Analysis I Solutions of Tutorial Exercise Sheet 3

Hocine RANDJI

2025-2026



Exercise 1: Domains of Definition

Determine the domain of definition for each function.

(1)

z+1
f(l‘): 1_cl/z

Dy =] — 00,0[U]0, +o0].

1/x

Explanation: The function is defined when x # 0 (to ensure e'/® is defined and the denominator is

NONZEero).

Dy = U]ka,ﬂ + 2k~
k€EZ

Explanation: The square root requires sinx > 0, and since it is in the denominator, we need sinx > 0.

f(z) = NV

Dy =] — 00, —1]U]1, +o0].
Explanation: The exponential requires  # 1, and the square root requires 2 — 1 > 0.
f(2) = (1 +na)/s
Writing f(z) = ex 2(+n2) thep

Di={zeR|z>0A1+Inz >0}

hence
Dy =le !, +ocl.

Explanation: We need x > 0 for Inx and 1 + Inz > 0 for the logarithm inside the exponent.

f(f):m

Dy =] — 00, 0[U[1, 400,
because |z| =0« z € [0,1].
Explanation: The floor function is zero when 0 < x < 1, so we exclude that interval.
£ va—2, x> 1,
€Tr) =
In(z+2), z<1L
Dy =] —2,1]U [2, 400
Explanation: For x > 1, /& — 2 requires x > 2; for < 1, In(z + 2) requires x > —2.

Exercise 2: Limits

Calculate the following limits.

(1)

1
[ = lim x sin <>
x—0 x



Solution. Since |sin(1/z)| <1 for all x # 0, we have
—lz| < zsin(l/z) < |z|.
As x — 0, both |z| and —|z| tend to 0. By the squeeze theorem,

L =0.

1
2) lp= 1 in (=
(2) Is im xsin <$>

r—+00

Solution. Lett=1/x. Asx — 400, t = 0T. Then

.« —sin(2x)
3) Iz = lim —————=
(3) Is £50 7 + sin(3z)

Solution. Divide numerator and denominator by x (for x #0):

1— sin(2x)

13:};%1+sin3m)'

8

sinu
u

Using lin%) =1, we get
u—

sin(2x) 9 sin(2x) Lo sin(3x) 3 sin(3x)

— 3.
T 2z T 3

Thus,

(4) 1y = lim 222

x—0 X

Solution. Write tanx = sinxz/cosx. Then

. . .
Iy = lim 2% (lim Smx) (lim ) —1.1=1.
z—0 ' COST z—0 T z—0 COS T

sinx — cosx

(5) 15 = lim

z—%Z 1 —tanxzx
Solution. Simplify the expression:
sinx —cosx  sinx —cosx

1—tanx ] — sinz
CcCos T

sinx — cosx

cos x—sin x
cos T

sinx — cosx

—(sinz — cosx)/ cosx

= —COST.

Since sin(mw/4) = cos(m/4), we must take the limit:

2
l5 = lim (— COS.’E) = —005(77/4) — _£
z—w/4 2



(6) Ig = lim sin(z In x)

z—0 2
Solution.
lo = lim sin(z In x) . rzlnx —1. m Inz C
z—0+ xlnx x2 =0+ X
() b = lim VvV —ya+Vr—a
(et 2 — a2

Solution. Factor the denominator: /22 —a% = \/(x — a)(z + a). Write the expression as:

\f—\/&Jr Ve —a
V2 — a2 V2?2 — a2

For the first term:

Vi-va_ i\
ViZ— a2 Jzr—aJr +a
(- Va)/E+ Va)
VI —ayz+a(yr+/a)
BV N W)
v
Vatalyz +Va)

For the second term:
vr—a VI —a _ 1
Vi2—a? Jr—a/r+ta rta

l7 = lim (W@\/&)Jr\/%)
@&=ﬁmO+Dw

T—+00

Hence,

rz—at

Solution. i
1\"* - !
lg = lim (1—1—) — lim e*l(1+3)
x

T—+00 T—+00
and by making the change of variables: t = ;1,, we have

. In(14t)
lg=lime ¢ =e.
t—0

(9) lg= lim (sinyz+1—siny/z)

r—+00

Solution. Use the identity sin A — sin B = 2 cos (#) sin (AE—B) :
VI +1 / _
sin vz + 1 — sin /z = 2 cos (W) sin (M) )

Now,

as r — +00.

1
Ve+l—yz=——— -0
Ve Ve+1l+/zx

Hence sin (7W) — 0, while the cosine term is bounded. Therefore,

ly = 0.



: T
(10) ly0 = lh_)rnl(l — ) tan <7>

Solution. Lett=x—1,s0x=t+1 andt— 0. Then

l—z=—t — = =42

Using tan(f + 5) = —cot 0 = we get

__1
tan 6’

2 2

. 1
= (=) (‘mnwm)
=i t
~ 50 tan(rt/2)

t
lio = lim(—t) tan (ﬂ- + W)
t—0

Let u=mt/2, sot =2u/m. Then

1=

2 2 2
ho = Tim 247 _ 2y, 0 2
m

2
u—0 tanu T u—0 tanu T

Exercise 3: Proofs With Definitions of Limits

Using the definition of the limit, show that:

(1) (lim(2x—1):7) < (Ve>0,3a>0,VzeR;|lz —4|<a=|2z—-8|<¢)

r—4

Solution. -
20 — 8| < e &2z —4| <e e |z —4 <3

then it suffices to take o = 5.

-1
(2) < li 33:—3>(:)(V€>0,E|0¢>O,VxER;x>a:>

3z —1 3‘ )
- <e

im =
z—+oo 2 + 1 2 20+ 1 2
Solution.
3x—1 3< 5 e >5—2€
— = T
20+1 2 4o+ 2 4e

then it suffices to take o = |5152‘€ ’

(3) ( lirll lnx:+oo> < (VA>0,3a>0,Ve e Rz > a=Inz > A)
T—>+00
Solution.
Inz > A<z > et

then it suffices to take o = e?.

4 4
(4) lim =40 | (VA>0,Ja>0,Vz eR; -3 << -34+a=>——>A
t——3+ T+ 3 x+3

Solution.

4
A = T
x+3> @x<A 3,

then it suffices to take o = %.



Exercise 4: Continuity

(1) Demonstrate that the function

is not continuous at x = 0.
Solution. For x # 0, we have |sin(1/z)| < 1. Thus,

|f(2)] = |zsin(1l/z)| < |z|.
Asx — 0, |z| = 0, so by the squeeze theorem,

lim f(z) =0.

x—0

But f(0) = 3. Since lim,_,o f(x) # f(0), the function is discontinuous at x = 0.

(2) What is the redefinition of f(0) that makes f(z) continuous at z = 07

Solution. To make f continuous at x = 0, we need f(0) = lim,_o f(x) = 0. Thus, redefining f(0) =0
makes the function continuous at x = 0. This type of discontinuity is called removable.

Exercise 5: Continuity and Uniform Continuity

Demonstrate that the function f(z) = 22 is:

(1) continuous at x = 3.

Solution. We show that lim,_,3 f(z) = f(3) = 9. Using the -0 definition:
For any € > 0, we need to find § > 0 such that if |v — 3| < 8, then |z% — 9| < e.

Note that |2 — 9] = |z — 3| - |x + 3|. If we restrict § < 1, then for |x — 3| < 1, we have 2 < x < 4, so
|z + 3| < 7. Thus,

|2? = 9] = |z = 3| - |z + 3] < 7|z - 3|.
Choose 6 =min {1,£}. Then if |z — 3| < §, we have

9 €
=9 <7 - - ==
229 <75
Hence, f is continuous at x = 3.

(2) uniformly continuous on |0, 1].
Solution. Method 1: Using the definition.

We show that for any (given) real number € > 0, we can find 6 > 0 such that for all x,xo €]0,1[, if
|z — xo| < 6, then |2® — z3| < &, where § depends only on & and not on .

Note that

2

j0® — 23] = | + o - & — o).

Since x,xq €]0,1[, we have |z + x| < 2. Therefore,

|o? — 23| < 2|z — x|
Choose 6 = 5. Then for any x,xo €]0, 1[ with |x — x| < §, we have
€ _
2

Since § depends only on € and not on xg, [ is uniformly continuous on 0, 1.

lo? — 23| < 2- €.

Method 2: Using the theorem on closed intervals.

The function f(x) = 2% is continuous on the closed interval [0,1]. By the theorem that a continuous
function on a closed interval is uniformly continuous, f is uniformly continuous on [0,1]. Since ]0,1[C
[0,1], it follows that f is uniformly continuous on ]0,1[ as well.



Exercise 6: Uniform Continuity of f(z) =1

Demonstrate that the function f(z) = 1 is:

(1)
(2)
(1)

not uniformly continuous on ]0, 1[.

uniformly continuous on |2, +oo|.

Solution. Method 1: By definition (contradiction).

Suppose, for contradiction, that f is uniformly continuous on |0,1[. Then for e = 1, there exists 6 > 0

such that for all x,xo €]0,1], if |z — zo| <, then B — 1—10 <1.
Choose x = % and xg = g, provided § < 1 so that both points lie in |0,1[. Then
)
|x—x0|—‘2—4‘—<5.
However,
T_1j_j2_41_2
T X 6 O 1)

2

For any 6 > 0, we have 5 > 1 whenever § < 2. This contradicts the assumption that 1

Zo

< 1.

1_
xr
Hence f is not uniformly continuous on )0, 1].

Method 2: Direct estimate.

Let xo and xo + 6 be any two points in |0,1[. Then

|f(z0) — f(z0 + )| =

.2?07.1304—5

i 1 ‘ )
o .To(.’L‘o —‘r(S)
o)

:co(x0+6)
than any positive number. Therefore, there exists no § > 0 that works uniformly for all zo €]0,1[. Thus,

f is not uniformly continuous on |0, 1].

For any fixed 5 > 0, by choosing xqy sufficiently close to 0, the expression can be made larger

Method 3: Using sequences.

Consider the sequences T, = % and xén) = n%_l for n € N. Both sequences are in |0,1[. Then
1 1 1
xn—x(()n)\:f —0 asn — oo.

n_n+1:n(n+1)

But
1f(@n) = f@SD = n— (n+1)| = 1.

Thus, for e = 1, no matter how small 6 > 0, we can choose n sufficiently large so that |x,, — a:én)| <0

while |f(x,) — f(xén))| = 1> e. By the sequential criterion for uniform continuity, f is not uniformly
continuous on 10, 1].

Solution. We show that f is uniformly continuous on |2,+oo[. For any x,xq €]2,+0o0[, we have

1 1 |z — o]
|f(z) = f(zo)| = T 9|  xmo
Since x,xog > 2, it follows that xxy > 4, and thus
|z — o]

F(@) = flao)l < £



Given any e > 0, choose 6 = 4e. Then for all x,x¢ €]2,+00] with |x — x| < §, we have

£(&) ~ fao) < & =<.

Since § depends only on £ and not on the particular points x,xq, the function f is uniformly continuous
on ]2, +0o0l.

Exercise 7: Differentiability Implies Continuity

Prove that if f(x) has a derivative at © = xq, then f(x) must be continuous at x.

Solution. Assume that f is differentiable at x¢. Then the derivative

F(z0) = lim f(xo+h) = f(zo)

h—0 h

extsts.

To prove continuity at xg, we need to show that
lim f(zo + h) = f(xo),
h—0

or equivalently,
lim [f(d?o + h) — f(IQ)] =0.
h—0

For h # 0, we can write
f(zo +h) — f(x0)

0 - h.

f(zo+h) — f(z0) =

Taking the limit as h — 0 and using the fact that the limit of a product is the product of the limits (when
both limits exist), we obtain

]}Lli%[f(mo +h) - f(xo)] _ }lllg%) f(xo + h}z — f(20) . }ILIL% h.

The first limit is exactly f'(xo), and the second limit is 0. Hence,

lim [ f (w0 + h) = f(wo)] = f'(xo) -0 =0.

Therefore,
lim f(xo + h) = f(xo),
h—0

which means that f is continuous at xg.

Exercise 8: Continuity and Differentiability of a Piecewise Function

Consider the function:

=

xsin(m), if x #£ 0,
0, if z =0.

(1) Study the continuity of f(z) at = 0.



Solution. From Fzercise 04 f(x) is continuous at x = 0.
To check continuity at x = 0, we verify whether

lim f(z) = f(0) =0.
z—0
For x # 0, we have |f(x)| = |zsin(l/x)| < |z|, since |sin(1l/x)| < 1. Hence,
—lz| < fx) <xf.
As x — 0, both —|x| and |x| tend to 0. By the squeeze theorem,

lim f(z) =0.

x—0

Therefore, lim,_,o f(x) = £(0), and f is continuous at x = 0.

(2) Is the function f(x) differentiable at = 0?

Solution. To check differentiability at x = 0, we examine the limit

oy — i O =) . f(h) —0
F0) = fimy T = iy e

) in (;) .

For h #£0, f(h) = hsin(1/h), so

Thus,

h—0

f'(0) = lim sin (ill) :

This limit does not exist because as h — 0, 1/h — oo, and sin(1/h) oscillates between —1 and 1 without
approaching any single value. Hence, f is not differentiable at x = 0.

