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Exercise 01: Domain and Limits

1. (a) f(x,y) = /9 — 22 — 32 defined for 2% +y* < 9. Closed disk of radius 3 centered at the origin.

T,y
(b) f(z,y) =In(x +y — 1) defined for = + y > 1. Open half-plane above the line y =1 — x.
(¢) f(z,y) = arcsin i—r‘; defined for x +y # 0 and —1 < % < 1 = first and third quadrants
(axes included, origin excluded). Exclude the line y = —z.
(d) flz,y) = \/%2 defined for z > y2. Open region to the right of the parabola x = y2.
z—y
(e) f(x,y) = arccos(z? + y? — 2) defined for 1 < 2?2 +y? < 3. Closed annulus between radii 1 and
3.
) flz,y) = ﬁ defined for 22 # 3?2 = y # z and y # —x. Entire plane except these two lines.
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Path 1: y = 2 — 7964’1(';”2)2 =g = %

Path 2: y =2 — zo w2(§§+1) = x2ﬁ_1 — 0 Different limits = no limit.
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Path2: 2 =0 = yy2 = —1 Different limits = no limit.
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3. Use polar coordinates: = rcosf, y = rsinf. As (z,y) — (0,0), r — 0.
2,2
lim
(z,9)—(0,0) T° + Y
(r cos 0)2(rsin 0)? r* cos? O sin” 0

S 5 = 5 =172 cos?fsin®6 — 0
r2 cos? 6 + r?sin” 0 r

(a)

Explanation: |cos? 6 sin® 9] <1 and 72 — 0, so the product tends to 0.
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Explanation: |cos®#sinf| < 1 and 72 — 0, so the product tends to 0.
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(@) 5(0,0) T2 + 32

()

(r cos 91(21“ sin 6)? _ rs cosTGQsin2 0 _ rcos0sin? 8 — 0

Explanation: |cosfsin®6| < 1 and r — 0, so the product tends to 0.

All limits equal 0 because the trigonometric factor is bounded while the power of r vanishes.

Exercise 02: Partial Derivatives and Differentiability
1. Compute fu, fy, foa, foy:
(a) f(z,y) =sin(zy) + e

fz = ycos(xy) + 2xy ey
fy = xcos(zy) + 22e®Y
fee = —y*sin(zy) + 2yem Y 4 4a2y? ey
fuy = cos(zy) — zysin(xy) + 2ae™ Y + 2x3yex2y

(b) f(z,y) = arctan(y/x)

_ Y _ =
fw_l.Q_A'_yQ’ fy 1.2+y2
Fon = 2xy o = y? — z?
T @2y YT (a2 4 )2

(¢) flz,y) =¥ (z>0)

fo=yaz¥ 1, fy=a"Inx

feo =yly =122, foy =2 +yz' " Inz

2. Show f(z,y) = In(z? + y?) is harmonic: fz, + fiy = 0.

2z 2(y* —2?)
fac:ﬁv .fT’I': B) )
z2+y (33 +y)

Y x2+y27 yy — (.T2+y2)2

2(y* —2%) +2(2* — y°)

=0
(22 + y2)?

fmc +fyy =

3. Find the tangent plane to z = /a2 + y? at (3,4, 5).
Let z = f(x,y) = /22 + y2. Then
z y

fx: /7x2+y2a fl/: /—$2+y2
At (3,4): f.(3,4) =2, f,(3,4) = 2. Tangent plane:

4
—(y—4) = 3xr+4y—52=0

3
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4. Show f(z,y) = /|zy| is not differentiable at (0,0) despite f;(0,0) = f,(0,0) = 0.
Check definition: Differentiability would require
J (k) = £(0,0) = £,(0,0)0h — £,(0,0)k _

li 0
(h )= (0.0) Vh?+ k?
Here the expression becomes ﬁm Take h = k:
VIFL_ W1,
V2h2 V2| V2

Thus the limit is not zero, so f is not differentiable at (0, 0).

Exercise 03: Chain Rule and Taylor

— Lu— — .2 _ 2 : 1é) 2]
l.z=e""" u=2x +y7v—x—y.F1nd8—;anda—Z.

Chain rule: 5 528 95
z z 0u z Ov
- = 77:’&—1)2 _u—’Ul:u—v2_1
ox 8u8x+3v8m e (20) + (=e")(1) = " (22 )
For y, note that%:fe“’” andg—Z:ny:

0z 0z0u 0z0v
s _ 77 22T euT(] —evTv) (=9 = ¥ Y(] 9
=t e =T (e () = e (1 2)
Substitute back u —v = 2% — 2z + y + 3.
2. Ideal gas: P =nRT/V, with T =T(t), V = V(t). Find dP/dt by chain rule.

dPp_oPdI  0PdV _nRdI' nRTdV

9t oTdt oV V dt | VZ dt
3. Recall the second-order Taylor expansion at (a, b):
flz,y) = fla,b) + V[ - f +1(h k)H h +0(r®)
) b k 2 k )
where h=z—a, k=y—0b, r =+vh?+ k2, and
H= v

For all expansions below, (a,b) = (0,0),so h =z, k =y.

For f(z,y) = cosxsiny

f(0,0) =0,
Vf= (fgc(O,O)7 fy(0,0)) = (— sin 0 sin ¥, cosxcosy)’(o’o) = (0,1),

oo <fm fmy) _ <— cos x sin y —sinxcosy) _ <0 0>
fye  fyy 0,0) —sinxzcosy —cosxsiny 0.0 0 0/°

_ . X 1 O 0 X 3\ 3
flx,y) =0+ (0,1) (y>+2(az y) (0 0) <y>+0(r)—y+0(r ).

4. f(x,y) = e*cosy

Hence

f(0,0) =1,
Vf= (em cosy, —e* siny)’(o’o) = (1,0),

e“cosy —eTsiny
H= o -
—evsinyg  —ecosy)/ o
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5. f(z,y) =In(l + z + 2y)

f(0,0) =0,
1 2
vi= , oy = (12
1+24+2y 14+z+2y/ 10,0
1 4 2
fxz—_(1+x+2y)27 fyy—_(1+x+2y)27 fmy—fyz—_(1+x+2y)27

-1 =2
o= (7} 72,

fam =042 (3)+36 0 (5 23 () +or

1
=z+2y+ 3 (—2? — day — 4y°) + O(r?)

Hence

1
=x+2y— 51'2 —2xy — 2% + O(r?).

Exercise 04: Optimization and Lagrange

L (a) flz,y) =2 +y' —day
Critical points:

=42 —4dy=0 = y=2a3
{f Y Y = 2= =2 = 2®*-1)=0

fy=4P —dz=0 = z=y>3
x=0,1, -1 = (0,0), (1,1), (—1,-1)
Second derivatives:

for =120%, fyy =120, foy = —4, D =det H = 1442%y* — 16

Classification:
(z,y) D Type
(0,0) -16 <0 Saddle point
(1,1) 128 > 0, fzz =12 >0 | Local minimum
(=1,-1) | 128 >0, fyr = 12> 0 | Local minimum

(b) flz,y) =2 +ay+y* -3
Critical point:

fo=2x4+y—3=0
= 2(-2y)+y—-3=0= -3y=3
fy=2+2y=0 = z=-2y
y=—-1lz=2 = (2,-1)
Second derivatives:

fee =2, fyy=2, fey=1 D=detH=(2)(2)—-1>=3>0
Classification:

(2,-1): D=3>0, fzz =2>0 = Local minimum

2. Box surface area
Minimize f(z,y,z) = 2(xy + 2z 4+ yz) subject to ¢(z,y,z) = zyz — 32 =0.
Lagrangian: h(z,y,z,A) = 2(zy + 2z + yz) + A(zyz — 32).



Vh =0:

hy =2(y+2z)+iyz=0 (1)
hy =2@x+z2)+Xxz=0 (2)
h. =2@x+y)+ixy=0 (3)
xyz =32 (4

Yz Tz

)

From (1) and (2): A= =242 — 2042 o 4 2y —y(a+2) = az=yz = z=1.
From (2) and (3): A = —2(££2 = 20—

Thus o = y = 2. Substitute in (4): 2°> =32 = 2 = V32 = 2/4.

Minimum surface area: fmi, = 622 = 6(32)%/3 = 6 - 21%/3 ~ 60.48 m?.

x+z)=zlx+y) = zy=xz = y=-=z.

. Minimize 22 + y? subject to 2z + 3y = 12

Minimize f(x,y) = 22 + y? subject to ¢(z,y) = 22 + 3y — 12 = 0.

Lagrangian: h(z,y,\) = 2% + y? + A\(2z + 3y — 12).

