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Exercise 01: Classification of Differential Equations

1) Order 2, dep. var. y, indep. var. t, ordinary.

2) Order 2, dep. var. u, indep. var. x and ¢, partial.

4) Order 3, dep. var. r, indep. var. 6, ordinary.

(1)
(2)
(3) Order 1, dep. var. z, indep. var. y, ordinary.
(4)
()

Order 1, dep. var. y (or z), indep. var. x (or y), ordinary.

Exercise 02: Solutions of Differential Equations

(1) Yes, General Solution.
Substitute derivatives: —9y + 9y = 0.
Order is 2, and there are 2 arbitrary constants (Cy, C3).

(2) Yes, Not a General Solution.
Substitute: x(10z) — 2(522) = 1022 — 1022 = 0.
It is a solution, but it has 0 arbitrary constants while the DE is of order 1. (It is a particular
solution).

(3) Yes, Not a General Solution.
Substitute: Ce® — Ce® = 0.
It is a solution, but the DE is of order 2 while the solution has only 1 constant.

(4) Yes, General Solution.
y' = cos(z + C). Check: cos?(z + C) + sin?(z + C) = 1.
Order is 1, and there is 1 arbitrary constant (C').

Exercise 03: Initial Value Problems (IVP)

(1) Substitute z =0,y =5: 5 = Ce’ = C =5.
Particular Solution: y = 5¢ ™"

(2) () y(0)=4=C1+Cy=4
(11) y/ = (C1e® — Cqhe™ ", SO7 y’(O) =0=>0C,-Cy=0=Cy = (5.
Solving (i) & (ii): 201 =4 = C} = 2,Cy = 2.
Particular Solution: y = 2¢” + 2¢™* (or 4 cosh z)

3) ) z(0)=A=Ci(1)+0=A=C, = A
(ii) 2/ (t) = —Chwsin(wt) + Caw cos(wt).
2(0) = 0= 0+ Cow(l) = 0= Cy = 0.
Particular Solution: z(t) = A cos(wt)

(4) Tt is a solution, but not the general solution. The DE is of order 1, so the general solution must
contain 1 arbitrary constant (e.g., y = 23 + C).

Exercise 04: Verification of Initial Value Problems

(1) For DE 1:

— Derivatives:

Yy =xsinx

y =sinz + zcosx

y' =cosx+ (cosz — xsinz) = 2cosx — xsinx
— Verification of DE:

Substitute into y” + y:
(2cosx —xsinx) + (zsinz) = 2cosz.  (Matches RHS )



— Verification of Conditions:
y(0) =0-sin(0) =0. (OK)
y'(0) =sin(0) + 0- cos(0) = 0. (OK)

(2) For DE 2:

— Derivatives:

y=3e? -2 = ¢ = 6e%.
— Verification of DE:

Substitute into y’ — 2y:

6e2t — 2(3e* —2) = 6e? — 6e?' +4=4. (Matches RHS )
— Verification of Condition:

y(0) =3e® —2=3(1) —2=1. OK

Exercise 05: Separation of Variables

1.

10.

11.

d
P —-2x=0

Separating the variables, we have dy = 2z dz. Integrating, [dy = [2zdz ie. y=2%+c.

% +3y=20

Separating the variables, we have % = —3dz. Integrating, f = [—3dz ie. Iny = =3z + ¢1.
This can also be written as y = ce™>*.

y' (22 +1) =22y =0

The equation can be written as (22 + 1)d—y =2zy or W= 22 (.

Yy 241
: d 2
Integrating, f?y = [ Fqda
ie. Iny=In(z?+1) +Inec.

Thus the solution is y = c(2? + 1).

Va2 +1dy = zydx
dy T

Separating the variables, we have < = dx. Integrating, f = Jamdr e Iny =

v +1+e.

ydr —xdy =0
Separating the variables,

dr _ dy—y. Integrating, Inz =Iny +1nc. ie. x = cy.

(I+wvdu+ (1 —v)udv=0
Separating the variables, 1t%du + 1=2dv = 0 or (1 4+ 1)du+ (1 — 1)dv = 0. Integrating, Inu + u+
lnv—v=c ie. 1n(uv)+u7v*c

14+y)de—(1—2)dy=0

Separating the variables, 1d lcfy = 0. Integrating, — In(1—z)—In(1+y) = ¢;. i.e. (1—2)(1+y) =
c.

(2% —ya*) E +y* +ay® =0

Factorizing: « (1 - y) y*(1+z) = 0. Separating the variables, (ly_gy)dy + (H)dz = 0.
Integrating, —+ —Iny — —~ —|—1nx =c. ie In(z/y) — 1 - % =c.

(y—a)der:EQdy:O

Separating the variables, ‘i—;‘ + ydya = 0. Integrating, —— + In(y —a) =c.

zdt — (12 —a?)dz =0

Separating the variables, tz(itaQ = %. Integrating, ﬁ In (:_—Z) =Ilnz+c.
de _ 14a>
dy — 14?2

Separating the variables, 1_‘@ 5 — 1_‘%2

arctan x = arctany + c.



12. (14 s%)dt —/tds =0
Separating the variables, % = 11552. Integrating, 21/t = arctan s + c.

13. (1+2?)dy — /1 —y2dx =0

Separating the variables, dy

Integrating, arcsiny = arctanx + c.

Vit T e
14. V1 —22dy — \/1 —y2dx = 0. Separating the variables, —%— = —42__ TIntegrating, arcsiny =

Viey2 o Vi-a?
arcsinz + c.
15. (t—y*t)dt+ (y — t2y )dy—O
Separating variables: dt + 5 y >dy = 0. Integrating, — l (1—1t?) -1 5 In(1 — y?) = c1. ie.
(- 2)1 -2 —c.

1t2

Exercise 06: Separation of Variables with conditions

1. 1+e ™)y =e* y(0)=0.
Separating the variables, we have dy = 1j_f%dx
Integrating, [dy = fli%dx
ie.y=—In(l+e*)+ec.
For the particular solution where y(0) =0, i.e. y =0 when x =0, put z =0,y = 0:
0=-In(l+1)+c = c=1In2.
Thus the required solution is y = —In(1 4+ e %) +1n2 or y = In (%)

2. (4z 4+ zy?)dz + (y + 2%y)dy = 0, y(1) =2.
The equation can be written as (4 + y?)dx + y(1 + 2?)dy = 0 or
Integrating, %ln(l +22) + %ln(4 +y?) =c1.
ie. In(1+22)(4+y?) =
Thus the general solution is (1 + 22)(4 +y?) = C.
For the particular solution where y(1) =2, put z =1,y = 2:
1+1)d+4)=C = C=16.
Thus the required solution is (1 + z2)(4 + y?) = 16.

e zda:+4+ sdy = 0.

3. 2zydx + (22 + 1) dy = 0, y(O) =2
Separating the variables, — de + dy =0.
Integrating, In(z? + 1) +Iny = Inec.
ie. y(z?2+1)=c.
For the particular solution where y(0) =2, put z =0,y = 2:
20+1)=¢c = c=2.
Thus the required solution is y(2% + 1) = 2.

4. % 4 3y =8, y(0)=2and y(0) =4.

We have dy/dxz = 8 — 3y so that on separating the variables, m =dzx.
Integrating, —%In[8 — 3y| =z + c.
(') For y(0) = 2:
+In|8 — 6| —O+c = c= fgln2
The solution is — In(8 — 3y) = x — £ In2, which gives y = £(8 — 2¢737).

(ii) For y(0) = 4:
—3In[8 — 12| :0+c = c= —7ln4
The solution is —% In(3y — 8) =  — 1 In4, which gives y = (8 + 4e737).

Exercise 07

1. 2z +y)dxr —axdy=0

To solve the homogeneous differential equation y/ = 22+¥

x

=2+ ¥ we use the auxiliary function
xr

) =2



which implies y = tz and v/ = t'z + t.
Substituting y and %’ into the differential equation, we obtain another differential equation with
separated variables:

/ _ /_2
tr+t=24+t = t = —
x

which can be rewritten as

Integrating, we get ¢ = 21n |x| + ¢.

Finally, we substitute ¢ back as :

y =2In|z|+ ¢ = y=2z2Inlz| + ).
x

2. (22° +y3)dx — 3y’ dy =0
3 3
The homogeneous equation is y' = Qfsz';%’ = W + % Let f(t) = 522 + &.
Using the auxiliary function ¢ = y/x, we have y' = t'x +t.

Substituting, we obtain:

. 2 th Y 2 2t 2113
X = — - = r=—— = ——>=
3t2 3 3t2 3 3t2
which can be rewritten as
32 1
dt = —dz
2(1 —1¢3) T

Integrating, —% In|1 — 3| = In|z| + ;.
Finally, substituting ¢ = y/x and simplifying:

3

B1-yP/})=c = 2® -y =ca.

3 dy __ 5x+4y

©odx 22—y

To solve homogeneous DE: ¢/ = 52+_4((yy/;)), let f(t) = 3L,

Using ¢t = y/x, we have y' = t'x + t.
Substituting y and y':

Vot — 5+ 4t e S+dAt—t(2—t) _ t2+2t+5

2—-1 2—-1 2—-1

which can be rewritten as
2—t gt 1 d
" dt= —dx
t24+2t+5 T
For the left-hand side, complete the square: t? + 2t + 5 = (t + 1)? + 4. Substitute u = ¢ + 1, then

2—t=3—u:

_ 1
/;Jdu::&/ du / u du=§ar‘3tang—§ln(u2—|—4)+0_

+4 w244 Juz+4a 2 2

Back-substituting v = ¢ + 1 gives

2 ¢ 3 tr1lo1
_ = — —71 2 .
/t2—|—2t+5dt 2arctan 5 2n(t +2t+5)+C

The right-hand side integrates to In|z| + C. Hence the implicit solution is

3 t+1 1
3 arctan —; -5 In(t? + 2t +5) = In|z| + C.

Finally, we substitute ¢ back as £ after integration.
d
4. ¢+ 322y = 622

(a) Compute the integrating factor: u(z) = e/ So’dw — ga®



(b) Multiply the equation by u(x): e$3% + 3x2e$3y = 62e%".
(c) This simplifies to: %(eﬁy) = 622"’
(d) Integrate: e’y = [ 6a2e* dz + C.
Let u = 23, then du = 3x2dx. The integral becomes [ 2etdu = 2¢*° + C.
(e) Solve for y: y = %(26‘”3 +C)=2+ Ce ",

e.’l‘
5. ¢ +2zxy=1

a) Compute the integrating factor: pu(z) = e/ 22d* = e’

(
(b) Multiply the equation by u(x): ey + 2re® y = e,
(c) This simplifies to: %(6362:1/) =’
(d) Integrate: e’y = [ dz+C.

