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CHAPTER 3. MATRICES

3.7 Exercise Solutions

Solution 3.1

1. We compute the following:

2. Row and column vectors:

For A: Row vectors: (1,2, 3); .5, —2).

L)

—-1,5
For B: Row vectors: (1,—1,4); (2,3,0).

1 4
Column vectors: ( ) (3

Column vectors:

0

1+1 2+(-1 4
sapo [t 24D 3+
~14+2 543 —240
.1 3-(—1 .
g (31 3 (-1 3-4) _ (3
3.2 3.3 3.0 6
1 1 —4
_B— ,
—2 -3 0)
1 2 2 -2 8
A+2B = S 4
15 —2 4 6 0
2 4 1 —1 4
2A+ B = o) 4
—2 10 —4 2 3 0
a_p_ (0 3 1)
—3 2 -2
~3 1
poa= (Y 1)
3 -2 2

)-(

E

-3 12
9 0]/

11
92’

(3 3 10
~\o 13 —4)’
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3. Transpose operations:
1 -1
A'=12 5 |,
3 =2
1
B'=1|-1 3],
4
2 1
(A+BY=1|1 8 [,
7T =2
2 1
A+ B' =1 8
7T =2
So we confirm that: (A + B)' = A' + B".

Solution 3.2

1. To show that A + A’ is symmetric:

A matrix M is symmetric if M* = M. Consider the matrix M = A + A’
Then:
M=(A+ AN = (A + A=A+ A" = M.

So M is symmetric.

2. To show that A — A' is skew-symmetric:

A matrix M is skew-symmetric if M* = —M. Consider the matrix M =
A — At. Then:

M= (A— AN = (A — A" = A— A" = —(A'— A) = —M.

So M is skew-symmetric.

3. If A is skew-symmetric, then A® = —A. For any diagonal entry a;;, we know
that Qi3 = —Qj4;, SOL

2a":0:>a“=0
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Therefore, all diagonal elements of a skew-symmetric matrix are zero.

Solution 3.3

1. Case 1:
AB — 1 2 20
0 -1 3 1

1-242-3 1‘0+2~1>

0-2+4(=1)-3 0-0+(-1)-1

(8 2

=3 1)’

(AB)C = 8 2)(1 1)
3 —1)\o 2

[ 81420 81422
314 (=1)-0 —3-1+(=1)-2

(8 12
\—=3 =5/’
so_ (2 0) (11

3 1/\o 2

(21400 2:140-2
3-14+1-0 3-1+1-2

(2 2
~\3 5)°
wwo- (3 %) (37

1.242.3 1-2+2-5>

0-24(=1)-3 0-2+(=1)-5

(8 12
~\-3 —5)°
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So, (AB)C = A(BO).
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2. Case 2:

AB:(

BC =

(
[

2 1
1 02)

0 —1
~1 3 1

1 4
1-240-042-1 1-140-(-1)+2-4
12430411 —1-1+3-(-1)+1-4

4 9

-1 0/’

4 9\ (1 0
10/ \2 -1

41492 4-049-(-1)
~1-140-2 —1-040-(=1)

22 —9
-1 0/

2.141-2  2.0+41-(=1)
0-1+4(=1)-2 0-0+(=1)-(=1)
1-144-2  1-0+4-(=1)

4 -1
-2 1],
9 —4
-1
1 0 2
-2 1
-1 3 1)

—1-443-(=2)4+1-9 —1-(=1)+3-1+1-(—4)

22 -9
-1 0/

1-440-(=2)+2-9 14—n+01+2«—®)
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So, (AB)C = A(BC).

3. Case 3:

)

(e}

So, (AB)C' = A(BC).

Solution 3.4

1

I. For X=1|0|,
0
21 3 L 2-1+1-04+3-0 2
AX = 0] = O = )
4 1 5 0 4-14+1-0+5-0 4
0
2. For X=1]11,

0
213 2-0+1-14+3-1
AX — 1] = + +
4 15 ] 4-04+1-1+5-1

Il
-~

)
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3. For X =

b

0
213 2-0+1-04+3-1 3
4 15 ) 4.-0+1-0+5-1 5

Solution 3.5

1. To find the matrix of f; : R® — R? defined by:

— o O

fl<x7yv'z) = (.7}+2y+3z,2y—z,x—|—z),

we apply fi to the canonical basis vectors of R3:

(a) fl(la()?()) = (1707 1)9
(b) f1(0,1,0) = (2,2,0),
(¢) f1(0,0,1) = (3,—1,1).

These vectors form the columns of the matrix of f;:

2. For fy : Ry[X] — R3[X], let the canonical basis of Ry[X] be {1, X, X?} and
that of R3[X] be {1, X, X2, X3}. Apply f, to each basis element:

(a) For P =1:

XP=X, P =0, P)=1= fo(1)=X+1.

Column vector:

[l el
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(b) For P = X:

XP=X?* P=1 Pl)=1=fX)=X*-1+1=X"

Column vector:

o = O O

(c) For P = X%
XP=X? P =2X, Pl)=1= fo(X?*)=X>-2X +1.
1

-2
Column vector:

1

Therefore, the matrix of f5 is:

[f2] =

O O ==
o~ O O
I
[\

Solution 3.6

We compute the inverse of each matrix using two methods:

1. Matrix A:

(a) Method 1: Using Gauss-Jordan Elimination

Augment A with the identity matrix and row-reduce:

1 =3 5 100 10011 -1
1 =1 2 010l f01012 -1
1 2 3001 00101 —1
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So the inverse is:

11 —1
At=11 2 -1
01 —1

(b) Method 2: Using the formula A™' = - adj(A)

First compute det A = 1, then compute the adjugate matrix, giving the

same result:

11 —1
At=1[1 2 1
01 —1

2. Matrix B:

(a) Method 1: Gauss-Jordan Elimination

Augment B with the identity matrix and row-reduce:

2 -1 2100 100 3 & -3
11 10105010 -1 &8 _4
1 -1 2001 001 5 -2 1
So,
SO G |
3 3 3
-1_|_1 5 4
Bo=1-3 3 —3
i _2z 1
3 3 3

(b) Method 2: Using the formula B~' = - - adj(B)

Compute det B = 3, then compute the adjugate matrix (via cofactors),

and divide by 3 to obtain:

wlot W=
WOl Wl

I
wro
Wl
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Solution 3.7

Let
1 0 2
A=10 -1 1
1 -2 0

1. We compute A3 — A.
First, compute A2:
1 0 2 1 0 2

A2=A-A=1|0 -1 1 0 —1 1
1 -2 0 1 -2 0

3 -4 2
=11 -1 -1
1 2 0

Then, compute A3 = A% - A:

3 —4 2 1 0 2
A=11 -1 -1 0 —1 1

1 2 0 1 -2 0
5 0 2
=110 3 1
1 -2 4
Now compute A3 — A:
1 0 2 4 0 0
A—A=[0 3 1|—-10 =1 1| =104 0] =41
-2 4 1 -2 0 0 0 4

2. From the result above, A% — A =41 = A(A? — 1) = 41I.

So we can write:
Al =
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Recall from earlier:
3 -4 2 1 00 2 —4 2
A2=11 -1 1|, I=]0 1 0|=24-1=[1 —2 —1
1 2 0 001 1 2 -1
Hence,
. 2 —4 2
A l=Z _9 _
1 1 2 1
1 2 -1

Solution 3.8

1. Determine the matrix associated with f in the canonical bases.
Let f : R® — R2, defined by:
flxy,2) = (@ +y.y+2)
Apply f to the canonical basis vectors of R3:

* £(1,0,0) = (1+0,0+0) = (1,0),
« £(0,1,0) = (0+1,140) = (1,1),
« £(0,0,1) = (040,04 1) = (0, 1).

So the associated matrix is:

wair - (11 ).

2. Compute the rank of the matrix

-1 0 0 1

0 -1 0 1
A—

0 1 -1 0

We perform row operations to reduce to row echelon form.
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Step 1: Write the matrix:

-1 0 0 1
-1 0 1

Rs — Rs+ Ry =
-1 1
2 =2

Step 3: Replace Row 4 by Ry + 2 - Rs:

-1 0 0 1
-1 0 1

Ry — Ry + 2R3 =
-1 1
0 O

The matrix is now in row-echelon form with 3 non-zero rows. So, the rank
of Ais 3.

Solution 3.9

1. Determine the vectors f(e1), f(ez2), f(2,5),and f(1,3).

Given the matrix of f in the canonical basis:
11 30

A= .
—11 4

flo)=A-wv.

Recall that:

Compute:
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f(2,5)=A- (i) = 2f(e1) +5f(e2)
( 11 ) (30) ( 922 ) (150) (172)
-9 +5 = + = ,
~11 4 —99 20 —9

f(1,3)=A- (;) =1f(e1)+3f(e2)

(3)0)-(5)-()-2)

2. Give the expression of the function f.

The action of f on any vector (z,y) € R? is:
x 11z + 30y
Y —1lz + 4y

flz,y) = (11z + 30y, — 11z + 4y).

So:

Solution 3.10

1. Compute A2, then find o, 3 such that A? = oA + 1.
Given:
1 -3 6
A=|6 -8 12|, I=
3 -3 4

o O =
o = O
_ O O
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Compute A2 = A - A:

1 -3 6 1 -3 6
A’=16 —8 12 6 —8 12
3 -3 4 3 -3 4

1 3 —6
=1-6 10 —12
-3 3 =2

Now solve for «, 8 such that:
A% = oA+ pI.
Compare entries:

a-1+8=1 (1,1,
a-(—8)+ =10 (2.2).

Solve the system:

atp=1
—8a + 5 = 10.

Subtract first equation from second:
—9a=9=a=-1, =2

Verified: A2 = —A + 21.

2. Deduce that A is invertible and find A~ 1.

From:

A= A4 2l > A2+ A-21=0= AA+1)=2I.
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Multiply both sides on the right by (A + 1)~

A= 2A4+ 1) = A7 = %(A+ D).

So:
X 1 -3 6 100
A—lz5 6 -8 12|+ |0 1 0
3 -3 4 00 1
12—36 1 -3 3
=5 |6 -7 12f=|3 -3 6
3 -3 5) \} -13

3. Find A~! again using the comatrix method.

Compute:

_ 1 :
Al = o -adj(A).

(Detailed computation of cofactors and determinant omitted for brevity, but
yields same result as above.)

Solution 3.11
1. Matrix:
1 3
A= )
4 2

det(A)=1-2-3-4=2-12=—10#£0.

Compute the determinant:

Since the determinant is non-zero, the matrix is invertible, and the rank is:

rank(A) = 2.
2. Matrix:
1 2 0
A=1]1 2 0
001
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remaining rows are linearly independent. Thus:

rank(A) = 2.
3. Matrix:
1 1 -1
A=1]1-3 -3 3
2 2 =2
Observe:
Rowy, = —3 - Row;, Rows =2 Rowj;.

rank(A) = 1.
4. Matrix:
4 —16
A= 4 -8
4 4 —12
Use row Operations:
8 4 —-16
Ry —R3—05-Ri= |0 4 -8 ,
0 2 —4
8 4 —16
R3-)R3—0.5'R2:> 0 4 -8
00 O

Two non-zero rows remain, so:

rank(A) = 2.

The first and second rows are identical. So we remove the second row. The

All rows are linearly dependent; only one is independent. Therefore:




