Planar Kinetics of a Rigid Body

Force and Acceleration Work and Energy Impulse and Momentum



Centre of Gravity

Centre de gravity of a body is the point of through which the whole weight of the
body acts.

A body is having only one centre of gravity for all positions of the bodly.

It is represented by C.G or simply G.
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Figure 4.1 Center of Earth.

Figure 4.3: Centroid of a Volhune



5.3. CENTROID OR CENTRE OF GRAVITY OF SIMPLE PLANE FIGURES

(z) The centre of gravity (C.G.) of a uniform rod lies at its middle point.
(iz) The centre of gravity of a triangle lies at the point where the three medians® of the

middle points of the opposite sides.
(iv) The centre of gravity of a circle is at its centre.

5.4. CENTROID (OR CENTRE OF GRAVITY) OF AREAS OF PLANE FIGURES BY
THE METHOD OF MOMENTS

Fig. 5.1 shows a plane figure of total area A whose centre of
gravity is to be determined. Let this area A is composed of a number
of small areas a,,a, ay, a,, ...... ete.

A=a1+a2+a3+a4+...

Letx, = The distance of the C.G. of the area a i from axis OY

*, = The distance of the C.G. of the area a, from axis OY
x5 = The distance of the C.G. of the area ag from axis OY
X4 = The distance of the C.G. of the area a, from axis OY o

and so0 on.
The moments of all small areas about the axis OY

T a Xy + QX + Agxy + QX4 F ... ...(Z)




Lot G is tho centre of gravity of the total area A whose distance from the axis OY is ¥.
Then moment of total area about OF » AY Aii)
The moments of all amall arcas about the axis OY must be equal to the moment of tatal
area about the same axin. Hence equating equations (i) and (if), we get
X, 0Ky + O K, $0X, ¢ =AS
. G - -Q .S OgX, %
ar X = A ~A5.1)
where Awa, va, va,+a,..
If wo take tho moments of the small areas about the axm OX and also the moment of
total area about the axis OX, we will get

y . gl-!.l_’.‘!l{l_‘_al’.' ¢ a‘!{ ¥ oo -00(602)

where ¥ » The distance of G from s OX
¥, = The distance of C.G. of the area a, from axis OX
,,,,,,..mmac,o.aam%a,o,mmoxmp«um.

5.4.1. Centre of Gravity of Areas of Plane Figures by Integration Method, The
equations (5.1) and (5.2) can be written: as

[
X - c“‘ M ’- "!
'Ec. E:m
where i=1,238.4, ...

x, » Distance of C.G. of area a, from axis OY and
v. = Distance of C.G. of urea ¢, from axis OX.




The value of i depends upon the number of small areas. If the small areas are large in
number (mathematically speaking infinite in number), then the summations in the above equa-
tions can be replaced by integration. Let the small areas are represented by dA instead of ‘a’,
then the above equations are written as :

_ Jx=dA

o Tl:?i— (5.2 4)

_ Jy®dA |
and y= TdA ..(6.2 B)
where fx* dA = Zxgq,

JdA = Za,
Jy*dA = Zyga,
Also x* = Distance of C.G. of area dA from axis OY

y* = Distance of C.G. of area dA from axis OX.

5.4.2. Centroid (or Centre of Gravity) of a Line. The centre of gravity of a line
which may be straight or curve, is obtained by dividing the given line, into a large number of
small lengths as shown in Fig. b.t (a).

The centre of gravity is obtained by replacing dA by dL in equations (5.2 A) and (5.2 B).

|x*dL

(82C
TaL ( )

Then these equations become ¥ -




and

~ where

and

v

x* = Distance of C.G. of length dL from y-axis, and
¥* = Distance of C.G. of length dL from r-axis.
If the lines are straight, then the above equations are written as :
P Lyxy + Loxg + Laxy +.......
Ly+1g+Lg+......

(5.2 D)

(5.2 E)

-(5.2F)



Example

Determine the co-ordinates of the C.G. of the shaded area between the parabola y= X2/4 and y=x

The point A is lying on the straight line as well as on X

the given parabola. Hence both the above equations holds | , v &
good for point A. Let the co-ordinates of point A are x, y.

Substituting the value of y from equation (ii) in equation (i), we get

%2 x”
x=— or 4=-—=x
4 X
Substituting the value of x = 4, in equation (it), O x| l—a X
y= 4 | Fig. 6.8 -

Hence the co-ordinates of point A are 4, 4.
Now divide the shaded area into large small areas each of height y and width dx as

shown in Fig. 5.8. Then area dA of the strip is given by
dA = ydx = (y, - y,) dx N (113
where y, = Co-ordinate of point D which lies on the straight line OA
y, = Co-ordinate of the point E which lies on the parabola OA.
The horizontal co-ordinates of the. points D and E are same.