)

(e) Solve for y: y = e%(f edr+C) = e [ dr+ Ce .

6. x% — 2y = x3 cos4x
First, divide by x to get the standard form % + P(x)y = Q(x):

d 2
d—y — Zy =22 cosdx
x  x
(a) Compute the integrating factor: pu(z) = e/ ~ 740 = ¢=2Imz — ;=2
(b) Multiply the equation by u(z): x_Q% — 2273y = cos4x.

)

)
(¢) This simplifies to: - (z~%y) = cos 4z.
(d) Integrate: z =%y = [cosdadx + C = }sindx + C.
)

e) Solve for y: y = 2%(3sindx + C) = 122 sinda + Cz2.
1 1

Exercise 08 : Solutions of Linear First-Order Differential Equations-
Variation of Parameters (First Method)

1% — g =t 422

) dx
e Homogeneous solution: P 0 = x, =Ceé'.

e Particular solution: assume z,, = u(t)e’. Then x/, = u'e’ +ue’. Substituting: u'e’ = t+2t* =
o' (t) = (t+2t%)e .

e Integrate u'(t) using the tabular method (differentiate the polynomial, integrate e~*):

Differentiate (¢ 4 2¢?) | Integrate e™* | Sign

2% + ¢t et +
4t +1 —e7t —
4 et +
0 —et —

Multiply diagonally and sum with the signs:

u(t) = (22 +t)(—e") — (At+1)(e") + @(—eH+C
= —e "2 +t+4t+1+4)+C
=—e (22 +5t+5)+C.

e Hence the particular solution is 2, = u(t)e! = —(2t* + 5t + 5) + Ce’. The constant C' merges
with the homogeneous constant.

e General solution: z(t) = Ce! — (2t% + 5t + 5).



dx
2. = Atz =1t3
a7

d d :
e Homogeneous solution: d—f 4tz =0 > L —4tdt = In o] =22+ C = x) = Ce’.
x

e Particular solution: assume z, = u(t)e% . Then ), = W' 4+ u-4te?” . Substituting into the
original equation:
2 2 2 2
u'e® 4 dtue®” — dt(ue®®) = u'e* =13,
so u/(t) = t3e 2"

e Integrate u/(t): let s = t2, then ds = 2tdt and t3dt = t? - tdt = s - & = £ ds. Hence

1
u(t) = /t36_2t2 dt = /%6_23 ds = 5/86_28 ds.

Now integrate [ se~2% ds by parts (or use tabular method):

Differentiate s ‘ Integrate e~ 2 ‘ Sign
s e 2" +
1 _%6—23 _
0 ie—2s +

Multiplying diagonally:

1 1 S 1
_2s _2s _2s _2s _2s
e =s|—xe —11(-e +0=—=e""— -+ C.
/8 ds=s ( ) ( ) 0 C

Thus
1 1 1
U(t) _ 5 (—86 25 4628> +C _ —76728 o ge 2s +C
Back-substitute s = ¢
0 =—2(E4 e
u(t) = —e — 4=
4 8
e Hence the particular solution is
21
Ty = u(t)€2t2 = — <4 + 8) + Ce2t2.
The constant C' merges with the homogeneous constant.
e General solution: z(t) = Ce?’ — %ﬁl.
d
3. Y 43y =52212
dx
e Homogeneous solution: e +3y=0 = < =-3dx = Inly|=-324+C = y, =Ce "
€T Y

3z 3z

e Particular solution: assume y, = u(z)e”
the original equation:

. Then y;, = u'e™3" — 3ue™*. Substituting into

w'e 3% — 3ue 3% 4+ 3ue 3 = u'e 3% = 5a? + 2,

so u'(x) = (5a? + 2)e32.

e Integrate u’(x) using the tabular method (differentiate the polynomial, integrate e3%):

Differentiate (52% + 2) | Integrate ¢3” | Sign
522 +2 e3® +
10z % -
10 (’? +
0 % — (not needed)



4.

dy

Multiply diagonally and sum with the signs:

/(533 +2)e% dg = (522 + 2) ( ;f) _ (102) (63;) +(10) (e;:) e

52 +2 lx 10
) +C

+C

9(5z2 + 2) —303:+10)

+C

+C.

- (%5
- ("
(4590 + 18 SOx + 10>
|

4522 — 3033 + 28)

Hence

4522 — 30 28

Then the particular solution is

4522 — 30z + 28

—3z
57 + Ce™°%,

Yp = u(ﬂn)e_:ﬂj =

The constant C' merges with the homogeneous constant.

General solution:
n 4522 — 30z + 28

y=yn+yp,=Ce > 5

(Equivalently, y = Ce 3% 4 222 — Lz 4 28))

—= —2xy =¢€* *sinz

dzx

dy

Y

dy

d
Homogeneous solution: d—y —2ry=0 = = =2zxdx = Inly|=2>+C = y, = Ce*”
€L Y

. . 2 2
Particular solution: assume y, = u(x)e” . Then y, = uv'e” +u - 2ze
original equation:

/ .’Ez $2 ./Ez ! .’E2 .'Ez 3
u'e” 4 2zue” —2x(ue® ) =u'e® =e” sinw,
so u/(z) = sinz.
Integrate u'(x):

u(z) = /sinxdw = —cosz + C.

Hence the particular solution is
2 2 2
yp = u(z)e® = (—cosx)e® + Ce”
The constant C' merges with the homogeneous constant.

General solution: ,
xT

a? Substituting into the

Y=yn+typ= Ce® — e* cosa :eI2(C—cosx).

Inx
x
d 3 1
Rewrite in standard form: -2 + —y= e
dr =z x3
dy 3 d 3
Homogeneous solution: —= + —y =0 = Yo i = ly]
de «x Y x
C
-3 _

= 3lnz|+C = y, =



e Particular solution: assume y, = u(z) - 2. Then

Substitute into the original equation:

u 3u +3(’LL)_’U/_1H$
x3  xt x\z3/) a3 23’
so u'(z) =Inx.
e Integrate u/(z):

u(zx) = /lnxdx =zlnz—z+4C.

e Hence the particular solution is

B 1 zhz—2z C Ihz-1 C
yp—u(m)E—T+ﬁfT+f
The constant C' merges with the homogeneous constant.

e General solution:

C lnz-1
Y=Ynt¥p= 3+ —5
d
6. —y+ytanaﬁ:sec3x
dx
. dy dy
e Homogeneous solution: d——f—ytanx:O = — = —tanzdx = Inly| =In|cosz|+C =
x y

yp = C cosx.

e Particular solution: assume y, = u(x)cosx. Then y;, = u’'cosz — usinz. Substituting into
the original equation:

. . sinx
u' cosx —usinx + (ucosz)tanr = u' cosz — usinx + ucosx - —— = cosz = sec’ z,
cos
, sec® 4
so u/(x) = =sec*x
cosx

4

e Integrate u/(z) = sec*z. Use the identity sec*z = (1 + tan?x)sec?z. Let t = tanz, then

dt = sec? x dzx, so

tan®

t3
u(x):/sec4xdx:/(1+t2)dt:t+§+C:tanx+ +C.

e Hence the particular solution is

3 3

sin® x
3 + Ccos x.
3cos? x

tan” x .
yp = u(z) cosx = <tanx+ )cosx—l—Ccosx:Slnx—i—

The constant C' merges with the homogeneous constant.

e General solution: 3
sin” x

Yy=yn+yp,=Ccosz +sinz + S0l 1

d
7. (1+ x2)£ + 20y = 423

e Rewrite in standard form: divide both sides by 1 + z:

dy 2z 43

daz+1+x2y:1+m2'




d 2
e Homogeneous solution: el + v y = 0. Separate variables:
de 1422
dy 2z C
-y =1 =-—In(14+22)+C = y, = :
L= de 5 Iyl = —I(40%) +C = =
. : u(x) ) )
e Particular solution: assume y, = T2 Then differentiate:
x
, w142 —u- 22
T T a2y
Substitute into the original equation (in standard form):
' (14 2?) — 22u 2z w o 4a?
(1+22)? 1+22 1422 1422
. 2zu . .
The second term on the left is ————, so it cancels with the —2xu term:
(1+ 22)?
u' (14 2?) 43 u’ 423

= = = .
(1+22)2 14 a2 1+22 1422
Thus u'(x) = 423.

e Integrate u'(x):

u(x) = /4x3 de = 2" 4 C.
e Hence the particular solution is

ou(z) xt n C
T 1422 1422 1422

Yp

The constant C' merges with the homogeneous constant.
e General solution:
xt 4+ C

C
y:yh+yp:1+x2+1+x2: 1422

(Note: /(1 + x2) can be simplified by polynomial division: % = (22 — 1)(1 + z2) + 1, so

y=x2—-1+ 11152 The constant C' is arbitrary, so we may write y = 22 — 1 + H%)
8 dz n 2z i
. — + — = cos
dt t
d 2 d 2 C
e Homogeneous solution: d—g; + 7%= 0= &= 5 dt = Injz|=-2Int|+C = z,= e
x

u(t
e Particular solution: assume x, = TRl Then

,  u 2u

Substitute into the original equation:

v 2u 2 uw oW

2 BT TR

|
\
[
Q
[}
w0
\.C‘F

so u/(t) = t? cost.

e Integrate u'(t) = t? cost using the tabular method (differentiate t2, integrate cost):

Differentiate t2 ‘ Integrate cost ‘ Sign

t? sint +
2t —cost —
2 —sint +
0 cost —



Multiply diagonally and sum with the signs:

u(t) = (t*)(sint) — (2t)(— cost) + (2)(—sint) 4+ C
=t%sint + 2tcost — 2sint + C.

e Hence the particular solution is

_u(t)  t*sint+ 2tcost — 2sint
Tp = 2 12

e General solution:

dy Yy

+t—:sint+

. 2cost
x:xh—i—xp:t—z—l—smt—i—T—

. = 1)2e”
de  x+1 (w+1)%
d 1 d d
e Homogeneous solution: el + =0 = d *
de  x+1 Y r+1
_C
=TT
e Particular solution: assume y, = (z) . Then
rz+1
u/
Yp =

Substitute into the original equation:

u' U 1 U

$+1_($+1)2+$+1.$—|—1:1‘—|—1:

sou'(z) = (z +1)%e".

2cost 2sint  C

t 2 T

2sint

t2

= lnjyl=-lnlz+1+C =

e Integrate u/(z) = (z+1)3e~% using the tabular method (differentiate (x+ 1), integrate e~%):

Differentiate (z + 1)® | Integrate e=” | S

(x+1)°

3(x+1)?

