U is constant along this curve:
du =0
So:
2xdx + 2ydy =0
xdx +ydy =0
3.5.5. Exact Total Differential Forms
Consider the following differential equation:
M(x,y)dx + N(x,y)dy =0
If we can find a function U: R x R — R such that:

U oy au N
a(X,y)_ (xﬂy)'@(x'y)_ (x'y)

Then the solution is given by:
U(x,y) = Constant
3.5.6. Application to the Integration of First-Order Differential Equations
Consider the following differential equation:
M(x,y) + N(x,y)y' =0
This equation can be written in the form:
M(x,y)dx + N(x,y)dy =0
if we can find a function U: R X R — R such that:
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oU _u ou N
== (0y) = (x,y),a(xJ’)— (x,¥)

Then the solution is given by:
U(x,y) = Constant
Example 3.15:
Solve the differential equation
2xydx + (x* + 3y?)dy =0
Write itas M(x, y)dx + N(x,y)dy = 0
M(x,y) =2xy,  N(x,y) = x?+ 3y?

Compute the partial derivatives

%:%(2xy)=2x, (;—1:=aa—x(xz+3yz)=2x
Since ‘;—Iyw = ‘;—I:, the form is exact on R2.
We seek U such that
a—U=M=2xy,aU=N=x2+3y2
dx ay

Integrate M with respect to x:

UGxy) = j 2xydx = X%y + ()

Where ¢ () is an arbitrary function of y.
Differentiate this U with respect to y and match N:

U
3y x? +¢'(y) =x* +3y*
Thus ¢’ (y) = 3y%,50 p(y) =y + C

Therefore
Ulx,y) =x*y +y*+ (o
The solution of the differential equation is level set of U:
xly+y3=C
Where C is an arbitrary constant (absorbing C,)
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4.1, Numerical series
4.1.1. Generalities

The numerical series (U,)nen IS @ sequence of terms extending to infinity, denoted by:
+ oo
2,0
n=0

The partial sum Sy of the first (N+1) terms is:
N

SN:ZUT": U0+U1+U2+"'+UN

n=0
We say that the series converges if the sequence of its partial sums (Sy) has a finite limit as
(N — o0), and the result is called the sum of the series (S).
We say that the series diverges if the limit does not exist or is infinite.
The remainder of a convergent series is given by:

40
Ry=S—Sy= Z U,

n=N+1
Example 4.1: Let the following geometric series be:
+oo 1 n
2.G)
n=0
The partial sum is:
1 N+1
0=y @) =ty
voL\2) o 1 T 2
n=0 _7

When N — +oo, S, — 2, then the series converges and its sum is S = 2.

The remainder is:

N

1
RN:Z_SN:(E)

4.1.2. Necessary condition for convergence
If a series Y U,, converges, the general term U,, must tend to 0 as n — +oo. This is a necessary
but not sufficient condition.

Example 4.2: Let the following harmonic series:
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The general term U,, = % does tend to 0 as n — +oo.

However, the series diverges, so the necessary condition is not sufficient.
4.1.3. Properties of Convergent Numerical Series
If }: U, and ).V}, are convergent series, and A is a constant:
e YU,+V,convergesand Y U, +V, =X U, +XV,
e ) AU, convergesand ), AU, = /12 U,
e The nature of a series does not change if a finite number of its terms are modified.

Example 4.3: Let the following series:
+00
1 1
D+ 5)
n=1

We know that }7 % o converges S=1)and }}% = - converges (s = —)

Therefore, the sum of the two series also converges, and its total sumis S =1 + %

4.1.4. Positive-term numerical series
A series Y, U,, with positive terms means that all terms U,, are positive or zero.
A positive-term series is said to converge if and only if the sequence of its partial sums is
bounded.

4.1.5. Convergence Criteria

Comparison Test:

If 0 < U, <V, for nsufficiently large, then:

e If )}V, converges, then }; U, also converges.

e If ) U, diverges, then ), V}, also diverges.

Example 4.4: Let us study the convergence of ), #

1

Foralln > 1, we have 0 <

2+1

. - 1 . .
The Riemann series ¥ — is a known convergent reference series.

Therefore, by the comparison test,

4.1.6. Equivalence Rule
If U, >0 and V,, > 0 and U,,~V, (that is, lim o€ R*), then the series ), U,, and ). V,

n—oo Vn

have the same behavior (i.e., they are either both convergent or both divergent).

