Chapter 2

Linear Mappings

Linear Mappings

Linear mappings are the cornerstone of linear algebra, providing a systematic framework
to study structure-preserving transformations between vector spaces. This chapter ex-

plores their fundamental properties, classifications, and applications across mathematics.

A linear map f : E — F is characterized by its ability to commute with vector space
operations:
flou+v) =af(u)+ f(v) Vu,veE, ackK.

We will examine key examples—from differentiation and integration to matrix transformations—
and establish tools to analyze their behavior through kernels, images, and the rank-nullity

theorem.

Key Objectives

* Characterize linearity via additivity and homogeneity.

» Compute kernels and images, and relate their dimensions.
 Classify maps by injectivity, surjectivity, and isomorphisms.
+ Construct linear maps from basis assignments.

* Apply rank inequalities to solve dimension constraints.

43



N
N

CHAPTER 2. LINEAR MAPPINGS

Notation 2.1

* L(E, F): space of linear maps £ — F;
* ker f: kernel (null space) of f;
e Im f: image of f;

* rg(f): rank of f.

2.1 Definitions

Definition 2.1: Linear Mapping

Let E. I be two vector spaces over a field K. A linear mapping (or linear transfor-

mation) f : ¥ — F'is a mapping that satisfies the following two properties:
\M—-—/

1. Additivity: For any vectors u,v € F,

Fuso) = fw+ 50 ()
2. Homogeneity: For any vector u € F and any scalar ¢ € K,

fleu) = cf (u). @

. J

~—

Let’s look at some examples of linear maps.

Example 2.1: Linear Maps

1. Zero linear map: For vector spaces £ and F’ over the same field K, the zero

linear map is defined by
0: E—F, 0(x)=0pforallz € F,

where O denotes the zero vector in F'.

2. Identity map: On a vector space F, the identity map is given by

ldg: E — E, Idg(z)=xforallz € E.
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2.1. DEFINITIONS 45

This map is linear and is sometimes denoted simply by I when the space is

clear from context.

¢ space of real polynomials. Define

DT —y. D: /P [x) DI )
D(P 'l-(\) = P\+ ct\ PI—9 D (P)
O(p) 4 D(a)| *

3. Differentiation: Let

Differentiation is a linear map.

1

4. Integration: Define
1

7€ L(P®)R) by T(p) = [ pla)da,
0

Integration is also a linear map.

5. Matrix-type linear map: Define

T € L(R?, R*) by T(z,y,2) = (2 — y + 32, Tz + 5y — 62).

Theorem 2.1: Linear Map Characterization

Let E and F' be two K-vector spaces, and let f : £ — F be a function. Then f is

a linear map if and only if

Vo,y € B, VAEK,  f(Ar+y) =Af(2)+ fy).

Remark 2.1: Linear Map Terminology

1. If a linear map f is injective, we say that f is a monomorphism.
—

2. If'alinear map f is surjective, we say that f is an epimorphism.

——

3. Ifalinear map f is bijective, we say that f is an isomorphism of vector spaces,

and that £/ and F' are isomorphic.
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46 CHAPTER 2. LINEAR MAPPINGS

L

4. A bijective endomorphism is called an automorphism.
5. The set of all linear mappings from E to [ is denoted by L(E, F).

6. The set of linear mappings from F to itself is denoted by L(E); in other
\
words, L(F) = L(E, E).

Proposition 2.1: Vector Space of Linear Maps

Let £/ and F' be vector spaces over K. The sef of all linear maps from F
to F', equipped with: __r N <h
+ Addition: (f + g)(z) = f(x) + g(z); ‘) __;

* Scalar multiplication: (\f)

() = Af(),
forms a vector space over K. (z(tl F) ‘ + ! .\ v S Q,“R'LI/<

Proposition 2.2: Composition of Linear Maps

Let F, I, G be vector spaces over K. If f € L(E, F) and g € L(F,G), then their
composition g o f belongs to L(F, G).