6(z+1)
6

Multiply diagonally and sum with the signs:

ign
_|_
_|_

u(z) = (z+1)°(=e™®) = 3(x +1)*(e™") + 6(z + 1)(—e™*) = 6(e™") + C
=—e "[(z+1)*+3(x+1)>+6(x+1)+6] +C.

e Hence the particular solution is

—T

u(r) e
r4+1 z+1

Yp =
Simplify the polynomial fraction:

(x4+1)34+3x+1)?+6(x+1)+6
z+1

Thus

6
Yp=—¢ " [(x+1)2+3(x+1)+6+ —r7

[(x+1)3+3(x+1)2+6(x+1)+6}+L.

z+1

6
=@+1)*+3@+1)+6+—:.

z+1

c

xz+1 +x+1'

The constant C' merges with the homogeneous constant.

10



e General solution:

6
e (:c+1)2+3(;c+1)+6+x—

Y=Yn+Yp = 1

r+1

Equivalently, combining the terms with denominator x + 1:

C—6e " . 9
d
10. —y+ycotx:2xcscx
dx
. dy dy .
e Homogeneous solution: d——i—ycotx:O = 2 =—cotzdr = Inly|=—In|sinz|+C =
x y
C
Yn = — = Cecscux.

sin x

e Particular solution: assume y,, = u(x) cscz. Then y;, = u’ cscz —ucscz cot . Substitute into
the original equation:

u' cscx —ucsczcotz + (ucscx) cotr = u' cscx = 2xescx,

so u'(z) = 2x.
o Integrate u'(x):

u(z) = /Zxdx =22+ C.
e Hence the particular solution is
yp = u(x) cscx = (2% 4+ C) cscx.

The constant C' merges with the homogeneous constant.

e General solution:
y=1yn+y,=Ccscr+r’cscx = (2> + C)csca.

d 1 d d d d
e Homogeneous solution: Y y=0 = & or Integrate: /—y :/ T Let
dr xlnx Y rlnzx Y rlnzx
d
u = Inz, then du = 4, so/—u =In|ul =In|lnz|. Thusln|y| =In|lnz|+C = y, =Clnx.
u
e Particular solution: assume y, = u(z)Inz. Then

u
y, =u'Inz + —.
x

Substitute into the original equation:

1
(ulnz)=u'lnz = —

1
WInz+ L 39

rz xlnx T

1
’ _ ]
so u'(z) ey

e Integrate u/(z):

dx
u(x) :/736211133 +C

This integral cannot be expressed in elementary functions, so we leave it in integral form.

dx
= 1 .
Yp (/lenx+0> ne

The constant C' merges with the homogeneous constant.

e Hence the particular solution is

11



e General solution:

dx
y:yh—l—yp:Clnx—l—lnx/Qi.
z?lnx
d
12. ¥ 44y — 3¢71% 4 25in 2z
dx
: . dy _ dy o _ _ —4dx
e Homogeneous solution: e +4y=0 = < =—-4dx = Inly|=—-42+C = y, =Ce *".
x y
4z 4z

e Particular solution: assume y, = u(z)e”
the original equation:

. Then y), = u'e™** — due™**. Substituting into

we ™ — due™ 4 due™ = /e = 374 4 2sin 2z,

so u'(x) = 3 + 2e*® sin 2.
e Integrate u'(x):

u(z):/3dz+2/e4msin2md:r+c.

e* (asinbx — bcos bx)

The first integral is 3z. For the second, use the formula / e sinbx dr =
witha =4, b= 2:

a® + b2

/ 12 G 90 d el®(4sin2z — 2cos2x) e (4sin2z — 2cos2z)  e'®(2sin2x — cos 2x)
e sin 2z dw = = :
42 22 20 10

Hence

e*®(2sin 22 — cos 2) L O3t e1®(2sin 22 — cos 2)

u(z) =3z + 10 3

+C.

e Then the particular solution is

el (2sin 22 — cos 2)
5

2sin2x — cos 2z

5 +Ce 4,

Yp = u(x)e 1 =" (395 + + C) = 3ze 14

The constant C' merges with the homogeneous constant.

e General solution:

2sin 2x — cos 2x 2sin 2x — cos 2x

Y=yn+yp= Ce ™ 4 3pe™ 4 =e Br+C) +

5 5
d
13. td—f Yz =et
d 4 t
e Rewrite in standard form: @ + -z = 6—.
dt t t
d 4 d 4 C
e Homogeneous solution: 0= 2o Ca = Injz| = —-4ln|t|+C = =z, = —.
dt t T t t4

u(t
e Particular solution: assume z, = T Then

,  u du

xp—t47t75.

Substitute into the standard form:

v 4w 4w W €

HoE AT A

so u'(t) = t3et.

12



e Integrate u'(t) = t3e! using the tabular method (differentiate t3, integrate ef):

Differentiate t3 | Integrate e? | Sign
3 et +
3t2 et -
6t et +
6 et -
0 et +

Multiply diagonally and sum with the signs:
u(t) = t3e’ — 3t%e! + 6te! — 6e' + C
e'(t3 — 3t* 4+ 6t — 6) + C.
e Hence the particular solution is

u(t) et =32 +6t-6) C

SCp:

t4 t4 * 4
The constant C' merges with the homogeneous constant.

e General solution:

C  el(t3—3t2+6t—6) C+e'(t3—3t> + 6t —6)
x::ch+:cp:t—4+ A = A .

d
14. d—f — (2cot 2t)x = cost

d d
e Homogeneous solution: d—i —2cot2r =0 = - =2cot2tdt = In|z| =1In|sin2¢|+C =
x
xp, = Csin 2t.

e Particular solution: assume x, = u(t)sin2¢t. Then

:1:;9 = sin 2t + 2u cos 2t.

Substitute into the original equation:

cos 2t
u’ sin 2t + 2u cos 2t — 2 cot 2t (usin 2¢) = u’ sin 2t + 2u cos 2t — 2u— " sin 2t = u' sin 2t = cos't,
sin
, cost
so u (t) = .
®) sin 2t

e Simplify using sin 2t = 2sint cost:

u'(t) = cost 1 _ —csct
" 2sintcost  2sint 2 '
o Integrate u'(t):
1 1
u(t) = i/csctdt = iln\csctfcotﬂ + C.

e Hence the particular solution is
. I .
xp = u(t)sin2t = 5 sin 2t In|csct — cot t| + C'sin 2t.
e General solution (absorbing the constant into C):
: L. . 1
r=ux,+x, =Csin2t + B sin2t In|csct — cott| =sin2t [ C + §1n|csct —cott| | .
d
15, 4 670 = 7 4207

13



d d .
e Homogeneous solution: d—;ﬂ Y62z =0 = L= _62dt = Injz| = 23 +C = ), =
x

Ce 2",

e Particular solution: assume x, = u(t)e=2t". Then
T, = we 2 4y (—6t2)6_2t3.
Substitute into the original equation:
w'e " — 6t2ue’ 4 6t2ue 2" = w'e 2" =12 4 217

so u/(t) = (£ + 2t5)e?t”.

e Integrate u/(t). Let w = t3, then dw = 3t? dt and t? dt = dw/3. Also t5 = t3 -t = w-t?. Then

u(t) = /(t2 +2t5)e2” dt = /thQtS dt +2 / 52" dt.

d 1 ] 1,
/t2€2t3dt: /eQw?w _ §/e2wdw: 66211)7
/t‘r’ezt3 dt = /we%’d?w = %/wem dw.

Using integration by parts or the tabular method:

In terms of w:

w 1
/wezw dw = 5627”” — 162“’ + constant.

Thus

1 /w 1 w 1
9 t52t3dt:2-f Pe2w _ —2w) _ Y 2w _ 2w
/ c sl2¢ 4° 39 76"

Combining with the first term:

_12w W o 12'w _
u(t)—ﬁe —|—3e G¢ +C—3 3

e Hence the particular solution is

t3
Ty = u(t)e_%3 =3 +Ce 2,

The constant C' merges with the homogeneous constant.

e General solution: s
t
=z, + 2, = Ce2t + 3

Exercise 08: Solutions of Linear First-Order Differential Equa-

tions -Integrating Factor (Second Method )
L9 g =¢+2¢

e Compute the integrating factor: u(t) = e/ ~19t = ¢~

e Multiply the equation by p(t): e t4 — ety = (t 4 2t%)e .
e This simplifies to: 4 (e~‘z) = (t + 2t2)e".
e Integrate: e ‘xw = [(t+2t%)e tdt + C = —(2t> + 5t +5)e '+ C.

e Solve for x: x = —(2t2 4 5t + 5) + Ce’.
2. 9 —dtx =13

— o) —Atdt _ o—2t°

e Compute the integrating factor: u(t) e

14



©dx

e Multiply the equation by p(t): e=2" dr dte=2 g = 3e72t",

e This simplifies to: %(6_%21‘) = 372",
o Integrate: e 2z = [ 32" dt + C = —3(2* + e 2" 4 C.

e Solve for z: & = —3t* — § + Cce?t”.
3. L 4 3y =522 42
e Compute the integrating factor: u(z) = e/ 3% = 37,
e Multiply and simplify: %(e?””y) = (522 + 2)e3*.
e Integrate:

3z, 2 3z _ i 3x 2

ey = [ (5z* +2)e dw+C—27e (45x% — 30z + 28) + C.
e Solve for y:

4522 — 30z + 28
y=——F —+

—3z
5 Ce™%,

dy — % g
- 9n —2zy=e” sinx

e Compute the integrating factor: pu(z) = e/ ~27d = e,
e Multiply and simplify: %(e‘xz y) = sinx.
e Integrate: e‘”’zy = —cosx + C.

e Solve for y: y = 612(0 —cosx).

dy —nz _ dy 4 3, _ Inz
: xdx+3y7 dz—’_my* 3

2 T

e Compute the integrating factor: u(z) = ef 2dv — 43,

e Multiply and simplify: %(m‘gy) =lnz.

e Integrate: 23y = xlnz — z + C.
Inz—1 + C

2 3"

e Solve for y: y =

dy _ 3
. gy tytanz =sec’x

e Compute the integrating factor: p(z) = el tanwdz — goc g,
e Multiply and simplify: - (ysecz) = sec’ z.

e Integrate: ysecx = tanz + %tan‘3 z+C.

e Solve for y: y =sinz + £ sinz tan®z + C cos .

3
(12?4 2y = 42® = %Jrlizgy:—l‘fﬂ

e Compute pu(x) = of TP — 1 4 g2,
e Simplify: L ((1 4 2?)y) = 423
o Integrate: (1+2%)y =az*+C.

2t C
1422 °

e Solve for y: y =

dx 2r __
- dr —I—chost

e Compute u(t) = ef 74t = ¢2.
e Simplify: 4 (t%z) =t cost.

o Integrate: t2x = t%sint + 2tcost — 2sint + C.

2cost _ 2sint + t%

e Solve for x: z = sint + ==+ +2

dy + :cil»l — (1._'_1)26793

15



e Compute pu(z) = e/ T =g 1

o Simplify: L ((z+1)y) = (z+ 1)%e72.
e Integrate: (z + 1)y = —(2® + 622 + 152 + 16)e % + C.

Cf(m3+6:1:2+15cv+16)e_m
x+1 :

e Solve for y: y =

dy —
. 9o tycotr =2xcscx

e Compute u(z) = el @ — gin g,
e Simplify: %(y sinx) = 2.
e Integrate: ysinz = 2% + C.

e Solve for y: y = (22 + C) csc .

dy _ _y _ L
©odx rlnx ~ x2
e Compute p(z) = e —Fmmde — ﬁ
e Simplify: d%(ﬁ) = o1—.
e Integrate: £ = [ —"1—dx+C.
e Solve for y: y = Ina(f —j—dz + C).

ot Ay = 3e~4 4 25in 2x

e Compute the integrating factor: p(z) = e/ 44* = e,

e Multiply the equation by p(z): €4I% + de*y = 3 + 2e** sin 27.

This simplifies to: d‘i (e4xy) = 3 + 2e** sin 2x.

T

e Integrate:

1
e4my=/3dx+2/e4zsin2xdx+C’=3a:+5641(28in2x—c082x)+0

Solve for y:

y = 3we™ " + —(2sin 22 — cos 2x) + Ce™ 7.

o] —

dz — ot de | 4, _ ¢
.tdt—|—4x—e = G tiz=1%5

e Compute pu(t) = t*.

e Simplify: 4 (zt*) = t3et.

e Integrate: xt* = (¢3 — 3t% + 6t — 6)e! + C.
= (t3—3t2+§3i—6)et+0.

e Solve for x:

.4t — (2cot 2t)x = cost

e Compute pu(t) = e ~2e0t2tdt = _1_
: . d T _ cost _ 1
* Slmphfy. dt(sin 2t) T 2sintcost ~ 2sint’

e Integrate: 2~ = 1In|csct — cott|+ C.

e Solve for z: z = sin2¢t($ In | tan(t/2)| + C).
C %4 6tPr =t 2t°

e Compute p(t) = €2’

e Simplify: %(me%s) = (12 4 26%)e?”

e Integrate: ze?t” = %62# + %tsezﬁ - %thS +C = %t362t3 +C.

e Solve for z: = = %tS +Ce 2t
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Exercise 09: Solution of a Differential Equation Reducible to
Homogeneous Form
1. Qy—Tz+7)dx — 3z —Ty—3)dy =0

e Rewrite as g—g = gi:;ﬁf; Check ae — bd = (—7)(—7) — 3-3 = 40 # 0 — intersecting lines.

—T7rz+3y+7=0
3r—Ty—3=0

Find intersection: solve { = (x0,90) = (1,0).

3Y -7X
3X-7Y

Translate: X =z — 1,V =y — 94X = (homogeneous).

2
Substitute Y = vX: v+ Xdv = 3v=7 _, ydv _ 7?7;}”.

3 . 3=Tv _ dXx : : 3=Tv _ _ 2 _ _5
Separate variables: ToT=1) dv = %=. Use partial fractions 275 = — =5 —

[

Integrate: —2Injv —1| = SInfo+ 1| = [X[+C — X (v — 1)*(v + 1)° = C1.
e Back-substitute v =Y/X, X =2 — 1, Y = y and simplify:

(x1)7<xg11)2(x21+1>501

S y—z+1)2%(z+y—-1)5=C.

2. (z4+2y+1)de— (2x+4y+3)dy =0

e Rewrite as 2% = 2+2u+1

de = 2z14yi3- Compute ae —bd =1-4 —2-2 =0 — parallel lines.

d d d 1(d
o Letu=x+2y. Then % =1+2%¥ — F=1(%-1).

: D1 (du _ utl du _ 2(u+1) _ 4utb
o Substitute: 5 (7 — 1) = 5355 = & =1+ 55 = 5us-

e Separate variables: iZig du = dz.

o Integrate: [ 3“2 du = [dz. Note 352 = J + m, so [ = 3u+ g In|du+ 5|

e Thus fu+ tIn|du+5| =z +C.
e Back-substitute u =z + 2y: 1(z +2y) + £ In|4(z + 2y) + 5| =z + C.

e Multiply by 8: 4(z+2y)+1In|[dx+8y+5| =8x+C" — 4a+8y+1In|de+8y+5| =8z +C’
= 8y—4z+Inldz+8y+5|=C".

e Final implicit solution: ’ 8y—4dr+Inldz+8y+5 =C ‘

3. (z+2y+1)de — (2 —3)dy =0

e Rewrite as ¥ = z+2u+l
dx 2r—3

. Compute ae —bd =1-0—2-2 = —4 # 0 — intersecting lines.

r+2y+1=0
20 —3=0

[}
ot

Find intersection: solve { — Xo = %7 Yo = —

Translate: X = x — %, Y=y+ g — % = X;}?Y, which is homogeneous.

Substitute ¥ = vX: erXj—)”( = 1+22” = % +v = Xj—;} = %
Separate variables: dv = 5% dX = integrate: v = In|X|+ C.
e Back-substitute v =Y/X: Y = X (1 In|X|+C).

Return to z,y: y+ 2 = (z — 3) (%hl‘a?—%‘—&—C).

1
e Final solution: |y = <x§> (2ln xfg +C’) 72,
4. (x4+y—2)de+ (x—y+4)dy=0
e Rewrite as % = —iijri Herea = -1, b= -1, c=2,d=1,e = —1, f = 4. Compute

ae —bd = (=1)(=1) — (=1)(1) =14+ 1 =2 # 0 — intersecting lines.
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Find intersection: solve {x ty-2=0 — x9=—1, yo = 3.
r—y+4=0

Translate: X =2+ 1, Y =y—-3 — g—}; = §+Y which is homogeneous.

Substitute Y = vX: v—i—X%’( = —%fz = Xg—)“( = —ﬂ'f} —v= %

Separate variables: — 15” 7 dv = %.

Integrate: note that -4 (v?—2v—1) = 20—2 = —2(1-0), s0 [ 5%~ dv = —1In[v?—20—1|.
Thus —3Infv? —=2v—1| =In|X[+C = |’ —2v—1| = 2In|X|+C' = *-2v—-1=
KX~2
Back-substitute v = Y/X: ¥, —2¥ — 1=K — multiply by X% Y? - 2XY - X2 = K.
Retuntoz,y: X =24+1,Y=y—-3 = (y—3) -2+ 1)(y—3)— (z+1)?=C.

(y—3) -

(z+1)? C‘

Final implicit solution: ’ (y—3)* =2(x+1)(y —

5. 2z —3y+4)dr+ Bz —2y+1)dy=0

. @__2x73y+4_ —2x+3y—4 _ _ _ _
Rewrite as 52 = 3eo0tT = 3o 9yil .Herea=-2,0=3,c=—-4,d=3,e=-2, f=1.

Compute ae —bd = (—2)(—2) — (3)(3) =4 —9= -5 # 0 = intersecting lines.
—2z+4+3y—4=0
3z —2y+1=0

Translate: X =z —1,Y =y —2 = 9% = 22X

Find intersection: solve { = (20,%) = (1,2).

which is homogeneous.

. _ . dv _ —243v dv _ =243v _ , __ 2(”2_1)
Substitute Y = v X: v+ XI5 = 555 — XJg = 57500 —v = S5~

Separate variables: 55_2’1’ dv = % dX.

Use partial fractions: 272% = 2(v£1) — 2(1]‘11)-

Integrate: f(ﬁ—ﬁ)dv:2f% = fhnjv—1]-2Injv+1|=2h|X|+C.

Multiply by 2: Injlv — 1| =5lnjv+ 1| =4ln|X|+C; = In|%=
= KX*, where K = 4¢%1.

:1D|X‘4+Cl —

(v+1)

Back-substitute v = V/X: gty = KX1 = Y2X. X0 = KX1 — =5 =K.

Returnto z,y: X =2—-1, Y =y—-2 = % K = ﬁ—[(.

Final implicit solution: ’y —2—1=C(z+y—3)°|(with C an arbitrary constant).

2y+5)der — 2z —y+4)dy=0

Rewrite asg— = ggﬂzgii Herea = 1,b= -2, ¢c=5,d=2,e = —1, f = 4. Compute

ae—bd=1-(-1)—(-2)-2=-14+4=3+#0 = intersecting lines.

r—2y+5=0

— s :—172.
2 —y+4=0 (w0,30) = (=1,2)

Find intersection: solve {

Translate: X =2+ 1,Y =y -2 = % = g(X_f)’f, which is homogeneous.

. — — 27
Substitute Y = vX: v+ Xdv = 12v — xdv — 123v o) — vodutl

mdv_ﬂ Note 2 —v = (’U—2)

Let u = v? —4v+ 1, then du = (20 — 4)dv = 2(v — 2)dv = (v —2)dv = %. Thus

2
_ (v—=2) _ldu
dv = T uZs 4v+1dv - 2 u "

Separate variables:

1)2 4v+1
Integrate: —3 nju| =In|X|+C = In|v®>—dv+1| = 2In|X|+C; = v®—dv+1 =KX 2.

Back-substitute v = Y/X: ¥, —4¥ 4 1= £ — multiply by X2 Y2 —4XY + X? = K.
Retuntoz,y: X =2+ 1, Y =y—2 = (y—2)?-4@z+1)(y—-2)+(z+1)?=C.
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e Final implicit solution: |(y —2)* —4(z +1)(y —2) + (z + 1)* = C |

7. (+y+1l)de+ (2r+2y+1)dy=0

e Rewrite as % = —2§f2/;i1' Here a :.17 b=1,c=1,d=2,e =2, f = 1. Compute
ae—bd=1-2—-1-2=0 = parallel lines.
e letu=o+y = L=14% — D_du_
. d — +1 du _ +1 _ 2utl—u—1 __
e Substitute: 7 —1=—g15 — & 172“%_17 T f2u1f~_1.

e Separate variables: 2““ du =dr = (2 5) du = dzx.
o Integrate: 2u+1In|u| =z + C.

e Back-substitute u =x +y: 2(x +y)+lnjlz+y|l=2+C = 2z+2y+hnjz+yl=2+C
= z+2y+Injz+yl=

e Final implicit solution: ’ r+2y+hnjz+yl=C ‘

8. Bzx+2y—5)der—(2x+3y—5)dy=0

ORewrlteaS%:§i+§y g Here a =3, b =2,¢c=—-5,d =2,e =3, f = —5. Compute
ae—bd=3-3—-2- 2—9 4—57&0:1ntersect1nghnes

3z4+2y—5=0

== (2o, =(1,1).
sy = o) =01

e Find intersection: solve {

e Translate: X =2 -1, Y =y—-1 = % = g§i§§’ which is homogeneous.

