3.1

3.1.1

Quadratic Forms
Definition 3.1.1 Let f € £ (E x E,K). The mapping

qg: £E —K
x = qlx) = fxx)

is called the quadratic form associated with f.
The mapping f is called the polar form associated with g.

= Example 3.1 1. Let the symmetric bilinear form
¢ Cg([oa 1]7R) X %([07 1]7R) —R

1
(t.9) — [ sy
The quadratic form associated with ¢ is
9o - %([07 1]7R) —R

1
;o =) = [ farar
2. Let the symmetric bilinear form
f: R? x R? —R

((x1,x2), (y1,32))  — x1y1 —X2y2
The quadratic form associated with f is
qr: R? — R
2

(x1,%2) > qr(x1,x) = x% — X5

Properties of Quadratic Forms
Proposition 3.1.1 Let g be a quadratic form on E, a vector space over K, and let f be its polar

form.
i) g(ax) = a?q(x), Vx€E,NVacK.
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26 Chapter 3. Quadratic Forms

i) glx+y)=q(x)+q90»)+2f(x,y), Vx,y€E (Polarization identity).
iii) g(x+y)+q(x—y)=2(qg(x)+¢q()), Vx,y€E (Parallelogram identity).

Proof. i) Letx € E and o € K. Then
g(ox) = f(ox, ox) = aaf(x,x) = a?q(x).

ii) Letx,y € E. Then
q(x+y) = fx+yx+y)
= fO,x) + f6y) +f(x)+ f(3,y)

= () +2f(xy)+4q(y),
since f is symmetric.
iii) From (ii) we have

q(x+y) = q(x) +q(y) +2f(x,y),

q(x—y) = q(x) +q(y) =2/ (x,y).
Adding these two equalities yields

q(x+y) +qx—y) =2(q(x) +4(y))-

p) The polarization identity allows one to recover f from g:

fxy) =5 lglx+y) —q(x) —q()].

N =

m Example 3.2 Let the quadratic form

g: R —R
(x1,X2)  — q(x1,x2) = x3 +2x3 — 3x12.

The polar form associated with ¢ is

f: R2 x R —R
((x1,%2), 31532)) = f((x1,%2), (V1,32)) 5
where
F((x,x2), (01,32)) = %{q((X1,X2)+(y1,yz))*Q((xm))*q((yl,yz))]
= % [q(x1 +y1,%2 +¥2) — q(x1,%2) — q(y1,y2)]
3 3
= xX1y1+2x0y — 5)61)’2* 5)62)’1-

3.1.2 Isotropic Cone
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3.1 Quadratic Forms 27
Definition 3.1.2 Let g be a quadratic form on E, a vector space over K. A vector x € E is called

an isotropic vector if g(x) = 0.
The set of all isotropic vectors of ¢, denoted by C(q), is called the isotropic cone, that is,

C(g) ={x € E; q(x) = 0}.

1. Since g(0) =0, the zero vector is always isotropic.

2. In general, the isotropic cone is not a vector subspace of E.

m Example 3.3 Let the quadratic form

g:R> — R
(x1,x2) — q(x,x) =11 —x3.

Then

Clg) = {(x1,x); (xlaxz) 0}
{ X1,X2) xl x2 = O}
= {(xl,:txl) X1 € R}

3.1.3 Kernel of a Quadratic Form
Definition 3.1.3 The kernel of a quadratic form, denoted by N(gq), is the kernel of its polar

form. That is,

N(q) =Amn(f)={x€E; f(x,y)=0Vy€ E}.

3.1.4 Matrix Associated with a Quadratic Form
Definition 3.1.4 Let g be a quadratic form on E, a finite-dimensional vector space over K, and

let B be a basis of E. The matrix associated with g with respect to the basis B, denoted by
M3p(q), is the matrix associated with the polar form f of ¢ with respect to B, that is,

M(q) = A(f)-

R The matrix associated with a quadratic form is symmetric, that is,
Mp(q) ="Mp(q).
,€, } be the canonical

Definition 3.1.5 Let g be a quadratic form on R” and let B = {ey, e,,...
basis. The matrix associated with g with respect to B is

§—ﬁ<el> 8742(61) axn (e1)
1| 22¢e,) 24 :
Malg) =5 | 711 o
P) ' P)
a_qu (en) Ixz (en) Ix, (e,,)
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28 Chapter 3. Quadratic Forms

m Example 3.4 Let the quadratic form
g:R* — R
(x1,%2,%3) —> x% + 3x% + 3x§ 4 2x1x0 — 4dx1x3.
We compute

94

= 2x1+2x —4x3,
8x1
d
29 _ 2x1 + 6x7,
aX2
d
L —4x1 + 6x3.
8x3

Therefore, the matrix associated with g with respect to the canonical basis of R? is

L2 2 4 11 -2
MB(Q):E 26 0 |=| 1 3 0
4 0 6 2 0 3

3.1.5 Quadratic Form Associated with a Square Matrix
Proposition 3.1.2 Let M = (a;;) be a symmetric matrix associated with the quadratic form ¢ with

respect to the canonical basis {ej,ez,...,e,} of E. Then
n
Vx = ine,-, Za”x +2 Z a;jXix;.
i=1 1<i<j<n

Proof. Let M = (a;;) be a symmetric matrix (a;; = aj; or'M = M):

aiy ajip - Aln

azy dazxp - Ay
M= .

anl Q2 - dun

Let f be the polar form associated with g. Then

qlx) = flx,x)
"xMx
X1
X2
= (xl,xz,...,x,,)M
Xn
Thus,

HM:

n
Z a;jXiXj.

