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Final exam: Analysis 1

Exercise 1: (8 points)

Consider the sequence (Un)n∈N defined by: (�K.
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Un+1 =
Un

1 + Un
, ∀n ∈ N

1. Show that Un > 0 for all n ∈ N. ( 0 < Un
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2. Define g(x) =
x

1 + x
− x. Study the variations of g on ]0,+∞[, and determine its sign on ]0,+∞[.
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3. Deduce the monotonicity of the sequence (Un). ((Un)
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4. Conclude that (Un) is convergent and calculate its limit. (. Aî �DK
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5. Let E = {Un | n ∈ N}. Determine inf E and show that supE is positive.
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Exercise 2: (4 points)

Consider the function defined on R by: (�K. R ú
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f(x) =

x3 cos

(
1

x

)
if x ̸= 0

0 if x = 0

1. Is the function f differentiable at x = 0? If yes, compute f ′(0).
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2. Study the continuity of the derivative function f ′(x) at x = 0.
. x = 0 Y

	
J« f ′(x)
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Exercise 3: (4 points)

Consider the following integral: (ú
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I =

∫ 1

0

sinx

x
dx.
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1. Find the Taylor series expansion of
sinx

x
around x = 0 up to the term in x4.
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2. Integrate the series term by term from 0 to 1 and approximate I by giving four decimal places.
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Recall: f(x) =
∑∞

n=0
f(n)(a)

n! (x− a)n (Q�
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Exercise 4: (4 points)

Find:(Yg. ð


@)

(1)
d sin2(x2 + 1)

dx
(2)I =

∫
2x

√
x2 + 3dx (3)L = lim

x→+∞

ln(3e3x − 5x)

x
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