. v dv _ 3420 dv _ 3420 . _ 3(1—v?)
o Substitute Y =vX: v+ XJ5 =950 — Xx =905 — V=55,

e Separate variables: 3(21+3”) dv = %,

. . 243 5/2 1/2 243 5 1
e Use partial fractions: 52§ = 111} - 1_{_1} = 3Gy = G0ow) — B

o Integrate: f(ﬁ(%_v) 6(1+v )dv—de = —2ln[l—v|—}thn|l+v]=h|X|+C.

e Multiply by 6: —5In[1—v|—In|1+v| =6In|X|+C; = In (|1 —v| 5|14+ v[7') =In|X|*+Cy
= X' - Pl 4| =

e Back-substitute v = Y/X: [X[0| 32X " [ XY | = K — |X|6‘ﬁX|{‘ P =X - YPIX +
Y|=K

e Retuntoz,y: X=2-1,Y=9y-1 = |- -@w-DPle-1D+@y-1)|=K =
o —yPle+y -2/ =K

e Final implicit solution (absorbing sign into constant): ‘ (z—y)°(x+y—2)=C ‘

9. de—y+T)de+(xr+3y—2)dy=0

. dy _ _ 4x—y+7 _ —dzty— 7 _ _ _ _ _
e Rewrite as ;% = — T2 = 13- Herea=-4,b=1,c=-7,d=1,e=3, f = -2.

Compute ae —bd = (—4)-3—-1-1= —12 —1=-13#0 = intersecting lines.

e Find intersection: solve {_456 ty—7=0 = (z0,y0) = (—%, %)
r+3y—2=0

e Translate: X = x + 137 Y=y— % = % = _}?f;YY, which is homogeneous.

e Substitute Y = vX: v —I—Xd—” = If??;) = X;—;’{ = % —v= —31"+2;)rv4.

e Separate variables: 3 ti@i dv = —%.

e Integrate left side: [ 31"51”4 dv = ‘6f arctan(‘/g”) + 3 In(302 + 4).

e Thus farctan(\/g“) +1In(3v? +4) = —In|X| + C.

e Multiply by 2: farctan(‘[ ) +In(3v2 +4) = —2In|X| + C;.

19



Back-substitute v = Y/X: In (3 > + 4) + f arctan(‘f—X) =2In|X|+C; = In(3Y?+
3y
4X?) + % arctan(‘g—x) = (.

e Returntoz,y: X = m—}—ig, Y = —% == ln(S( — %)2 +4(m + %)3—}—@ arctan(%) =
13
C.
2 2 15
15 19 3 3ly— 13
e Final implicit solution: |In (3 (y — 13) + 4(3: + 13) ) + % arctan(M) =C\|
10. (x—y)de+ (z+y+2)dy=0
e Rewrite as g;’ =—chz = ;fyf:g Herea=-1,b=1,¢c=0,d=1,e=1, f = 2. Compute
ae—bd=(-1)-1—1-1=-2+#0 = intersecting lines.
_ =0
o Find intersection: solve { Ty = (%0, %) = (—1,—-1).
r+y+2=0
e Translate: X =z +1, Y =y+1 = % = _)g(jyy = §+Y, which is homogeneous.
e Substitute Y = vX: v+ X4 = Zﬁ = X = Z_T_} —v= *11;:”1 .
e Separate variables: f’jlz dv = % == (ﬁ + H%) dv = —%.

Integrate: §In(1+ v?) + arctanv = —In|X| + C.
e Multiply by 2: In(1 + v?) + 2arctanv = —21In | X| + C;.

e Back-substitute v = Y/X: In (1 + 3/(—2) +2arctan (¥) = —2In|X|+ C; = In (X +Y2) +
2arctan (%) = —2In|X|+ C; = In(X?+Y?) —2In|X| + 2arctan (%) = —2In|X|+ C;
= In(X?+Y?) + 2arctan (%) = C).

1
e Retuntoz,y: X =2+1,Y =y+1 = ln((a:+1)2+(y+1)2) +2arctan<yil> =C|
x

11. (z4+y)de+(x—y+2)dy=0

. Z—Z = —wft_-’{_z. Herea = -1, b=-1,¢=0,d=1,e = —1, f = 2. Compute ae — bd =
(-1)(-1) = (-1)(1) =14 1=2#0 = intersecting lines.
. r+y=0
e Intersection: == (z =(—-1,1).
{x—y—i—Q:O (z0,90) = (-1,1)
e Translate: X =2z+1, Y =y—-1 = % = §+Y homogeneous.
_ ) dv _ _ 1+ dv _ _ 14 _ 1+
o Y =0vX: U+X—”7—1_Z . Xdi)%**l—z ,vifﬁ'
e Separate: 1+1}}2 dv = dTX == (H-% — H_Uz)d’l)* TX

e Integrate: arctanv — 1 In(1+v?) = —In|X| + C.
e Multiply by 2: 2arctanv — In(1 +v?) = —2In|X|+C; = In 1+” = 2arctanv — C; =
X262arctanv — K(l +U2).

e Back-substitute v = Y/X: X2e2arctan(Y/X) — (1 4 V2/X?)X? = e2arctan(Y/X) — (1 4
YQ/XZ) — eZarctan(Y/X) _ %(X2 +Y2)

o Returntoz,y: X =a+1,V =y—1 = e2¥ctonis :ﬁ((mﬁ—l)Q—i—(y—l)Q).

1

e Rearranged: | (z 4 1) + (y — 1)? = Qe 22rctan =T

12. 2z 4+y—3)de— (dz+2y+5)dy=0

e Rewrite as % = 42;:2‘7{5;35- Herea =2, b=1,¢c= -3,d =4,e =2, f =5 Compute

ae—bd=2-2—1-4=0 = parallel lines.

_ du dy dyidu
e Letu=2r+y — PE =2+ = L =299"—
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Substitute: & — 9 = u=3 _ du _ u=3 4 9 _ u=3+2Qutd) _ Su+T

dx T 2u+5 dx — 2u+5 2u+5 T 2u+5”
3 . 2u+5 —_
Separate variables: Sy du = dx.
2u+5

Perform division: £-=2 = % + ﬁ
Integrate: [ (% + m) du= [dr = 2u+Fhnlbu+7=x+C.
Multiply by 25: 10u + 111n |5u + 7| = 25z + C".

Back-substitute v = 2z +y: 102z +y) + 11In |52z + y) + 7| = 25z + C' = 20z + 10y +
111010z + 5y + 7| = 252 + €' = 10y — 5z + 111n |10z + 5y + 7| = C".

Final implicit solution: ’ 10y — 52+ 111In|10z + 5y + 7| =C ‘

13. 2z +3y—1)de+ (4o +6y+2)dy=0

% = *iﬁigﬁé Here a = =2, b= -3, ¢c=1,d = -4, e = —6, f = —2. Compute
ae —bd = (—2)(—6) — (=3)(—4) =12 - 12 =0 = parallel.

Let u =2z + 3y — @:24_3% — @:;(@_ )

dz dz 3 \dz
Substitute: é (g—g — ) = 721;_4_12 (since 4z + 6y +2 = 2u+2). Multiply by 3: %72 = 7%
du __ 3(u—1) _ 4(ut+1)—3(u—1) _  u+7
= & =27 5uI) T 20D = 3Tl
Separate: 2?171) du = dz. Perform division: %ﬁ? =2— ul—f7

Integrate: 2u — 12In|u+7| =z + C.

Back-substitute v = 2z +3y: 2(22+3y) —12In |22 +3y+7| =2+ C = 4o +6y—12In|22+
Jy+7 =2+C = 3x+6y—12In|2e+3y+ 7 =C.

Final: |z + 2y — 4In 22 + 3y + 7| = C| (dividing by 3).

4. Bz —5y+1)de+ (z+y+2)dy=0

Rewrite as % = *324_-35/3-;1 = _iﬁ_‘ﬁflz_l Herea=-3,b=5,c=—-1,d=1,e=1, f =2.

Compute ae —bd = (—=3)-1—-5-1=—-8#0 = intersecting lines.

—3r+5y—1=0 1

Find intersection: solve { = (20,%0) = (7§7 *%)-

z+y+2=0
Translate: X =2+ 4V =y+ 35 = 94X = *iﬁ*j’y, which is homogeneous.
Substitute Y = vX: v+ X g% = =500 — X Qo — =3 — —(U_Br#.
Separate variables: (v*ﬁﬁ dv = —%. Partial fractions: % = —%71 + UEB.

Integrate: f(—ﬁ—i—vz?))dv:—f% = —Injv—1|+2njv—-3|=-h|X|+C =

In ((v—3)2) =—In|X|+C = X % = () (absorbing sign).

Jlv—1] v

Back-substitute v = Y/X: X (1;//))((131)2 = (YY_E’?Q = (.

3p_T)2
Return to z, y: X:x+%7Y:y+g — M:CL

y—r—3
Multiply numerator and denominator to clear fractions: (2y — 6z — 7)? = C (4y — 4z — 3),
where C' is an arbitrary constant.

Final implicit solution: ’ (2y — 62 —7)% = C (4y — 4o — 3) |

15. (x+3y)de — Bz +y—6)dy=0

Rewrite as % = 3;:536. Herea = 1,b=3,¢c=0,d =3, e =1, f = —6. Compute

ae—bd=1-1-3-3=-8#0 = intersecting lines.
z+3y=0

Find intersection: solve = (@0, =(9,-3).
Vi {3x+y—6=0 (z0,%0) (4 4)

Translate: X =z — %, Y=y+ % == % = ?gj’g, which is homogeneous.
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e Substitute Y = vX: v—I—X;—;“( = 1t3v XL%“( = 1+3v . 1—v®

3+v 3+wv 3+wv
e Separate variables: 13jLU”2 dv = %. Using partial fractions 13ij2 = 131; T Jlrv.
e Integrate: flzv dv—&—fﬁdv = f% = 2hn|l-v|+h|l+v]=h|X|+C =
In | | =X+ C = 25 = KX,

e Back-substitute v = Y/X: YN KX — multiply numerator and denominator by

a-v/x)? —
X2 (;{(f%z = K (after canceling X assuming X # 0).

e Return to z,y: X:x—%,Y:y—F% == X—|—Y:z+y—%,X—Y::z:—y—3. Thus

ety—5
(x—y=3)> — K.

e Multiply both sides by 2 to clear fraction: 2x + 2y — 3 = 2K (v — y — 3)2.

e Final implicit solution: |2z + 2y — 3 = C (z —y — 3)? |, where C is an arbitrary constant.