Since M is symmetric (a;; = aj;), we separate diagonal and off-diagonal terms:

Zal,x +2 Z a;jXix;.

1<i<j<n
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3.1 Quadratic Forms 29

2

i-

p) The diagonal entries of M are the coefficients of the terms x

m Example 3.5 Let the symmetric matrix

1 3 -2
M= 32 0
-2 0 -1

The quadratic form g associated with M is
g:R* — R
(x1,%2,x3) = q(x1,%2,%3),
where

3
q(x1,x0,x3) = Zaiixl-z+2 Z aijxix;
i=1

1<i<j<3
= X423 -x3+203 2
= X1+ 2x3 — x5 +2(3x1x0 — 2x1x3)

= x% —|—2x% —x% + 6x1x2 —4x1x3.

3.1.6 Rank of a Quadratic Form

Definition 3.1.6 The rank of a quadratic form ¢, denoted by rank(q), is the rank of its associated
matrix with respect to any basis of E.

Reduction of Quadratic Forms via Gauss Method
Gauss Reduction Process

In such a basis, the matrix associated with g relative to # is diagonal. If this matrix is denoted by
D =diag(A1,A2,...,4y) (with A1,22,...,4, € K),

then for every x = xju; +xoup + - - - +x,u, € E, we have
g(x) = Mxt + x5 + -+ Ax2.

Such a representation of ¢ (i.e., a linear combination of squares of K-linearly independent linear
forms) is called a reduction (or a reduced form) of q.

Starting from the expression of g relative to an arbitrary basis of E, we shall establish in what
follows an efficient algorithm (due to Gauss) that allows one to obtain (in a finite number of steps)
areduced form of g.

Let Z = (e1,e2,...,e,) be a basis of E. According to Proposition 3.2, the expression of g
relative to 4 can be written (for every x = xje1 +xpe3 + -+ - +xpe, € E, with x1,x2,...,x, € K) as

q(x) = Z a;jXiXj,

1<i,j<n

where the g;; are scalars (i.e., elements of K).
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30 Chapter 3. Quadratic Forms

The Gauss algorithm for reducing g is a recursive procedure. Its main purpose is to show how
to write ¢(x) as a linear combination of the square of a linear form and a homogeneous polynomial
of degree two in (n — 1) other linear forms.

The rest is clear: it suffices to repeat this process as many times as necessary until g(x) is
expressed as a linear combination of squares of linear forms.

The algorithm guarantees the linear independence of the linear forms that appear at each step;
in particular, it ensures the linear independence of the linear forms appearing in the final reduction.
These linear forms may therefore be regarded as coordinates relative to a new basis of E. This will
precisely be the orthogonal basis corresponding to the reduced form of g.

4.1.1 Description of Gauss’s Algorithm

 If n = 1, then the quadratic form q is already reduced and there is nothing to do.

* Assume from now on that n > 2. We distinguish the following two cases:
First case: (if the a;; are not all zero).
Up to permuting! the coordinates xj,x,...,X,, one may assume that aj; # 0. We then
write g(x) (for x = x1e; +x2e2+ -+ - + x,€, € E) as a polynomial of degree two in x; (with
coefficients in K[xz,x3, . ..,%,]), and then put it into canonical form. More precisely, for every
x=x1e1 +xe2+ - +xne, € E, we have:

Q(x):allx%‘f‘ Z apjxix;+ Z aijxix;
2sjsn 2<i,j<n

fa“xl (Z aljxj)xl—i- Z a;jxix;j

2<j<n 2<i,j<n

1
=dj x1+— Z ajjxjxy | + Z aijXix;

ail ,<<y 2<i,j<n
2 2

=dai X1+ —— aijx; aipjx; + a;jXiX;.

2a 2a

11 2<j<n 11 2<j<n 2<i,j<n
Setting
Li(x1,%2,...,x )—x1+—2 Y, aix;,
ain 2<j<n

(which is the expression of a linear form on E), we obtain

q(x):a“Ll(xl,xg,...,xn)z—f— Z bijxix;,

2<i,j<n

for certain b;; € K (expressed in terms of the a;;).

1A permutation of the coordinates corresponds to a permutation of the vectors of the basis of E under consideration.
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