Vh =0:
hey =20 4+2X =0 = z=-X (1)
hy=2y+3X=0 = y=-3 (2
$=20+3y—12=0 (3)

Substitute (1) and (2) into (3):

3\ 9 13\ 24
2N +3—— | =12 22— — =12 — =12 A= ——.
-n+3(-2) ) 3
Thenz =—(-%) =%, y=-3(-%) =%
Minimum value: fuin = (%)2 + (%)2 = 576;%1)296 = %.

. Square maximizes area for fixed perimeter
Maximize f(z,y) = zy subject to ¢(z,y) = 22 + 2y — P = 0 (P constant).
Lagrangian: h(z,y,\) = zy + A\(2x + 2y — P).

Vh =0:
hy=y+2Xx=0 = y=-2x (1)

hy=xz+2\ =0 = z=-2X (2)
2e+2y=P (3)

From (1) and (2): z = y. Substitute into (3): 2z +22 =P = do=P = z=%4 y=1.

Thus the rectangle is a square. Since the constraint is compact and the objective continuous, this
critical point gives the maximum area.

. Current division / heat minimization

Minimize f(I1, Iz, I3) = R11? + RolI3 + R3I3 subject to ¢(I1, 1o, I3) = Iy + Iy + I3 — I = 0.
Lagrangian: h(Iy, Iz, I3, \) = RiI? + Rol3 + R3l3 — M(I1 + Iy + I3 — I).

Vh=0:
h[1:2R1]1—>\:O = hlzf

A

R
h[2:2R212_>\:O = Igzﬁ
h]3:2R3]3—)\:O = Igzﬁ
11+12—|—13:I(*)

Substitute into the sum (x):

L_FL_A'_L_I:A i+i+i =7
2R, 2Ry 2R3 2 T



Let %Z%ﬁéﬂ% = g:meq.
Thus I, = I, L=1%2, Iy=1%2
Interpretatlon. LR = IQRQ = I3R3 = IR., =V (voltage drop identical).

I'=lrotar I I3

®

R1 Rs

*—

Exercise 05: Miscellaneous Problems
1. (Implicit relations and thermodynamics)
Let F(P,V,T) = 0. Total differential: dF = FpdP + FydV + FrdT = 0, where Fp = (g—g)

_ (9F
by = (av)P,T’ bFr = (W)P,V'
To find partial derivatives, we fix one variable:

v, T’

1. Fix V (dV = 0): FpdP + FrdT =0 = 22| — -z,
2. Fix P (dP = 0): FydV + FrdT =0 = 97|, = —Fr,
3. Fix T (dT = 0): FpdP + FydV =0 = 88| = £ 9¥| = —Ze.

(a) 871:” aT ,( FT)( Fv>7F7Vf,37P|

oT v avip — Fp Fr - Fp oviT:
opP F F —

(b) ﬁ|v ’P oP ‘T (ﬁ) (_ﬁ) =-L

2. (Laplace equation)
Let u(x,y) = e cosy.
First derivatives: u, = e” cosy, u, = —e”siny.
Second derivatives: uy, = e€* cosy, uy, = —e” cosy.
Laplace equation: g, + ty, = €” cosy + (—e” cosy) = 0.

- u satisfies Laplace’s equation.

3. (Error propagation)
V = 7r?h. Total differential: dV = aV dr + 5 v 5 dh.

ov. _ v 2
or — 2 h, oh = Tr-.

= dV = 2xrhdr + wr2 dh.

dV 27r7‘h dr  wr?dh dr dh
Divi = 1r2h: — =25 4+ 28
ivide by V= mr7h: 1% wr2h + wr2h r + h

dhl _ = 0.01.

d
Relative errors: ‘r‘ =1% = 0.01,
T

=2(0.01) + 0.01 = 0.03 = 3%.

max

Maximum relative error:

4. (Electrostatics)
GivenV—f =z2+y2+22 k=

- ov oV oV
WE=-vv=_ (2" 97 27
) vv ((%’81/’&2)

47‘(’80



o e 1\ ke
ox v’ dr r2) oz 3’
Similarly 2V — _ky OV k2
ayay_ 0z 3
k —
iVV:—T—S(x’y,Z):_TaT

92V 92V 92V

(2) AV =25 + a7 T 9
R
?;7‘2/ =—k {7‘*3 i x(_3)7r4ﬂ = —k[r3 — 32%r75] = —kr5(r? — 322).

AV = —kr—5 [(r2 =323 + (r? = 3y*) + (r? - 322)] = —kr—5 [37”2 —3(x2+y? + 22)]
= _kT75(3T2 - 3T2) =0, (x7y7 Z) 7& (0707 0)