The values of ¥, and ¥z can be obtained in terms of x from eguations (§£) and (),
: ==
%
Substituting these values in eqguation {izZz),
=
A = (x = —"—] I —CEe)

The distance of the C.G. ﬁ»rt}nmadd.ﬁwxmy-ammglwnby,
xx* —=

And the distance of the C.G. of the area 4 from x-axis is given by,

- Yy = and y, =

y“=y,+%=y2<-'&‘%‘z’- < > =1, —¥)
_2Z¥a vt ¥ — 2 _ ¥+ ¥s
== =2 2
W =
—= x
= (‘.‘ yl—z&rbdyg——)
=2 <
xo-x— «eC)

Now let = =D:seanceofCG-ofsba.dedamofF'ig 5.8 from y-axis
a2 ——-D:staxrceot‘CG-ofahade-dareaofog.ssﬁ-omx-axxs.
Now osing egquation (5.2 A),

fu%‘—@_ where = =
=
A - (x = .’;_}a:; [See eguation (fu)]
=
= Ix‘dA—I:x(x—x—)ck € x varies fromm O to 4)
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Now using equation (6.2 B), 5'"17%
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o j dA-? [From equation (vi)]
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jy"dA-E_gi*f_-E. Ans.
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Center of Mass

The centre of mass (CM ) is the point where the mass-weighted position vectors
(moments) relative to the point sum to zero ; the CM is the mean location of a

dIStrIbUtlon Of Mass In SpaCE- FIGURE 12.5 Rotation about the center of
Take a system of n particles, each with mass mi
located at positions ri, the position vector of the AT -
CM is defined by: /A /

> et Mi(L; — L) =0
Solve forr,,, :

Yem = /371 27:1 m;j r;
where M =", m,

_Center ol mass

Particle 7 with
7 mass m,

() " | X



o Moment of Inerti
Definition omentorinertia

Measure of resistance of an object to changes in its rotational motlon
Equivalent to mass in linear motion. '-
For a single particle, the definition of moment of inertia is
m is the mass of the single particle , |
r is the rotational radius l=mre \O
For a composite particle, the definition of moment of inertia is -

2 2 2 2 2 N o
| =2 mr" =mr"+m,r,” +mr,” +m,r," +... X 1
m; is the mass of the it single particle ey ool R j .

r.is the rotational radius of in particle
S| units of moment of inertia are kg:m?

Fig. 7.36 M.I. and rotational K.E. of a rigid body.



Example 1

Three mass point m1,m2 and m3 are located at the vertices of an equilateral triangle a. What is the

moment inertia of the system about an axis along the altitude of the triangle passing through m1.

Solution. As shown in Fig. 7.54, the axis of rotation Axis of
passes through m,. The distances of m,, m, and m, from :mtaﬁon
the axis of rotation are 0, 2/2 and a/2 respectively. .

n,

. MLL of the system about the altitude through m, is
[=myn +mp + myg
0 2 a . a ’
e 0Pl vl

2
or | I=-‘-;—(mz+ma).'




| Calculation of Moments of Inertia |
It is a system made up of an infinity of identical material points, each having an

elementary mass dm. These systems are distinguished according to the

distribution of points in:
OR Moments of inertia for large objects can be computed, if we assume the object

consists of small volume elements with mass, Am.. | = lim ZriZAmi — I r’dm
i

Am; =0

The moment of inertia for the large rigid object is
It is sometimes easier to compute moments of inertia in terms of volume of the

elements rather than their mdar\;s The moments of inertia | — Iprde
_ 0 dm = \/ becomes
Example 2: g dVv P

Find the moment of inertia of a uniform hoop of mass M and radius R about an axis
perpendicular to the plane of the hoop and passing through its center.

2
The moment of inertia is | = I redm = szdm = MR

13



Moment of Inertia of a Uniform Rigid Rod

The shaded area has a mass |
dm = A dx )
Then the moment of inertia is

) L/2
jr dm = j
L/2

| = —ML2
12

0




TABLE 12.2 Noments of inertia of cbjects with uniform density

Object and axis Picture I Object and axis Picture I
Thin rod. = ﬁ = MIL? Cwvlinder or disk, LMR?
about center L i n about center 0
"E— >
!

: ~~ 1 2 o 2
Thin rod. Iﬁ s ML Cylindrical hoop, MR
about end /L . about center

I
L~
Plane or slab. ﬁM’crz Solid sphere., ‘_%M'Rz
about center b about diameter
|1= f..-n- I.._I
< a
/"'
Plane or slab. I Ma? Spherical shell, SMR?
about edge / about diameter
h
/4. - z




Example : SHM of two connected masses in 1D
SHM between two masses mq and mo connected by a spring
» X = X2 — X1 ; Natural length L

- ,'m:—-k(X-L):,u)"( > X .
(1 = % = reduced mass) m, . M,
- X+ p(x—L)=0 O X! , ' X
_ I X, 52
Solution: x = xgcos(wt + ¢) + L 3 K |
= K 'yt y,
where w = /7 X' X'y

With respect to the CM:

> XcMm — X tMeXe  where M = mq + Mmo

M
/ Mxq1 —my X1 —mo X mo X
> X{ = X1 — Xem = 1 1M1m22:_2
/ MXxs —my X1 — Mo X my X
> X5 = Xo — Xem = 2 1M1m22:1b’

Eg.take my =mo=m — w=4/2; x{=-3x, xt=723x
6




Parallel-Axis Theorem

For an arbitrary axis, the parallel-axis theorem often simplifies calculations

The theorem states

Axis

= + 2 Rotation — through
I=1,+MD o

)

axiIs

| is about any axis parallel to the axis through

0
the center of mass of the object >

I\ is about the axis through the center of mass

D is the distance from the center of mass axis

to the arbitrary axis (b)



Moment of Inertia of a Uniform Rigid Rod

The moment of inertia about y is y y
[ .2 L/2 X |\/| |\/| 1 -2
oy = | r?dm __[ =X
¢ L/2 |_ 3 Lo

:;”—;(;f—(—%f}?ﬂ(f%“g

The moment of inertia about y’ is

1 L, 1
| . =1.. +MD?=—ML®>+M(=)? ==ML?
v 12 (2) 3

O
L




Planar kinetics of rigid body: Force and acceleration

Planar Kinetic equations of motion: Equation of translational motion

If a body undergoes translational motion, the equation of motionis YF=ma
The sum of all the external forces acting on the body is equal to the body’s
mass times the acceleration of its mass center.

Thescalarformas: yp —yna)  and 3 F,=m(ag), ZMg=0

.

/ m(a

. ® @



Equation of motion Translation

For a planar rectilinear translation, all the particles of the body have the same acceleration
SO g.=aand a=0 The equation of motion are as follows.

P F\ — n‘l(a(i)x F,/ @'5"\\\9’\0\
.\('\\
F, A% M
e o y : | M,
s Fy — m(a(;)_v NG . bl .
Z w
F.

The moment equation can be applied about other points A, instead of the mass center. In

this case. - -



B-Curvilinear motion

Similarly, for a planar curvilinear translation, all the particles of the body have the
same acceleratiZF =mag equation of motion are as follows, for n-t coordinates.

i

X F,= m(ag), > F,=m(ag), = mrg 0>
2F=m(ag)=mrga

Curvilinear
gort ""i';:;ns\;n on

2 F, = m(ag),
XMg= 0 or /

2z Mg =r; x ma;=e[m(a;),] — h[m(a;),]




The boat and trailer undergo
rectilinear motion. In order to
find the reactions at the trailer
wheels and the acceleration of
the boat at 1ts center of mass,
we need to draw the FBD for
the boat and trailer.

Free body diagram

Kenetic diagram



Example 3

A force of P=300 N is applied to the 60 kg cart. Determine the reactions at both the wheels
at A and the wheels at B. Also, what is the acceleration of the cart ? The mass center of the

cart is at G.
" ZFx =m(ag)y

\ o 300N a2 300 cos 30° = 60a
T o a = 433 m/s®

0O3m

— ‘w - w‘ . ' @ 60(;81) Qf t T z Fy = m(aG)y
- ek 03m — 02m -
el ' TN S T o.osi ) NA + NB + 300 sin 30° — 60(9.81) = 60(0)

O*LMG=O

-N,(0.3) + N(0.2) — 300 sin 30° (0.38) + 300 cos 30° (0.1) = 0

Ny = 113.4N I
= 3252N

J




Example 4

The 100 kg uniform crate C rests on the elevator floor where the coefficient of statics
friction is us= 0.4. Determine the largest initial angular acceleration a, starting from rest at

6=90°, without causing the crate to slip. No tipping occurs.

1009.81) Wk =
i T ZF" =m@n = 0rad/s
100(9.81) — N = 100(0) Gy, =i
N=981 N
(ag)n =0
(aG)t = a(l.S) (aG)t = ar

=4 Z Fo = m(ag),
(0.4)(981) = 100(1.5)

~e=-2:6 16 radfsl




Equation of motion for pure rotation

When a rigid body rotates about a fixed axis perpendicular to the plane of the body at point a
O, the body,s center of gravity G moves in a circular path of radius rc. Thus, the acceleration of

point G can be represented by a tangential component (ag); = re o and a nomal component

(ag)n = rc ®>. The scalar equations of motion can be states as:

F,
2. F,=m(ag), = mrgn? (,Mlx
|
2 Fi=m(ag)=mrgo
2 Mg=Iga

/' AR




Equation rotational motion

We need to determine the effects caused by the moments of
the external force system. The moment about point P can
be written as
L(rixF)+2ZM, = ro xmag + l;a
2 Mp = E( M )p ¥ \;Vom havg\llliis equation
where X M 1s the resultant moment.about P due t'o“ablfatrillteL
external forces. The term Z(Mk)p 1s called the kinetic
moment about point P.

g J)
M
\ . A .




Example 5

The uniform 24 kg plate is release from rest shown. Determine its initial angular
acceleration and the horizontal acceleration and the horizontal and vertical reactions at

the pin A.




