Throughout this chapter, E, F, and G are vector spaces over the same field K.

2.1 Bilinear Forms
Definition 2.1.1 A mapping f : E x F — G is said to be bilinear if:

y) Fx,y) + f(x2,y)
flox,y) = af(x,y)
floyi+y2) = flxy)+f(xy2)

f,ay) = af(xy)

for all x,x1,x, € E, y,y1,y2 € F and a € K.
If G =K, fis called a bilinear form.

xl +x2,

Definition 2.1.2 A mapping f : E X ' — G is said to be bilinear if:
i) For every x € E (with x fixed), the mapping
fii F —G
y — flxy)
is a linear form on F.
ii) For every y € F (with y fixed), the mapping
i E —G

x> f(x,y)
is a linear form on E.

= Example 2.1 1. The mapping
fo: ExF —K
(xvy) — OK
is a bilinear form.
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16 Chapter 2. Bilinear Forms on a Vector Space

2. The mapping
g: RxR —R
(xr,y) +—xy
is a bilinear form.
3. Let €([0,1],R) = {f :[0,1] = R : f continuous }. The mapping
o: €(0,1,R)x €([0,1].R) — R

1
(.8) — | et

is a bilinear form.

2.1.1 The Vector Space ¥ (E x F,K)

Proposition 2.1.1 The set of all bilinear forms from E X F into K, denoted .Z(E x F,K), is a
vector space over K.

Proof. Leta,f €Ket f,g € L(E x F,K)
1. a) The bilinear form
fo: ExF —K
(x,y) ’_>O]K
is the neutral element of Z(E x F,K).
b) Let f,g,h € £ (E x F,K). Then

(f+e) +h=f+(g+h),

thus + is associative.
¢) Let f € Z(E x F,K). We have
—f: ExF —K

(X,y) '_>_f(xay)
which is a bilinear form satisfying

f+ (1) =02Exrx):

hence every element admits an additive inverse.
d) Let f,g € Z(E x F,K). Then

f+g=g+/,

so + is commutative.
Therefore (Z(E x F,K),+) is an abelian group.
2. (af)-g=a-(Bg).
3. (a+B)f=a-f+B f.
4. o-(f+g)=0o-f+a-g.
5. 1x-f=f.
Hence Z(E x F,K) is a vector space over K. |

2.1.2 Matrix of a Bilinear Form

Let E and F be finite-dimensional vector spaces over the same field K, B = {ej,e2,...,e,} a basis
of E and B' = {¢&,&,...,€,} abasis of F.
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Definition 2.1.3 Let f € Z(E x F,K). The matrix associated with f with respect to B and B’

is the (n, p) matrix defined by

aij:f(eivej)v izla"'vnv jzlv"'vpv

in other words

fler,&1) flen,&) ... flei,&p)
o | [l Slere) :

flenme) flene) o flene)

= Example 2.2 — Standard dot product on K?. Let

E=F=K?,
and let

B ={ey,e2}, B ={e, &}
be the canonical bases, where

e1 =€ = (1,0), e =8 =(0,1).

Define the bilinear map
FIEXF =K, f(xy)=xiy+xy2.

We compute the coefficients

aij = f(ei €j).

ain = f(er,&1)=1, ap=f(e,&)=0,
ar = f(e2,€) =0, axn=f(e,&)=1.

Hence the associated matrix is
1 0
A (0 1) .

s Example 2.3 — A bilinear form on K? x K3. Let
E=K?’, F=K,
with bases
B={ey,e2}, B ={¢&,8,8&}.
Define the bilinear map

f((xlaXZ)v (y1.,yz,y3)) = 2x1y1 +x1y2 + 3x2y3.

We compute the entries of the associated matrix:
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18 Chapter 2. Bilinear Forms on a Vector Space

For i=1(e; = (1,0)):

an = f(er, &) =2,
app = f(e1,&) =1,
aiz = f(e1,&)=0

For i =2 (e; =(0,1)):

az; = f(ea,€1)
ay = f(e2, &)
axy = f(e2, &) = 3.

)

0,
3

Therefore, the associated matrix is
210
A= <O 0 3) '

2.1.3 Bilinear Form Associated with a Matrix
Definition 2.1.4 Let M € .#, ,(K). The mapping

fK'xKP — K
(X,Y) —s X'MY

X1 bl

X2 Y2 . .. - .
where X = . ety = . is a bilinear form called the bilinear form associated

Xn Yp

with M.

s Example 2.4 Let the matrix

2 3 1
A_<O -2 4>'

The bilinear form associated with A is

f:R*xR* — R
((v1,%2), V1,32,33)) = f((x1,%2), (71,32,3)) -

With

2 3 1 o

f((x17x2)',(y17y27y3)) = (xleZ) 0 -2 4 »2
)3

= 2xpy1+ (3x1 —2x2)y2 + (x1 +4x2) y3.
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2.2 Symmetric Bilinear Forms 19

2.1.4 Change of Basis

Proposition 2.1.2 Let f € Z(E x F,K). If M and N are the matrices of f with respect to bases
(B,B') and (By,B)), then
N ='PMQ,

where P and Q are the change-of-basis matrices.