Theorem 2.2

Let f be a linear map. Then:
1. f(0p) =0p; ™\
2. If A is a subspace of E, then the restriction f|4 is a linear map on A;

3. Forallz € E, f(—x) = —f(x);

—

4. For any scalars oy, . .., «, and vectors zy,...,z, € FE,

f(i%xz) = iazf(:cl)
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2.1. DEFINITIONS 47

Theorem 2.3: Existence and Uniqueness of a Linear Map from Basis Assign-

ment

Let £ and F' be two vector spaces over the same field K. Suppose £ is finite-
dimensional with dimension n, and let (e, ..., e,) be a basis of £. Then for any
choice of n vectors (vy, ..., v,) in F, there exists a unique linear map f : £ — F

such that, forall: =1,...,n,
fle) =

This theorem makes no assumption about the dimension of the target vector space
F.

Proof 2.1

Uniqueness. Suppose there exists a linear map f : £ — F such that f(e;) = v;

foralli =1,...,n. Forany z € FE, there exist unique scalars z1, .. ., z, such that

n
xr = E €Ti€;.
i=1

Since f is linear, we have

f(z) = f(ZfCiez‘> = inf<€i> = szvl (*)

Therefore, if such f exists, it must be unique.

Existence. Define the map f : £ — F by equation (*) as

f < i J:,-e,») = i ;.
i=1 i=1

We show that this map is linear and satisfies f(e;) = v;.

Let (z1,...,x,) (respectively, (yi, ..., y,)) be the coordinates of = (respectively,
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48 CHAPTER 2. LINEAR MAPPINGS

y) in the basis (e, ..., e,). Then, for any scalars a, 8 € K,

n

flaz +By) = £ Y (azi+ Byi)e:)

=1

= Z(O‘xi + Byi)vi
i=1

—a)y wvi+ By
=1 =1
= af(z) + 81 (y).

Finally, since the coordinates of e; are (0,...,0,1,0,...,0) with 1 in the i-th posi-

tion, we have
f(ez) = ]_ UV = U;.

This completes the proof of the theorem.

Example 2.2

There exists a unique linear map f : R™ — R[X] such that

fle) = (X +1), fori=1,...,n,

where (eq, ..., e,) is the standard basis of R™.

For a vector z = (21, ..., x,), we have

flzg,.. . x,) = f<ixzel> = ixzf(el) = ixi(X—i- 1)

Theorem 2.4: Characterization of Injectivity and Surjectivity via Basis Image

Let f : E — F be a linear map, where F Jas a basis (e;);c;. Then: e
\—
1. fis surjective if and only if ' = span{ f(e;) }icr;

2. fisinjective if and only if (f(e;));cs is linearly independent;

3. [ isbijective if and only if (f(e;))es is a basis of F'.
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2.1. DEFINITIONS 49

Example 2.3: Surjective Map

Let f : R? — R be defined by%x + y. Consider the basis (e1,e5) =
((1,0),(0,1)) of R*:

———

Thus, f is surjective.

Example 2.4: Injective Map

Consider g : R? — R3 defined by g(z,y) = (x,,0): e (/\‘ 6\ , @ = (o
- ! g ' A )

¢ g(el) = (17070)9 9(62) = (O, 170); 3
—_— R 5
.:l /:> M‘;g {el)

 The set {g(e1), g(e2)} is linearly independent.

%

Example 2.5: Bijective Map

Let h : R? — R be defined by h(z,y) = (y,2): €= (A \c\ Q- (‘,A
o
° L(el) = e, h(ez) = ey;
« The set {h(e;), h(ez)} = {ea, e} forms a basis of R?.

Therefore, h is bijective by Theorem 2.9(iii).

Theorem 2.5: Equivalence of Injectivity, Surjectivity, and Bijectivity
Let d F' be finite-dimensional K-vector spaces of the same dimension, and let
f:E— Fh{inear transformation. Then:

f is bijective <= f isinjective <= f is surjective.
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50 CHAPTER 2. LINEAR MAPPINGS

2.2 Image and Kernel of a Linear map

Definition 2.2: Kernel of a Linear Map

Let f : E — F be a linear map. The kernel of f, denoted by ker f, is the set
\/_._ S——
defined by
kerf={ue€ E| f(u) =0r}.