Example 4.4: Let us study the convergence of ), sin (%)

. (1) 1
Asn — oo,, we have sin (Z) ~=
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. . 1 .
The harmonic series ). - diverges.

Therefore, by the equivalence rule, }; sin (%) diverges.

4.1.7. D’Alembert’s Rule (Ratio Test)

For a series with strictly positive terms:

U +1
lim =L
n—+oo n
e If (L < 1),the series converges.
e If (L > 1),theseries diverges.

e If (L = 1),thetestisinconclusive.

Example 4.5: Let us study the convergence of }.o—; %

i
We have: U, = =

Uns1 ) n+1)! n" _ (n+ Dn! n"
= lim —————— = lim g
noo(n+ 1™ nl nso(n+ 1)(n+1)" nl!

n

lim

n—-oo

n

The series is converge.
4.1.8. Cauchy’s rules

For a series with positive terms:
nl—1>r-POO Un - L
e If(L < 1),the series converges.
o If(L >

e If(L = 1),thetestisinconclusive.

1), the series diverges.

n+1

n
Example 4.6: Let us study the convergence of Yo, (—Zn +1)
n+1\"
« Un= (2n+1)
nfg. = ML
* Un = 2n+1
n+1 1

e - . 1 . .
e The limitis lim = -, where = < 1, the series is converge.
n-ooo 2n+1 2 2

4.1.9. Cauchy’s Integral Test
The integral test for the numerical series Y. U,, is based on the following formula:
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i U, = f:oof(x) dx

n=1

Example 4.7: Let us study the convergence of the Riemann series 25{11%

+001
f ;dxz[lnx]f‘”: lim Inx —In1 = +o
1

X—+o00

Therefore, we conclude that the series diverges.
4.1.10. Series with General Terms
A. Alternating Series
An alternating series is a series whose terms change sign alternately, of the form }.(—1)"a,,
with a,, > 0.
Leibniz’s Theorem: If the sequence (a,,) is decreasing and tends to 0, then the
alternating series ).(—1)"a,, converges.

Example 4.8: The alternating harmonic series

2

1
e Here, a, = -

e The sequence (an) is indeed positive, decreasing, and lim L)

NN
e According to Leibniz’s theorem, the series converges.
B. Absolutely Convergent Series
A series Y U,, is said to be absolutely convergent if the series of absolute values Y |U,,|
converges
Theorem: If a series is absolutely convergent, then it is convergent (CVA = CVS). The
converse is false.

Example 4.9: The series Zleﬂ

n2

. . -1 n
e The series of absolute values is Y-, |%

0 1
= Zn:l 2
e Itis aRiemann series with p = 2 > 1, it converge.

e Therefore, the original series is absolutely convergent and consequently, it converges.

C. Conditionally Convergent Series
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A series is said to be conditionally convergent if it is convergent but not absolutely
convergent.

(_1)n+1
n

Example 4.10: The alternating harmonic series: Y. ;-

e We have seen that it converges (according to Leibniz’s criterion).

(—pntt 1 L . .
| = Z;, which is the harmonic series.

e The series of absolute values is ), | ~

e The harmonic series diverges.
e Since the series converges but not absolutely, it is conditionally convergent.
D. Abel’s Criterion (First Abel Test for Series)
Let )’ a, b, be a series. If:
e The sequence (a,) is positive, decreasing, and tends to 0.
e The sequence of partial sums of ). b,, is bounded. Then the series ), a,,b,, converges.

Example 4.11: Let us study the convergence of Y%, =0

e Leta,= %and b, = cosn.
e The sequence a,, = % is positive, decreasing, and tends to 0.

e We need to verify whether the sequence of partial sums of ) cos n is bounded. This is

. . . . 1
a known result in analysis, since Y¥_, cos k is bounded by —~

sin(%)
e Therefore, according to Abel’s criterion, the series Y4 % converges.
4.2.  Power Series
4.2.1. Definition, Abel’s Lemma, and Radius of Convergence
A power series is a series of the form Y., a,x™, where a,, is a sequence of coefficients and
x is a variable.
A. Abel’s Lemma:

If there exists a real number x, # 0 such that the sequence (a,x{) is bounded, then the

power series:

Converges absolutely for all |x| < |x,].
B. Radius of Convergence (R):
It is the largest positive real number such that the series
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Converges for all |x| < R. The set of values of x for which the series converges is called the
interval of convergence, which is at least | — R, R|[.
Convergence at the endpoints x = R and x = —R must be studied separately.
C. Determination of the Radius of Convergence
One can use D’Alembert’s or Cauchy’s tests. For example, if the limit

Apy1
an

=L

lim

n—->oo

Exists, then the radius of convergence is givenby R = 1/L .
If L =0,then R = co.
if L =o0,thenR = 0.

D. Hadamard’s Formula

The radius of convergence R is given by

1
i lim sup 1/|a,|

n—-oo

If the limit exists, it is equal to
lim V/|a,|
n—-oo
Example 4.12: Consider the power series 377 ™.
e Wehave: a, = S
n

e We use the formula of Alembert :

1
a ! n! 1
im |22, = i D ™ i =0
n-o | a, nooo 1 nbo(n+ 1) noon+1
n!

Since L = 0, the radius of convergence is R = oo.
The series therefore converges for all x € R.
4.2.2. Properties of Power Series
A. Linearity and Product
If Y a,x™and ) b,x™ converge with radii of convergence R, and Ry, then }.(a,, + b,)x"
converges with a radius R = min(R,, Rp).
The Cauchy product of two convergent power series is also a power series whose radius of
convergence is at least min(R,, Rp,).
B. Normal Convergence

A power series
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converges normally on every closed interval [a, b] contained within the open interval of
convergence | — R, R[.
C. Continuity
The sum of a power series is a continuous function on its open interval of convergence.
D. Term-by-Term Integration and Differentiation
On the open interval of convergence | — R, R[, a power series can be integrated and

differentiated term by term, and the resulting series have the same radius of convergence.

n=0 n=1
aTl
ax™ | =C+ z X"t
f(z " ) n+1
n=0 n=0

Example 4.13: The Geometric Series Yo x™ = i for x| <1
o ltsradius of convergence isR = 1.

i it in: YT n-1_4(ty__1
« By differentiating term by term, we obtain: Y7, nx" " = = (1—x) = o for

x| <1
« By integrating term by term, we obtain: Zﬁzof—: = fidx = —In(1 — x), for
[ x |< 1.

4.3.  Expansion in Power Series
4.3.1. Function Expandable into a Power Series
A function f(x) is said to be expandable into a power series on an interval [ if it can be
written in the form f(x) = Yo a,x™ forall x € I.

A. Taylor—Maclaurin Series
If a function f can be expanded into a power series in a neighborhood of 0, then its
coefficients are given by

_ ™

n!

n

The resulting power series is called the Maclaurin series of the function f.

. . (m) 17
Maclaurin series: %%, L= x™ = £(0) + f'©@x + fz_(.O)xZ + o

n

Uniqueness of the Expansion: If a function f can be expanded into a power series, its

expansion is unique.
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Example 4.14: Let's expand f(x) = e* in a power series about 0 (Maclaurin series).
Coefficients by derivatives at 0. For all n > 0,

[P =e* =m0 =1
Hence the Maclaurin coefficients are:

M0 1
R
Series representation.
~ -y x2 %3
—-25-—;—-14'X4—§T4'§T4‘

n:
Radius of convergence. Using the ratio test,

_ Vet 1
Tabe T 1/nl nben+l

Apt1
an

lim

n—oo

SOR = % = oo, Thus the series converges for every real x (indeed for every complex x).

B. Useful properties (on R or C):

Term-by-term differentiation:;—xex= e 1nx = Yin= 0 =e”

n!

Term-by-term integration: [ et dt = Y% L_Z ﬁ_ x_q
y g . Oe nO(TH'l)n' n()(n_l_l)'—e

4.3.2. Applications
A. Expansions of Common Functions
Many standard functions have well-known power series expansions, which are fundamental

tools in mathematics and physics.

n2n+1 3 5
o sin(x)=ye 2 r (12)n+1), =x—%+%—---forallxeR.
_\n 2 4
o cos(x) =¥%, gn;‘ =1-Z+Z —.forallxeRr.
o L =Yo x"=1+x+x2+--with|x|<1