16. (z—y—1de+(z+y+3)dy=0

° %:—i;z;é.a:—l,bzl,c=1,d=1,e:1,f=3. ae—bd=(-1)-1-1-1=-2=#£0

—> intersecting.

o Intersection: {x —y-1=0 = (20,%) = (—1,-2).
z+y+3=0

e Translate: X =2+1, Y =y+2 = % = _%’ homogeneous.

o Y =0vX: U—i—X;—;:—%jrz = X%)(:_1;Z —UZ—%-

e Separate: 11;":2 dv=-% — (ﬁ + H%) dv=—4%X.

e Integrate: arctanv + 1 In(1+v?) = —In|X| + C.

e Multiply by 2: 2arctanv+In(1+0v?) = —2In|X[+C; = In (X?(14+v?)) = —2arctanv+C,
— X2(1+1)2) — K672arctanv.

e Back-substitute v = Y/X: X2 (1 + }%) = X% 4+Y? = Ke 2arctan(Y/X)

y+2
1

e Returntoz,y: X =2+1,Y =y+2 = |(z+1)2+ (y+2)% = Ce 251 |

Exercise 10: Solutions to Bernoulli Differential Equations
1.y +ay = 233
e This is a Bernoulli equation with n = 3. Divide by y3:

y73y/ + xy72 _ $3.

e Substitute z = y~2; then 2/ = —2y~3y = y 3y = —12/.
1
—52’ +rz=2> = 2 —2uxz=-223
e Integrating factor: p(z) = ef ~20dr — ¢=2°
d 2

z) = —22%e ",
e Integrate the right-hand side using u = 22, du = 2x dx:
/—23036_:”2071‘ =— /ue‘“du =(u+1)e " +C=(2*+ 1)6_3:2 +C.
Hence e~z = (22 + 1)6*‘”2 +C.
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Solve for z: z =22+ 1+ Ce®’.

Back-substitute z = y~2:

y*2:x2+1+C6$2 = y

2 1
T 22414 Cer?’

The answer is [y* (22 + 1+ Ce™)=1|

2?)y —xy —ary® =0

T axr

Rewrite as 3/ —

2 Y=

11—z 1

Let z = y~!; then 2/ = —y 2y’ and y 2y’ = —2'. Multiply the equation by y—2:

x
/
—Zz

5 y?. This is Bernoulli with n = 2.
—x

2

ax , x ax

1 — g2

Integrating factor: u(x) = exp (f ﬁdw) =exp(—1In|l —2?) = (1 - 2?)

%((1 - w2)*1/2z) =—

z = - z + z =

1— 22 1— 22 1 — a2

-1/2.

ar
(1—22)3/2

Integrate the right-hand side using v = 1 — 22, du = —2x du:

axr _a —3/9 _ _1/2 _ a

Hence (1 — 22)"1/2z = -2

V1—z?

2 V1— 22

+C.

Solve for z: z = —a+ CvV1 — z2.

Back-substitute z = y '

y l'=0Vl-22—a = (CV1l-22—-a)y=1.

The answer is | (Cv1 —22 —a)y =1|

—y=a’y!
x

This is a Bernoulli equation with n = 4. Divide by y*:

Substitute z = y~3; then 2/ = —3y~%y/ — y 4/ = —

1
3

;2
——z +—z=x - z —
T

2
Yy + Sy = a2,
x

2.

Wl

2 ! 2 = —32°.

SRR

Integrating factor: p(z) = e/ 2% = ¢~6In= -,

=X

d

-6\ _ .4
dx(x z) 3z .

Integrate: 752 = [ —3z7*dz = 273 + C. Hence z = 23 + C®.

Back-substitute z = y~=3:

y*3 =224+ 0s5 =

The solution can be written as

3 1
v 3(1+ Ca3)’

1
y® = —————— | or equivalently y =3 = 23(1 + Cz?).




4. xy +y = 2%y?
1
e Rewrite as y' + —y = xy?. This is Bernoulli with n = 2.
T

1
Divide by 3%: vy 2y + —y~ ! = x.
T

Let z =y 1 then 2/ = —y =2y = y~ 2/ = -2/,

, 1 1
-2 +—z=xr = 2z ——zZ=-0I.
x

Integrating factor: p(z) = e/ ~39% = ¢=Ine — z=1,

Integrate: z 2= —2+C = z=—22+Cxz.

e Back-substitute z = y~:

y l=0Cr—1* = y

1

e Answer: |y = o2l
T —x

5.y +y = e"y?
e This is Bernoulli with n = 2. Divide by 3%: y~2y' + 3y~ = €.

o Let z=y !;then 2/ = —y 2y = y 2%/ = 7.

2 tz=€" = 2 —z2=-¢"
o Integrating factor: p(zx) = e/ ~14* = ¢~
d
d—(eﬂ”z) = -1
x

o Integrate: e "z = -2+ C = z=(C —z)e”.

e Back-substitute z = y~!:

6—33

Y=oz

e Answer:

6. 2xyy’ + (1 + )y = €®

e This can be transformed by noting that 2zyy’ is the derivative of xy?. Let u = y?; then
u’ = 2yy’. The equation becomes zu' + (1 + z)u = €* (linear in ).

. 1+ e’
e Rewrite as v’ + U= —.
x
o Integrating factor: p(z) = e/ 579 = o/ G+Ddz — lnete — peo,
d
d—(a:emu) = €% - ze® = ze?®.
x

Integrate: xe®u = f ze**dz. Using integration by parts, fscez‘”d:c = Ze27 _ %62“" + C'. Hence

62:1.'

retu = “-(2r—1)+C.

Zz
2

Solve for u: u = %(233 -1+ %6*1.
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e Back-substitute u = y?:
xr

4z

<
(v}
|
|
[
S
|
=
+
8 |
[R]
|
8

4 C
e Answer: |y? = Z—(Zz -1+ ="
x x

7.y +ytanz = y*secx

e This is Bernoulli with n = 4. Divide by y*: y~%y + tanzy ™ = secz.
o Let z =y 3 then 2/ = =3y~ = y 4y =32
1 ! /
_§Z +tanxz =secr — 2z’ —3tanzz = —3secuz.
o Integrating factor: p(z) = e/ —3tanzde — g3Injeosz| — 663 4,
e (COSS T z) = —3cos® rsecx = —3 cos? .
x
e Integrate: cos®zz = —3 [cos?wdaw = —3 [ 1195228 dp = — 35 — S gin22 + C.
_ 1 3 3 o
e Hence z = - (C — 5T — 5 sm2a:).
e Back-substitute z = y=3:
1 3 3 cos®
B = (C—-Zx—Ssin2e = 3= .
Y cos3as< 2" 4 Y C—3z—3sin2z
3 cos®

Simplify using sin 2z = 2sinz cos z. Answer: |y° =

C - %az— %sinxcosx

8. zy +y =20

e This is Bernoulli with n = 6. Divide by y5: zy=Sy/ +y=° = 25.
o Let z =y 5 then 2/ = =5y~ 6y = ¢y~ 5y = f%z’.
5
—%z' +z=2> = 2 —z=-52%
e Integrating factor: p(z) = e/ ~29% = ¢=5lnz — 5=5
d s -3
— =-5 .
T (z7°2) x
e Integrate: z °z = —5 [z 3dx = %x_z + C. Hence z = gac3 + C2b.
e Back-substitute z = y~°:
5 1 2
y =284+ C = = =

2 5434+ Cad  23(5+2Cx2)

5 2

= ——————|wh =2C.
y P61 ) where C C

e Answer:

9. 3%y —ay? —x—-1=0

x+1
3

e Set z = 3?; then 2’ = 3y?y’. The original equation becomes 2’ — az = x + 1 (linear).

e This can be written as y' — §y = y~2. Tt is Bernoulli with n = —2.

e Integrating factor: p(z) = e %%,

d

e (e7%"2) = (z + 1) *".
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e Integrate the right-hand side by parts:

1 1
T e " — —267'” + C.
a a

/(z + e “dae = —

Soe %z = — (LH + L) e % 4+ (.

a a?

e Solve for z: z = —’”T'H — a% + Ce?”,

e Back-substitute z = 3® and multiply by a?:

a®y? = —a(z +1) — 14 Ca?e™™.

Renaming Ca? as a new constant gives the answer | a?y® = Ce®® —a(z 4+ 1) — 1 ‘

10. ' (2% +ay) =1

d d
e Rewrite as d—x = 2%y + 2y, ie. d—x — xy = x?y>. This is a Bernoulli equation in z(y) with
Y
n=2.
d
o Let 2 =27!; then 2/ = —:E*Qd—x. Dividing the equation by z? gives
Y
_odx —1 3 ’ 3 ’ 3
— —yr =Y == —Z —yz=y == z tyz=-y".

Integrating factor: p(y) = elvdy = v*/2,

d%( y2/2z) = —qBeV’/2,

Integrate the right-hand side using v = y?/2, du = y dy, y3dy = 2u du:
/fy3ey2/2dy =— / 2uetdu = —2(u —1)e* + C = —(y* — 2)6-”2/2 +C.

Hence eV’ /22 = —(y* - 2)€y2/2 +C.
Solve for z: z =2 —y? + Ce—¥2/2,

Back-substitute z = ™! and rearrange:

1
S=2-y+Ce V2 = z[(2- yz)eyz/2 +C| = eV’ /2,
x

The answer is |z |(2 — yz)e%‘ ’

11. (yLogz — 2)ydx = xdy

d L 2
o Wiite as 52 = L (yLoga —2) = 252 — 2y e
dr =« T
2 Logx
y/—l—* _ g 2
T

This is Bernoulli with n = 2.

o Let 2 =y !; then 2/ = —y—2¢/. Multiply by y~2:

iy 22: Logz VA gz _ 7L0gx'
x x x x

e Integrating factor: p(z) = e~/ 2dr = ¢=2Inz — 4




1 21 1
e Integrate: / BT g = snrtl +C (integration by parts, details omitted). Hence z 722 =

x3 42
2Inatl
7;;? +C.

e Solve for z: z = 21‘%“ + Cz2.