It is sometimes also denoted l& >— =2 % 'g
Example 2.6

Determine the kernel of the linear map f;, defined by

fi:R2 =R, (2,9) > x+2y.
We are looking for
ker fi = {(z.y) € R?| fu(z,y) = 0} = {(z,y) € R* | 2 + 2y = O}
Solving the equation = + 2y = 0, we get
r = —2y.
Thus, every element in the kernel has the form
(z,y) = (=2y,9) = y(-2,1), yeR

Therefore,

ker fi = Span{(—2,1) ™~

This means that the kernel is a vector subspace of R? of dimension 1, and a basis

of ker f1is {(—2,1)}.

Proposition 2.3: Preimage of a Subspace

Let f : E — F be a linear map. Then:
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2.2. IMAGE AND KERNEL OF A LINEAR MAP 51

1. More generally, if B C F' is a subspace, then the preimage 5 E 2V

e

S B)={z € E|f(z) € B}

is a subspace of E. In particular, since {0} C F is a subspace, it follows that

ker / = /7' ({0}) 3 ’{O S =

is a subspace of F.

2. The map f is injective if and only if

ker f = {0}.
\__/

Example 2.7: Kernel as a Special Case

For the linear map f : R® — R? defined by

f(l’,y,Z) = (l‘—'—yv ?/—2)7
the kernel is
kerf:{(ac,y,z) | l’+y:0, y_zzo}:{(_y>y7y) | yGR}

This line through the origin shows that ker f is indeed a subspace, as it is the preim-
age of {0}.

Example 2.8: Injectivity Criterion

Define g : R? — R? by
9(z,y) = (z,2y, 2 +y).

* kerg = {(0,0)}, since g(x,y) = (0,0,0) implies z = y = 0;
* By Proposition 2.12(ii), g is injective;

* Visually, no two distinct input vectors map to the same output.

lan, 7(
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52 CHAPTER 2. LINEAR MAPPINGS

Contrast with 4 : R? — R? defined by
hz,y) = (x+y, z+y,0),

where
kerh = {(z,—z) | v € R} # {(0,0)}.

Thus, h is not injective, showing that the kernel criterion works.

Definition 2.3: Image of a Linear Map

Let f : E — F be a linear map between K-vector spaces. The image of f, denoted
Im( f), is the subset of F' defined by

@{f(x)lme_fj}gff)- )

Example 2.9: (Finding the Image of a Linear Transformation)

Consider the linear transformation

fgI]Rg—)RS

———

-

defined by
f2<x7y7 Z) = (_x +yY, T =2z, y)

Image Calculation. The image of f5 is

Im f, = { fa(z,y,2) | (x,y,2) €R’}
={(~x+y,z—279y) | (x,y,2) €ER?}
={z(~1,1,0) + y(1,0,1) + 2(0, —=1,0) | (z,y,2) € R*}.

Thus, Im f; is a subspace of R? generated by the vectors

{(-1,1,0), (1,0, 1), (0, —1,0)}.\\

Basis and Dimension. It is easy to show that this family of vectors is linearly
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2.2. IMAGE AND KERNEL OF A LINEAR MAP 53

independent and forms a basis for R3. Therefore,

dimImf, =3 Jand Imf, = R?
S .

T ——

Theorem 2.6: (Image of a Vector Subspace under a Linear Map)

Let f be a linear map from E to F.

1. If A is a vector subspace of F, then f(A) is a vector subspace of F. In
particular, Im(f) = f(F) is a vector subspace of F.

2. fis surjective if and only if Im(f) = F.

Example 2.10

For n > 1, consider the linear map

fR,X] = R,_1[X], P+ P,
~—

where P’ denotes the derivative of P.
The image of f is

Im(f) ={P"| P € R,[X]}

={a; + 20X +---+na, X" '|ai,...,a, €R}

—R,_1[X].
~—

which shows that f is surjective.
Moreover,
ker(f) = {P € R,[X] | P' =0} = Ro[X],

the space of constant polynomials. Thus, for n > 1, f is not injective.