1-x

B. Solving Differential Equations
One can look for a solution of a differential equation in the form of a power series Y a,,x™ By
substituting the series and its derivatives into the equation, a recurrence relation for the
coefficients ana_nan is obtained, which allows them to be determined.
Example 4.15: Find the solution of (y' =y ) in the form of a power series.
Suppose that y(x) = Yoo anx™.
Then, y'(x) = Yaoinapx™™ ' = X0 (n + Dy x™
The equation y" = y becomes Yo o(n + 1) a1 X™ = Ypep AnX™
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By the uniqueness of the coefficients, we have (n + 1)a, ;1 = a,, let a1 = ﬁ
: i — =4 _% % _ % _ %
Starting from a,, we find a; = aq,a, = S =53 =5 = o 3|, etc.

By induction, we have a,, = =

n!
The solution is y(x) = Bi_o X" = @ Niizo = @ge€”
This is indeed the general solution of the differential equation.
4.4, Fourier series

4.4.1. Definition
A trigonometric series (or Fourier series) is any series of functions of the form:

a
70 + Z (a, cos x, + by, sin x,,)

ay, a, and b,, are the coefficients of the Fourier series.
f is periodic with period T if:
fe+T)=f) (T >0)
sin x: is periodic with period 27.
cos x: is periodic with period 2.
tan x = 222 is periodic with period 7.
COos X
Let f be a periodic function with period T:
WesetT = 2L, hence L = g .

The Fourier series associated with f is:

+00

S(x)—@+2(a cosnx + b, smm)
) n L L

n=1

With,

a =%j_Lf(x)dx
J f(x)cos( )dx
f f(x)sm( )dx

4.4.2. Dirichlet’s Theorem
Let f a function where f is continuous on [a, b], f is piecewise differentiable on same

interval, and for all x, € [a, b], f(x,*) and f(x,~) are finite and exist.
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Then, the Fourier series of f converges to:
Therefore, f is discontinuous at x.
f () if fis continuous on x (S¢(x) = f(x))

fx™) + f(xo7)
¢ 2

Note: if f iseven (f(—x) = f(x)) then,
b,=0 VvneN*

Els

f(x™) + f(xo_)>

therefore f is discontinuous at (Sf(x) = >

1

L nmx 2 (k nmx
anzzf f(x)cosde=Zf f(x)cosde
—L 0

If fisodd (f(—x) = —f(x)), then,
a,=0 VneN

b—lfL ()_nnxd —ZfL()'med
”_L_fosmL x—LOfxsmL X
1
f cos(wx) dx = Zsin(cux)

fsin(wx) dx = ——cos(wx)
1)

sinnmt =20

cosnt=(—-1)",VneN

sin (9 + g) = cos 6

T —_ .
cos(@ if) = +sinf
Example 4.16: Let f be a function that is neither even nor odd, periodic with period 10,

defined by:

(0 if —5<x<0
f(x)_{3 if 0<x<5

Déterminer les coefficients de Fourier

Donner la période de Fourier associée a f

La réponse : on a f une fonction périodique de période 10, T=10= 2L alors L=5.
Determine the Fourier coefficients.

Give the Fourier period associated with f.

Answer:

Since f is a periodic function with period 10, we have T=10=2L so that L=5.

Calculate of a,, ,
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f f(x) cos( f f(x) cos (nnx) dx
U f(x)COS( dx+f f(x)cos( 5 )dx

[ o2 e (e - 2o
3

— [sin(nm) —sin(0)] =0
Vi

Calculate of a,

1t 13 1(° 3. 3
a =1 | f@dr=z| fdr=z [ 3dx =l =2x5=3
—L -5 0

Calculate of b,
f f(X)sm(nnx)dx = %fos?)sin(g)dx = gjossin(%)dx

= g X (_—5) [cos (%)]5 = ;—2 [cos(nm) — cos(0)] = ;—3 (-D"-1)

nm 0

C3((=D™ 4 1)

nm
Sp(x) = % + ZOO (an cos (n[,ﬂ) + by, sin (mzx = ; Z <3(( 1)7:1 + 1) (TUSTX))
n=1
3 (D™ +1)
—z+—21< (7))

4.4.3. General Rule

Let £ (x) be a periodic function with period 2L. To determine a,, and b,,, we have:

a, = %JHZLf(x) cos( )dx

b, = %fHZLf(x) sin <n )dx

Withc € R

Inthe case of : ¢ = —L
1 L
a :Zf f(x)dx

f f(x) cos (mzx) dx
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b, = % f_LL f(x)sin (nLLx) dx

4,44, Parseval’s Equality

O2 +oo 1 L
aT + ;(a,% +b2) = ZJ_L(f(x))de
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Chapter 5: Fourier Transform

5.1. Definition and Properties
5.1.1. Definition
The Fourier Transform is convert a function from the time domain f(t) to the frequency

domain, as follow:

F(w) = f+oof(t)e_i“’t dt

where:
F(w) is the Fourier transform (frequency-domain representation),
w Is the angular frequency (in radians per second),

The Inverse Fourier Transform allows us to recover f(t):

1 (* .
f@) = ﬁj_ F(w)etdw

5.1.2. Differentiation in the time domain

d"f n
F(2r) (0 = @) f(w)
5.1.3. Differentiation in the frequency domain

d"f .
o @) = F ()" ))(®)
5.1.4. Main Properties of the Fourier Transform
Linearity:
Flaf (t) + bg(t)} = aF (w) + bG(w)
A. Time Shifting:
If, f(t—ty) = e ““hF(w)
B. Frequency Shifting:
If, e/t f(t) > F(w — wy)
C. Scaling (Dilation):

w

If, f(at) > ﬁF (%)

a
D. Convolution Theorem
Fif g} = F(w) - G(w)
Example 5.1: Fourier Transform of an Exponential Function

Let £(t) = et with a > 0, we have:
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+o0
F(w) = f e~ altlg-iwt gt

—-t, t<0

Where|t|={t £>0"

we have:

+oo

0
F(w) = f e~ (-De-iwtgy +f e Aot gt
—00 O

Flw) = fo ela—io)t g¢ 4 f+ooe—(a+iw)t dt = 1. n 1. _ 2a
oo 0 a—iw a+iw a?+ w?
Then:
P = | Y gmatlg-iot gy — 22
— a? + w?

5.2. Application to the Solution of Differential Equations

The Fourier Transform is a tool for solving linear differential equations,

F (d:i];gt)) = (2inw)"F (w)
Example:
dzal];gt) +£(t) = gt), withg(t) =e™*
" [dzgt)l = (2inw)’F (@) = ~(21w)’F (w)
Then,

—(2nw)*F(w) + F(w) = G(w)
F(w)(1 = (2nw)?) = G(w)

Pl = 6@
1 - (2nw)?
The Fourier Transform of g(t) = et is:
6@) = T 2w
Then,
1

F(w) =

1+ 2miw)(1 — 2nw)?)
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Chapter 6: Laplace Transform

6.1. Definition and Properties
6.1.1. Definition
The Laplace Transform of a function f(t), defined for t > 0, is:

F(s) = LIF (D)) = f fF(O)e st de

Where s is a complex number s = o + iw.
6.1.2. Properties
A. Linearity
L{af(t) + bg(t)} = aF(s) + bG(s)

B. Derivative in time domain

cfh = sk - )

C. Integration in time domain

L{j:f(‘[)d‘[}Z%S)

Le“f(O}=F(s —a)

D. Shifting property

Example 6.1:
f@) =e*
F(s) = j e?te stdt = J e~ (=2)tgr = ) fors>2
0 0 §—2
6.2. Application to the solution of Differential Equations

The Laplace Transform is especially powerful for solving linear differential equations with

initial conditions.

Example 6.2: Solve

Y 3 0.5(0) = 1,y'(0) = 0
dt2 ag YT RYEIE LY B

Apply Laplace Transform
L{y"} +3L{y"} + 2L{y} =0
Using properties
(s?Y(s) = sy(0) = y'(0)) + 3(sY(s) — y(0)) + 2Y(s) = 0
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Substitute initial values y(0) = 1,y'(0) =0
(s?Y(s) —s) +3(sY(s) = 1) + 2Y(s) =0
Y(s)(s?+3s+2)—s—-3=0
Y(s)(s?+3s+2)=s+3

s+ 3 s+ 3

Y(S)zsz+35+2=(s+1)(s+2)

Partial Fraction Decomposition

2 1
Y =——
(s) s+1 s+4+2

Inverse Laplace Transform
y(t) =2et—e™ 2
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