1

e Back-substitute z = y~" and multiply by 4:

4
—=2lnz+1+4C2* = y(40m2+21nz+ 1) =4.
Y

Renaming 4C as C and using Log 22 = 2Inz yields the answer ’ y(Cz® + Loga? +1) =4|

12. y — 3y cosz = y? cosz(1 — sinx)

e Rearrange: ' cosx =y — y?cosx(l —sinz) = 3’ =secxy — (1 —sinz)y?. So y —secry =
—(1 —sinz)y?, a Bernoulli equation with n = 2.

Set z = y~1: then 2/ = —y~2y’. Multiply by y—2:

—2' —secxz=—(1—-sinz) = 2 +secxz=1-sinz.

Integrating factor: p(z) = e/ secwde — glnlsecattanz| — goc 1 4 tan .

d
d—((secz + tanz)z) = (secx + tanz)(1 — sinz).
x

Simplify the right-hand side:

. 1+ si . 1 — sin? cos
(seca:—!—tanx)(l—smx):ﬂ(l—smx): MT_T_ osu.
cosw cosx cos

Integrate: (secz + tanz)z = [coszdr =sinz + C.

sinz + C
e Solve for z: z= ————.
secx + tanx
. 1+sinz (sinx + C) cosx
e Since secx +tanx = ——, we have 2 = ——————
cosT 1+sinx

e Back-substitute z = y~!:

B 1+sinx _ tanz +secw
~ (sinz +C)cosz  sinx+C

_ tanx 4 secx
" ginz+C

The answer is |y

Exercises 11: Second-Order ODEs Reducible to First Order

Solve the following differential equations using the appropriate substitution (missing dependent or inde-
pendent variable).

1.y + 2y’ = 4z (missing y)
e Since y is missing, let p = ¢/, then 3" = p’. The equation becomes
P +2p =4z,

a linear first-order equation.
o Integrating factor: p(z) = ef 247 = 27,
e Multiply the equation by u:

e (pe2”) = 4ze?®.
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Integrate both sides:

2z 2z 1,621 621’ 2z
pe® =4 | xe**de+Cy =4 5 T4 Cy =2z — 1)e*™ + C4.
e Thus d
p:—y:2m—1+016_2$.
dx

Integrate again:

y:/@x*1)d33+C1/6*2””dx:x2—x7%e*2x+02,

e Renaming constants, let A = —% and B = (5. The general solution is

’y:mz—x+A6_2“’+B.

2. 1+ yy" + (v')? = 0 (missing z)

e Since z is missing, let ¢y’ = p and use y’ = pg—z. Substituting,

dp

l+yp— +p*=0.
dy
e Rearrange:
dp 2
1
g, (1+p7)
e Separate variables:
P _dy
s dp=——.
1+p Yy

o Integrate:

1 1

—In(1 +p%) = —In|y| + = Ina?,

2 2
where %ln a? is an arbitrary constant. This simplifies to

In((1+p%)y?) =lna®> = (1+p*)y°=d’

e Hence
L dy N faZ — 42
Cdr Yy '
e Separate variables:
+ Y dy = dux.

FvVa2—y2=x+b,

e Integrate:

where b is another constant.

e Squaring gives the general solution:

’(x+b)2+y2:a2‘.

3. y" =1+ (y)? (missing )

e Since z is missing, set p = 3’ and use y” = pd—g. Substituting gives

dp 9
— =1 .
pdy +0p
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e Separate variables:
p

1+ p2?

dp = dy.

o Integrate:
1
5 +p?) =y +Ch.

e Exponentiate:
1+p?= e2WH+Cr) — Coe®, (= 2.

e Then

d
p= d7y = i\/ 02623/ — 1.
x
e Separate variables:
Yy
:t\/ 02€2y -1

e This integral can be evaluated by substitution u = e™¥ or recognized as leading to an inverse
hyperbolic function. Alternatively, set u = e~¥, then du = —e ¥Ydy = —udy, so dy = —du/u.

= dx.

Then
/ dy B —du/u _/ du
Vo1 ) Vaet-1 ) Vo-@
e Hence

du .u
i(—/m>:x+03 — :FaI“CSln\/Cizx—‘rC‘g.
2 2

e Returning to y, u = e, so

eV
31 = Cs).
arcsin <\/@> F(z + Cs)

e Taking sine of both sides and simplifying yields an explicit solution. A simpler final form can
be obtained by choosing constants appropriately. The general solution is often written as

y = Incosh(z + C) + D.

Verify: if y = Incosh(z+C)+D, then 3 = tanh(z+C), y"" = sech?(z+C) = 1—tanh?®(z+C) =
1 — (y')?, which satisfies the equation. So the solution is

’y = Incosh(z + Cy) + Cs ‘

4. zy” +y' =0 (missing y)
e Since y is missing, set p = ¢/, then y”” = p’. The equation becomes

xp’ +p=0.

This is a first-order linear equation in p. It can be written as

i(xp) =0 (since (xzp) = zp" +p).

dx
o Integrate:
Ch
p=0C — p=—.
x
e Then p o
Yo o y=Ciln|z| + Cs.
dx T

The general solution is

’y:Clln|z|+C’2‘.

5. 4/ + 29(y/)" = 0 (missing 2

29



e Since z is missing, set p = 3/, then ¢y = pj—z. Substituting,

d
pfp + Qyp3 =0.
dy

If p =0, then y = constant is a solution. Otherwise, divide by p (assuming p # 0):

dp

2up? = 0.
dy+ yp

This is a Bernoulli equation in p with n = 2. Rewrite as

dp 2
— = —2yp*.
dy yp
e Separate variables:
dp
— = —2ydy.
p
e Integrate:
1 1
—— =+, = -—=yP-0C1
p p
e Hence

Ay 1
p_dx_yQ—C’l'

Separate variables:
(y* = C1) dy = du.

Integrate:
3

%—C’ly:x—FC’g.

The general solution (including the constant solution y = constant) is

y3
g—Cly:@H—Cg.

6. (1+22)y” + 22y’ = 0 (missing y)
e Since y is missing, set p = ¢/, then 3y = p’. The equation becomes
(1 + 22)p' + 2xp = 0.

e This is a first-order linear (or separable) equation. Write as

i((1 +2%)p) =0 (since ((1+2%)p) = (1+2°)p" + 2zp).

dz
o Integrate:
(1+2)p=C = -G
p 1 p 1ta2
e Then i o
% =1 +1:172 = y=Cjarctanz + Cs.

e The general solution is

y = Cyrarctanx + Cs |.

7. y" = (y')? (missing z and y? Actually both missing, but we can use either method)

e This equation does not contain x or y explicitly. We can set p = 3/, then 3y’ = p/. The
equation becomes
p =D
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Separate variables:

d
—227 dx.
p
o Integrate:
1
r+C1 p 2+ Ch
e Then p .
Y
- = = =-1 Ci] + Cs.
I vt Cy Y nlz + Ci| + Cy

The general solution is

8. yy” = (y')? (missing x)

e Since z is missing, set p = %/, then "’ = p%. Substituting,
ypd£ =p°
dy

If p = 0, then y = constant is a solution. Otherwise, divide by p:

dp _
ydy =Dp-
e This is a separable equation:
dp _ dy
p Y
o Integrate:
Infp[=Inly|+C1 = p=Cy, C1#0.
e Then i i
9 _ Cy = g Chdx.
dx y
o Integrate:

In ‘y| =Ciz+Cy — Yy = Czeclm.

e The constant solution y = 0 can be included by allowing C5 = 0. Thus the general solution is

= e | or equivalently y = AeP*.
Y

Exercises 12: Characteristic Equations of Linear Homogeneous
ODEs

Take: y = €™,
Ly =3y +2y=0 = 2 —-3r+2=0 9.y -y =0 = r*—r=0
2. 9"+ 4y +4y =0 = r’+4r+4=0 10. y@ 42y +y=0 = 1+ 22 +1=0

Y 2 sy =0 = 242 +5=0

3.y +2y +5y=0 ret+2r+ 11, ¢ =3y +2y=0 = r* - 3r+2=0
4.y =6y " +11y' =6y = 0 = 3 —6r2+11r—6 =0

12. y® —yW =0 = * —r* =0

5.y —y=0= r"-1=0

, 13. ¢ +4y" +5y =0 = r® +4r° +5r =0
6.y +3y" +3) +y =0 —> 13+ 32 1 3r+1=0 3.y +4y” + 5y AT+ 5
Ty Oy =0 — 12+ 9—=0 14. yW +8y" +16y=0 = r* + 82 +16=0
8.y =2/ +y=0 = r’—2r+1=0 15. ¥ +2y 410y =0 = r*+2r+10=0
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Exercises 13: Wronskian

1.

10.

11.

T 2z

W (e®, e?®) = ZI ;eQI =% 2e%T — 27 . % = 3% £ (), so the functions are linearly independent.
. W(sinz,cosz) = S COST | in2p — cos?x = —1 # 0, independent.
cosx —sinx

r 22 23 5 9

W(z,2%,2%) = |1 2z 32| =ux- 2e 307 a1 3@ z3 - 1 2z . Compute the minors:
2 6z 0 6z 0 2

0 2 ©6x
2z 3z%| 9 . 9 5 .o |1 32% _ . 1 2z
2 6zl = (22)(6z) — (32°)(2) = 122* — 62° = 6~ 0 6zl = 1-6z—0 = 6. 0 92|~

1-2—0=2. Hence W = x - 622 — 2% - 62 + 2% - 2 = 623 — 623 + 223 = 223 #£ 0 for z # 0. Since
the functions are analytic, they are independent on any interval.

e2:c 6731

2z ,—3x) _
W(e , € )_ 262:13 7367393

= €2 (—3e73%) — 737(2e%%) = —3e7% — 2e7% = —5e ¥ £ 0.

1 x 2?2 1 2
W(l,z,2%) =10 1 2z :1-’0 9 =2#0.
0 0 2

W (e®, e* cosx, e” sinx). Factor * from each row:

1 cos T sin x
W =¢e3|1 cosx—sinz sinz + cosx
1 —2sinz 2cosz
(since derivatives: (e*)’ = e®, (e®cosx) = e*(cosx — sinx), (e*sinx) = e*(sinx + cosx), and
second derivatives: ()" = e, (e” cosz)’ = e*(—2sinx), (e”sinx)” = e®(2cosx).) Compute the
determinant:
1 cos T sinx
A=|1 cosx—sinx sinz+cosz
1 —2sinz 2cosz

Subtract the first row from the second and third:

1 cos T sin
0 —sinx CcoS T
0 —2sinx —cosx 2cosx —sinz

Then expand:

_ —sinz CcosST
o —2sinx —cosx 2cosx —sinx

= (—sinxz)(2cosx — sinz) — cos x(—2sinx — cos x)

= —2sinzcosz + sin®z + 2sinz cosz + cos® z = sin®x + cos?z = 1
Therefore W = 3% - 1 = €% £ 0, independent.

coshx sinhz

_ 2 2
sinhz  cosh =cosh”z —sinh“x =1 # 0.