Theorem 2.7: (Image of a Span under a Linear Map)

Let f be a linear map from £ to F'. For any subset X of £

f(Span(X)) = Span(f(X)).
s (1 =
4\,“‘\5\ . (1"); “h\ S | —>| I S
: S on l\“ 11'\75 - G S(A\L\)
j(“"‘\ (3 ,2) 3( : ) = SFfM((.’).?_\
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54 CHAPTER 2. LINEAR MAPPINGS

In particular, if £ has a basis (¢;);cs:

Im(f) = Span{f(e;) | i € I}.

Proof 2.2

(1) To prove the equality f(Span(X)) = Span(f(X)):

(i) Let y € f(Span(X)). Then there exist z,...,z, € X and scalars
A1, ...y A € K such that

= f(g)\lxl>

By linearity of f,
y= Z Aif (z;) € Span(f(X)).
i=1

Hence, f(Span(X)) C Span(f(X)).

(ii) Conversely, let y € Span(f(X)). Then there exist z1,...,z, € X and
scalars A\, ..., A\, € K such that

y—z:/\fxZ = (Z/\l’)

Since Y, A\;z; € Span(X), we have y € f(Span(X)). Thus,
Span(f (X)) < f(Span(X)).

Combining (i) and (ii), we get f(Span(X)) = Span(f(X)).

(2) For the particular case X = {e;}.cs, a basis of E, we have

Span({e;}ics) = B, hence f(E) = Im(f) = Span{f(e;) | i € I}.
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Example 2.11

Let f : R?* — R? be defined by f(z,y,2) = 22 — vy, y + 2).
Take X = {(1,0,0),(0,1,0)}.

1. Computing both sides:

F(Span(X)) = f({a(1,0,0) + b(0,1,0) | a,b € R})
:f({<a7b>0) | aviR})

= R2.
Span(f(X)) = Span{f(1,0,0), f(0,1,0)} = Span{(2, 1), (0,1)} = R%.

2. Using the standard basis {e;, 5, e3}:

Im(f) = Span{f(el)7 f((?g), f(63>} = Span{(?, 0)7 (_17 1)’ (O’ 1)} = R%

2.3 Rank-Nullity Theorem

Definition 2.4: (Rank of a Linear Map)

Let f be a linear map from F to F'. We say that f has finite rank if Im( f) is finite-
dimensional, and infinite rank otherwise. When f has finite rank, the rank of f,
denoted by rg(f), is defined as

rg(f) = dim(Im(f)).

Theorem 2.8: (Rank—Nullity Theorem)

Let f : E — F bealinear map between K-vector spaces. If F is finite-dimensional,

—— —
then —  ——

dim £ = dim(ker f) + rg(f).

- a\&ﬂ(k"’\ﬁ\ -\'\V;" ( :“”‘£\
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Example 2.12

Consider the differentiation map:

D :Ry[X] > Ry[X], P P.

o dimR3[X] = 4 (basis: {1, X, X2 X3});
* kerD = {P | P =0} = Ry[X], with dimker D = 1;
* Im(D) = Ry[X], with rg(D) = 3.

Verification: 4 = 1 + 3 confirms the theorem.

Theorem 2.9: (Rank Inequalities)

1. If F is finite-dimensional, then f has finite rank and

-t ssx/s&sf‘

Moreover, f is surjective if and only if rg(f) = dim F.
—

2. If F is finite-dimensional, then f has finite rank and

f) <dimE. s

Moreover, f is injective if and only if rg(f) = dim E.

Proof 2.3

1. Since Im(f) C F'is a subspace, if dim F' < oo, then
rg(f) = dim(Im(f)) < dim F.

Surjectivity is equivalent to Im(f) = F, which implies equality of dimen-

sions.

. (=
Mo shg < ) < g d f-

Let f : E — F be a linear map between K-vector spaces. l E ! F
K t (z
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2.3. RANK-NULLITY THEOREM 57

2. When dim F < oo, the Rank—Nullity Theorem gives
rg(f) = dim E — dim(ker f) < dim E.

Injectivity (ker f = {0}) occurs precisely when dim(ker f) = 0, yielding
rg(f) =dim E.

Example 2.13

Consider the projection 7 : R3 — R? defined by

m(z,y,2) = (2,9).
« dim F' = 2, rg(m) = 2 < 2 (surjective);

« dim F = 3, rg(m) = 2 < 3 (not injective).