Proof. Let B= (ey,...,e,) be abasis of E and B’ = (fi,..., f) a basis of F. Let M be the matrix
of f with respect to (B,B’), i.e.

M;j = f(ei, f;)-

Let By = (é1,...,8,) and B} = (f1,..., fn) be new bases, and let P and Q be the change-of-basis
matrices defined by

& =Y Pie Fi=Y 0fe
3 ¢
Let N be the matrix of f with respect to (B, B}). Then
Nij = f(&,f))

Using bilinearity of f, we obtain

f.f) = <2szek7 ZQ[}fé) :ZpkiQéjf(ek>.f£)~
[

Since f (e, fr) = My, it follows that

N;; = ZPkiMkKQL’j-
[

This is exactly the matrix product formula

N='PMQ.

2.2 Symmetric Bilinear Forms

Definition 2.2.1 Let f € Z(E x E,K).
e fis called symmetric if

V(x,y) €EXE, f(xy)=f(3x).
e fis called skew-symmetric if

V(x,y) €EXE, f(xy)=—f(x).
e fiscalled alternating if

Vx€E, f(x,x)=0.

= Example 2.5
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20 Chapter 2. Bilinear Forms on a Vector Space

1. Let the bilinear form
¢: Z(0,1],R)x€([0,1,R) —R

(f.8) — /O 1 f(t)g(t)dt.
Let f,g € €([0,1],R). Then
1
o(gf) = A g(t)f(r)dt

= [r0s0a
= (/8-

Therefore, ¢ is symmetric.
2. Let the bilinear form
f: R? x R? —R

((x17x2)7(y17y2)) > X1Y2 —X2)1.
Let (x17x2),(y17)’2) S RZ. Then

F(,32), (x1,x2)) = yixa —y2x
—(x1y2 —x2)1)
= —f((x1,22), (y1,2)) -

Hence f is skew-symmetric. Moreover,

f((x17x2)7(x17x2)) =x1x2 —x2x1 = 0.

Therefore, f is alternating.

Proposition 2.2.1

i) The set of symmetric bilinear forms, denoted .7 (E x E,K), is a vector subspace of .Z(E x E,K).

ii) The set of skew-symmetric bilinear forms, denoted <7 (E x E,K), is a vector subspace of
Z(E x E,K).

Proof.

i) a) We have fy(x.y) = fo(y,x) = Ok, so

fo € Z(E xE,K). @.1)

b) Let f,g € Y (E x E,K) and «, § € K. Then

(af+Bg)(xy) = oaf(x,y)+Bglxy)
= af(yx)+Bg(,x)
= (af+Bg)x).
Hence
of +Bgc .S (EXE,K). (2.2)

From (2.1) and (2.2), . (E x E,K) is a vector subspace of .Z(E x E,K).
ii) a) We have fo(x,y) = —fo(y,x) = Ok, so

fo € o(EXE,K). (2.3)
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b) Let f,g € &/ (E X E,K) and o, € K. Then
(af+Bg)(x,y) = af(xy)+PBglx.y)
= —of(yx)—pg(yx)
= —(af+Bg)(x).

Hence

af+pg e o/ (E xE,K).

2.4)

From (2.3) and (2.4), &/ (E x E,K) is a vector subspace of Z(E x E,K).

Proposition 2.2.2 We have
Z(EXE,K)=S(ExE,K)&(E xE,K).
Proof.
i) Let f € S(E xE,K)N</(E x E,K). Then
fley)=rfx), Vxy€eE
and
Jxy)=—f(»x), Vry€ek.
Hence, f(x,y) =0 for all x,y € E, and consequently
S(EXEK)NA(E xE,K)={0g}.
ii) Clearly,
S(EXE,K)+4(ExE,K)CZ(ExE,K).

On the other hand, let f € Z(E x E,K). Define

| =

f(xvy) =

fi(x.y) fa(xy)
Then f; € #(E x E,K) and f» € &/ (E x E,K). Hence
Z(EXEK)C.Y(ExXEK)+4(ExE,K),
and therefore
Z(E XE,K)=.(E xE,K)+(E x E,K).
From (2.5) and (2.6), we conclude

Z(EXE,K)=.(ExE,K)®(ExE,K).

2.2.1 Kernel of a Symmetric Bilinear Form

(FG3)+ £0r0) + 5 (706 3) = £0-)).

(2.5)

(2.6)
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22 Chapter 2. Bilinear Forms on a Vector Space

Definition 2.2.2 Let f € £ (E x E,K). The kernel of f, denoted Ann(f), is

Ann(f)={x€E: f(x,y)=0,VyeE}.

2.2.2 Nondegenerate Symmetric Bilinear Forms
|| Definition 2.2.3 f is said to be nondegenerate if Ann(f) = {Og}.

m Example 2.6 Consider the symmetric bilinear form
g: R? x R? — R
((x1,x2), (1,32))  — (31 4+x2) (1 +32).
The kernel (annihilator) of g is
Ann(g) = {(x17x2) € RZ | v()’l,)’Z) € ]R27 g((xth)? ()’17)’2)) = O}
We have
g((x1,x2), (v1,32)) =0 V(y1,y2) €R%.
e For (y1,y2) # (0,0), this implies x| = —x,.