W (coshz,sinhz) =

Inz? = 2Inx, so fo(z) = 2f1(x), hence they are linearly dependent. W = 0.

ax bz e’ ebx (a+b)x :
W (e, e’%) = 0ea®  pebe| =€ (b—a)#0if a#b.
x and |z| on R. The functions are not differentiable at = 0, but we can compute the Wronskian

on intervals z > 0 and x < 0. For z > 0, |z| =z, so W = 0. For x < 0, |z| = —x, so fa = —fi,
also W = 0. Thus the functions are linearly dependent on any interval (linear relation: fo = +f1).

fa(x) = el = e €®, so it is a constant multiple of f;, hence W = 0.
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12. sin?z + cos? z = 1, so there is a linear relation: fi + fo — f3 = 0, hence W = 0.

1 =z 1 em
13. W(l,z,e") =10 1 € :1-‘0 o =e® #£0.
0 0 e*
xe®

= z(e” + ze®) — we® - 1 = ze® + 2%e” — ze” = 2%e® £ 0 for x £ 0.

x x
14. W(z,ze®) = ‘1 & 4zt

tanx secx

sec2z  secxtanx

2

= tan x(secx tan ) — sec z(sec? x) = sec x tan® z — sec?

15. W(tanx,secz) =

secz(tan? r — sec? z) = secw((sec? x — 1) — sec? 1) = —secx # 0 on the given interval.

Exercises 14: Reduction of Order
Given: 2%y” —xy’ +y =0, = > 0, with known solution y; = x.

1. Write in standard form: )

1 1
1 /
— =y +—y=0 =_—.
y' =yt 5y=0 p@) .

2. Use the reduction of order formula:

e—fpdz
Yo = yl/ 5— dx.

Ui

1 .
/pda:z/—;da:z—lnm, e Jrdr — gne — 4

1
yzzx/%dx:x/fdx:xlnx.
x x

y(x) =Crz+ Corzlna.

3. Compute:

4. General solution:

Exercise 15: Second-Order Linear Differential Equations

1. y" =3y +2y=0

Characteristic equation: 72 —3r 4+ 2 =0 = r = 1,2 = General solution: ’y = O1e” + Cge®

2.y +5y +6y=0
7‘2+57”+6:O=>7":—2,—3:>’y201€_2x+026_3$

3.y —4y=0
r2—4:0:>r::|:2:>’y:Cle2I+Cge_2””

4. y" -6y +9y =0
2 6r+9=0= (r—3)2=0=|y=(Ci +Cor)e™

5.y +4y +4y=0
r2+4r+4=0;»(r+2)2=0:>]y=(01+02$)6_2x

6.y +4y=0
7’2+4:0:>T‘::|:2i:>’y201C082$+CQSiH2CL"

7.y =2y +5y=0
T2—2T+5=0:>T=1:|:2i:>’y=6x(01(30821‘+02$in2$)‘
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8.

10.

11.

12.

13.

14.

y'+2y +2y=0
r2+2r—|—2:O:>r:—1iié’y:e_z(clcosx—&—Cgsinx)‘

y// _ y/ _ 2y = 422

Method 1 (Undetermined coefficients): y, = C1e** + Coe™?; y, = Ax® + Bz + C gives
A=-2 B=2C=-3

y = Cre® + Coe™® — 222 + 22 — 3‘

Method 2 (Variation of parameters): y; = €2%, yo = ¢~ %; W = y1yh — y2y] = —3¢€”

2 2
e VR 7Y

w 3
Integrate: u; = —2e 2" (22 + x + 3), up = —3€”(z% — 22 + 2)
Then y, = u1y1 + usys = —22% + 2z — 3 (same as above).

Y+ 3y +2y=22%+1

Method 1 (Undetermined coefficients): y, = Cie™® 4+ Coe™2%; y, = Az? + Bz + C gives
A=1, B=-3 C=14

y=Cre 4+ Che 2 + 2% — 3z +4‘

Method 2 (Variation of parameters): y; = e %, yo = e 2%, W = —e =3¢

uj = }zjéf =e®(22% + 1), uh = % = —e¥(22% +1)

Integrate: u; = €*(22% — 42 +5), ug = —e**(2? —x + 1)
Then y, = u1y1 + usys = 22 — 3z + 4 (same as above).

y// _ 51// +6y = e

Method 1: y;, = C1€2® + C2€3%; resonance = y, = Aze’” gives A = —1
’y = 016293 + CQ€3I - 1’629;
Method 2: y; = €2, yy = €3, W = &5

uj = =1, uhy = e~ 7, integrate uy = —x, ug = —e~
Then y, = (—x)e** + (—e™%)e® = —xe?” — e2*. Absorb —e** into y, to get y, = —xe

x

2z

Y 42 fy=e"
Method 1: y;, = (C; + Caz)e™"; double resonance = y, = Az?e™ gives A =
y=(C1+ Cox + %zZ)eﬂ”

Method 2: y; =e 2, yp =xe % W =2
uly = —x, uh = 1; integrate u; = —22/2, uy = x

—T

Then y, = (—%)e‘x +x-ze T = %e (matches).
Y —2) +y=e® e ®
Method 1: y;, = (C} + Cax)e”; for e”: y, = Az?e” with A =

Y= (Cl + CQ,CE + %ZCZ)@JU + %e—x

%; for e™: yp2 = Be™ with B = %

Method 2: =e* =xe®; W = e
Y1 y Y2 )
Uy =—z—xe ® uhb=1+e2
2
Integrate: u; = —% + %e’zx + ie’h’, Uy =T — %efz‘”

Then y, = uie® + ugze® = %ew + 1e77 (matches).

y' +y=sinz

Method 1: y, = Cq cosz + Cy sin x; resonance = y, = x(Acosz + Bsinz) gives A = —%, B=0

) T
y=Crcosx+ Cosinx — §cosx

Method 2: y; = cosz, ys =sinz; W =1
u) = —sin®z, ub = coszsinz
Integrate: u; = —5 + %Sinmcos T, Ug = %Sin2 T

2

Then y, = (—%+ 3 sinzcosz) cosz+1sin®rsine = —% cosz+ 3 sinx(cos? z+sin’ ) = — £ cos v+
1

. 12, . oz
5sinz. Absorb 5 sinx into yj to get y, = —§ cos .
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15.

16.

17.

18.

19.

20.

21.

y" + 4y = cos2x
Method 1: y, = C cos 22+C5 sin 2z; resonance = y, = (A cos2z+Bsin2z) gives A=0, B = i

y = Cqcos2x + Cysin 2x + zsin%:

Method 2: y; = cos2x, yo =sin2x; W =2

u) = —1sin2zcos2x = —1sindx, uh = 1 cos? 2z = (1 + cos4dx)
Integrate: u; = % cosdw, ug = 7 + % sin 4x

_ L x T & . N L . . .
Then y, = 15 cosdx cos2z + (4 + 1 sin 4x) sin2z = 7sin2r + 15 cos2x (after simplification).

Absorb % cos 2x into yp to get y, = 7 sin 2x.

y' — 2y + 2y =e*cosx
Method 1: y, = e"(Cicosz + Cysinx); resonance = y, = xe®(Acosz + Bsinz) gives A =
0, B=1%

y=¢€"(Cycosx + Cysinz) + gem sin x

Method 2: y; = e®cosz, ys = e*sinx; W = e%®

uj = —sinzcosz = —1 sin 2z, uh = cos® v = (1 + cos 2x)
Integrate: u; = %cos 2z, ug = 5 + %sin 2x

z

Then y, = i cos 2xe” cosx + (% + isin 2:c) e’siny = Se'sinw + ie‘” cosz (after simplification).

Absorb ieg” cosz into y, to get y, = Fesinw.
y' 4+ 2y +2y=e"sinx
Method 1: yp, = e *(Cicosz + Cysinz); resonance = y, = ze "(Acosz + Bsinx) gives
A=-1 B=0
27

y=e *(Cicosx + Cosinzx) — ge_m cos T

Method 2: y; = e *cosz, yo = e Tsinx; W = e~ 2%

u) = —sin?z, v}, = coszsinz

Integrate: uy = —5 + %sinzcos T, ug = %sin2 T
Then y, = (—% + % sinzcosz)e cosz + §sin’ ze Tsinz = —
plification). Absorb %e‘x sinz into y, to get y, = —Fe~“ cosx.

z
2

e Tcosx + %e“’” sinz (after sim-
y'+y==xcoszx

Method 1: y;, = C; cosz + Cy sin z; resonance = y, = (Az* + Bx) cosz + (Cz? + Dx) sin z yields
A=0,B=1C=1 D=0

=1
x x?

y:Clcosx+Czsin:z:+Zcosa:Jrzsinz

Method 2: y; =cosz, yo =sinz; W =1

z

2
Integrate: u; = 7 cos 2w —

u) = —zsinzcosz = —% sin 2z, uy = xcos® x = £(1 + cos 2x)

1
8

. 2 . . . . . .
Then y, = u; cosz + ussinz = £ cosx + L sinz — +sinx (after simplification). Absorb —i sinz
p 4 1 8 8

. 2 .
sin 2z, ug = - + 7 sin 2z + %cos?x

into yy, to get y, = 7 cosw + % sin z.

y'+4dy =12z, y(0)=2,y'(0)=3

yn = C1 cos 2z + Co sin 2z; y, = 3x; general y = C; cos 2z 4+ Cysin2x + 3z
Initial conditions: C7; =2, Cy =0

Y= 20052x+3x‘

y'—y=2e", y(0)=0,y(0)=1
yn = Cr1e” + Cae™"; resonance = y, = xe”; general y = Ce” + Cae™" 4 ze”
Initial conditions: C7 =0, Co =0

Yy +2y +y=0, y(0)=1,1(0)=~-1
y=(C1+Cox)e % y(0)=C1 =14y (0)=C—C1=-1=Cy=0
y=-e
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22. y" =2y +5y =0, y(0)=1,y'(0)=3
y=¢e"(Crcos2x + Cosin2x); y(0) =C1 =1; ¥y (0) =C1 +2C2,=3=Cy =1
’y = e”(cos2x+sin2x)‘
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