Exercise 9: Differentiability and Continuity of the Derivative

Consider the function:
z?sin (1), ifz#0,

0, if x =0.
(1) Is the function f(x) differentiable at x = 0?

Solution. To check differentiability at x = 0, we compute the limit of the difference quotient:

h—0 h h—0

10 (1),

Since |sin(1/h)| < 1, we have |hsin(1/h)| < |h|, so by the squeeze theorem,

1
lim h sin () =0.
h—0 h

£/(0) = 0.

Thus, f is differentiable at x = 0 and its derivative there is 0.

For h #0, f(h) = h%sin (}+). Hence,

Therefore,



(2) Study the continuity of f'(x) at = 0.

Solution. For x # 0, we differentiate f using the product and chain rules:

)

At x = 0, we already found f'(0) = 0. To check whether f' is continuous at 0, we examine

1 1
lim f/(x) = lim {— cos () + 2x sin ()} :
=0 0 x x
As x — 0, the term 2z sin(1/x) — 0 (since |2xsin(1/z)| < 2|z|), but cos(1/x) oscillates between —1 and

1 without approaching any limit. Hence,

lim f'(x) does not exist.
z—0

Consequently, f'(x) is not continuous at © = 0, despite the fact that f'(0) exists.

Exercise 10: Differentiation

Differentiate the function f where f(z) is:

Lo 5. B+ o 9. el’s

2.z + \/5 6 Sln(lnx) 10. arctanzx

3. 2ax® — % +c 7. In(=) 11. cos(arcsinz)
T z?2 a? sinh? 2z

4. E+g+¥+ﬁ 8. 61}1 12. arctan(3+x)

(1)

Using the power rule (z)" = az®~1:

8
[N
L
I
\]
8
(SIS

f(w) =2

[N

f(z) =2+ vz =ax+z'/2

1 1
Fa)y=1+-a12=14_—.

2

f(z) = 2a2® — % +ec.

Treat a, b, ¢ as constants:
2 2
f'(x) = 2a - 32 — % = 6az? — %



Rewrite using powers:

Simplify each term:

”195/3 — a2 1/3 — 53
x
m o m o 73/2
z/r  xltl/2 me ’
f}/?’ — p1/3-1/2 _ ,—1/6
x
So,
f(x) = na®? + ma3/% 4 271/6,
@) =n- §z5/371 Tm. 3 p—3/2-1 _ 11,71/671 _ 5—”952/3 _ 377”:075/2 _ lxq/ﬁ'
3 2 6 3 2 6
Alternatively,
on 3m 1
/ _ 2 2/3 _
f(z) = 37 245/2  Gp7/6°
(6)
f(z) =sin(Inz).
Using the chain rule:
1 cos(lnz)
! = 1 —_— =
f'(z) = cos(Inx) . .
(7) '
=1 .
/(@) n(cosx)
Simplify: In(1/cosz) = —In(cosx). Then
, 1 . sinx
) =— - (—sinx) = =tanz
f(x) ( ) t
cosx cos T
0 2
sinh” x
fx) =
e.’.l)
Using the quotient rule or rewrite:
2x —2x 2x —2z
.o €T —2+e et —2+e L e o2 32
sinh T= ———— 50 f(x)——4ex = 4(6 2e77 4 7).

Then 1
f(z) = Z(ex +2e7% — 3e737).

10



cosh? z
flay = <2
Similarly,
2z 2 —2z .
coshZz = 4+€ , S0 f(x) = —(e"+ 2" +e77)
Then
fl(x) = ~(e* — 2" — 3e737)
(10)
f(z) = arctan .
1
/
(11)
f(x) = cos(arcsin ).
Let u = arcsinz, then cosu = v1 — 22 (for z € (—1,1)), so f(z) = V1 — 22,
1 T
") = —/—— (-22) = ———.
F@) =g m—s(-27) T3
(12)
f(z) = axctan (
x) = arctan .
3+
Let u = ?Eme Then f'(z) = ﬁ -u’. Compute v’ using the quotient rule:
;234 m)—2x-1 6
o BH2?2 B4
Also,
) 2¢ \° (34x)2+42% 9+ 6z + 52
1+u" =1+ = =
3+ 3+ 1x)? 3+ 1)
Therefore,
1 6 6
F'(®) = Sreezsaz - 2 = 2
T B+x) 9+ 6x + bz
So,
6
() —
F@) = s e to

11