Hence,
Ann(g) = {(x1,—x1) | x1 € R} = ((1,—1)).
Since Ann(g) # {(0,0)}, the bilinear form g is degenerate. .

= Example 2.7 Consider the bilinear form
[RXRY— R, f((x1,%2,%3), (y1,52,73)) = X131 + 2x22 + 3x3y3.
The kernel (annihilator) of f is
Ann(f) = {(x1,x2,x3) € R? | f((x1,%2,%3), (1,72,33)) = 0, ¥(y1,y2,y3) € R*}.
Since
f((x1,%2,x3),(1,0,0)) =x1,  f((x1,%2,%3),(0,1,0)) =2x2, f((x1,%2,%3),(0,0,1)) = 3x3,

we must have x; = x, =x3 = 0 for f((x1,x2,%3),y) =0 to hold for all y.

Hence,
Ann(f) ={(0,0,0)}.
This shows that the kernel of a non-degenerate bilinear form is trivial. "

Proposition 2.2.3 Let f € Z(E x E,K). Consider the map
®:E— E* definedby VYyeE, ®(y) =y, where Vx € E, ¢,(x) = f(x,y).
Then @ is injective if and only if f is non-degenerate.

Proof. The map @ is linear, and we have
Ker(®) = {x€E|®P(x)=0}
— (xCE|g(x) =0, VycE)
= {x€E]|f(x,y)=0, Vy € E} = Ann(f).

Hence, @ is injective if and only if Ker(®) = {Og} = Ann(f). Consequently, f is non-
degenerate. |
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Corollary 2.2.4 Let f € .Z(E x E,K), where E is finite-dimensional, B is a basis of E, and A
is the matrix of f with respect to the basis B. Then

f is non-degenerate < det(A) # 0.
Proof. Consider the map ® : E — E* defined by
VyeE, ®(y)=¢,, where VxecE, ¢,(x)=f(x,y).

Let B={ej,e,...,e,} be a basis of E, and B* = {e],e5,...,e;} its dual basis.
Let M = (mjj)1<i,j<n be the matrix of ® with respect to the bases B and B*. Then

n
Vi=1,...,n, ®(e;) = kaje,t.
k=1
Hence, for each i,j € {1,...,n},
n
f(ei,ej) = CD(ej)(e,') = Z mkje,’;(ei) = mjj, since e,’;(ei) = 6,-k.
k=1

It follows that M = A. Therefore,

f is non-degenerate <> ® is injective (Proposition 2.2.3)
< @ is bijective (since dimE = dimE™)
< det(M) #0
< det(A) #0  (since M = A).

2.3 Orthogonality

2.3.1 Orthogonal Bases
Definition 2.3.1 A family .# of E is said to be orthogonal for f (or simply orthogonal if there
is no ambiguity about f) if for all x,y € .7, with x # y, we have x L y y. In other words, if

fx,y) =0  (Vx,y€F, x#y).

— When a basis % of E is an orthogonal family for f, we say that 4 is an orthogonal basis of
E for f (or simply an orthogonal basis of E if there is no ambiguity about f).

— The expression “orthogonal for f” is sometimes replaced by one of the following expressions:

9% <

“orthogonal for g7, * f-orthogonal”, or “g¢-orthogonal”.

When E is finite-dimensional, determining an orthogonal basis of E for f is very useful for
simplifying and classifying the symmetric bilinear form f; moreover, such a basis always exists!

Theorem 2.3.1 Suppose that E is finite-dimensional. Then there exists at least one orthogonal
basis of E for f.

2.4 Orthogonal matrices
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Definition 2.4.1 A square matrix A € R**" is called orthogonal if
ATA=4AT =1,
where AT denotes the transpose of A and I, is the n x n identity matrix.

Equivalently, a matrix is orthogonal if its columns (or rows) form an orthonormal set of vectors
with respect to the standard Euclidean inner product.

Properties of Orthogonal Matrices
Orthogonal matrices possess several important properties:

Proposition 2.4.1 Let A € R"™" be orthogonal. Then:
1. A=! = AT (the inverse equals the transpose).
2. det(A) = £1.
3. Orthogonal matrices preserve the Euclidean norm: for any x € R”,

| Ax[| = [[x]].
4. The columns (and rows) of A form an orthonormal basis of R":

(ai,aj> = 6,']‘.

Theorem 2.4.2 — Preservation of Inner Product. If A is orthogonal and x,y € R”, then

<Avay> = (x,y).

Proof.

(Ax,Ay) = (Ax)" (Ay) = x"ATAy =x"Ly =x"y = (x,y).

[ |

Examples
= Example 2.8 The identity matrix I, is orthogonal because I! I, = I,,. .
» Example 2.9 The rotation matrix in R?

Re — (€08 6 —sin6

= \sin6 cos®
is orthogonal, as RiRg = b, and det(Rp) = 1. .
» Example 2.10 The reflection matrix in R? over the x-axis
1 0

()

is orthogonal, since FTF = I, and det(F) = —1. n
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