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This document is supplemented for the second chapter lecture notes (Analyses 1).

Exercise 01:
2n —1
ith
(a) {Bn—i—Q} with n e N

Here N includes n = 0. The first five terms correspond to n = 0,1,2,3,4:

_2n—1
" an_3n+2
o 20-1_ 1
3-04+2 2
1 2~1—1:1
3-1+2 5
9 2~2—1:§
3-24+2 8
2:3-1_ 5
| 33a2 1l
4 2-4—12121
3-442 14 2
Thus the first five terms are: —17 1, §, i, 1
25 8 11" 2

n

(b) {ﬂ} with n € N*

Here N* means n > 1. Compute for n =1,2,3,4,5:

1_ _1 n
n anzi(3 )
1— (1)t q+1
1 E = =2
1—(-1)2 1-1
2 = =
23 8 0
3 1—(—1)3_14—1_3
321 21
1—(-1% 1-
A (-n' _1-1_
43 64
5 1—(—1)5_1+1_l
5 125 125
2 2
Thus the first five terms are: 2, 0, —, 0, —.
27 125



(c) { (=" } with n € N*

2~4~6~~~(2n)
The denominator is the product of the first n even numbers, which equals 2"n!. Hence
-1 n—1
(D
2np!

Compute for n =1,2,3,4,5:

n Qp,
-7 1
1 (21 -)1! —2
o 1
22. 9| 4.2 8
g CL_ 1 _1
23.31 8.6 48
S A S
24 . 41 16 - 24 384
5 (—1)* _ 11
25.51  32.120 3840

Thus the first five t N ! !
us the first five terms are: o, —2, o, —2o0, gor5-

1 1 1 1
S — ith *
(d){2+4+8—|— +2n}W1 neN

This is a finite geometric series with common ratio % Its sum is

Compute for n =1,2,3,4,5:

n| a, = on
1 1—1—1
2 2
1 3
2 1—-=-
4 4
1 7
3 1—--=-=
8 8
1 1
gl1- LD
16 16
1 31
Pl
1 3 7 15 31
Th he first fi D=, =, =, —
us the first five terms are 2 18 16" 32



Exercise 02:

(a) For values of uy = 0.22222 .. . U5 = 0.56000. .. , U1 = 0.64444 . .. , U100 = 0.73827... , U1000 = 0.74881 ... 5
10000 = 0.74988 ... and wu1gpppp = 0.74998.... A reasonable guess is that the limit is 3/4. It’s important to note
that this limit becomes evident only for sufficiently large values of n.

(b)To verify this limit by using the definition: We need to demonstrate that for any given positive value ¢, there
exists a corresponding number N (dependent on ¢) such that |u, — %\ < ¢ for all n > N. By manipulating the

n—l —3‘ < g, we find that ‘— M

Ints < €, which leads to

<€ <— >*

: 19
expression, 4(4n+5) ‘

4(4n+5)

We can simplify and derive conditions such as 4n+5 > 12 <~ n>7 (E — ) Choosing N = H (}1? 5) H +1

accordingly ensures that the limit as n approaches infinity is indeed 3/4.

Exercise 03:

3n—1 3

. 3n—1 _ 3 .
(1) lim §255 =% < ¥e>0,3. eNYn € Nin 2 n. = | 355 — 5‘ <e
3n—1 _ 3 2(3n—1)—3(2n+3) 6n—2—6n-9| _ 11 "
We use |gh—s — 5’ < ¢, then we have ’ T —2-6n ‘ = il <e u_3og,
For this, it is sufficient to take n, = { 4 %H +1.

(2) ”EIEOO (_213 =0 < Ve>0,3"n. e NNVvneN;n>n. = |2%’ < &. We have 2% < ¢ leads to —%E—; < n.

For this, it is sufficient to take n. = [|In(e)/In(2)|] + 1.

(3) lim 22U _9 o Ve > 0,37, € N,Vn e N; n>ng:>’21n(1+n)—2‘<€.

n—+00 In(n) e
2In(1+n) _ |2lm04n)—2lnm) | _ o |In(5) | _ 2In (%H)
So we take, () 2’ = ‘T =2t Inn

1
Then we can use: Vn € N* : % < 1 so that we have % + 1 < 2, which leads to w < 21—“73 Thus,

(2 ) nn — In
2In(1+4n) 21n -+l
In(n) 2‘ < Inn

ne = I‘e2 1n(2)/8‘| 41,

< €, which leads to n > e . For this, it is sufficient to take

we can choose ‘

4) EIE =400 = (VA>0,3MmaeNVneN;n>ng=3">A). Wehave 3" > 4 < n > llrrll’;‘ For

this, take 4 = [[In(A4)/In(3)[] + 1.

(5) lim =nt=2 — o = VB <0,3p €N,VneN;n > ng = = ”*2<B

n—+too  An

We have _5"2_2 < B — 5"27;2 > —B. It is obvious that; for all n € N* we have 5n? + 2 > 5n?, which
leads to 5" +2 > 2. Thus, for M > —B it is sufficient to take 32 > —B <= n > _43 For this, take
ng = |— 43/5—‘ =+ 1

(6) lim In(In(n)) =400 <= (VA >0,3nys € N,¥n € N;n > ny = In(In(n)) > A)

n—-+oo

For this, take ng = [eeA-\ + 1



Exercise 04:

(vp,) increasing <= Vn > 0; vp41 > Uy <= VUpy1 — Up > 0. So we have
UL +ug + ...+ Upy1 o + U+ ... +uy

Un41 — Un =
n+1 n
_(nuy +nug 4. A nuy) + N 3 (nuy +nug + ... +nuy) +up +us + - +up
B nn+1) n(n+1)
—u —Ug — ... — Uy + NURPR41
B n(n+1)
_ (ungpr —w) + (ung1 —ug) + - A (Ung1 — Un)
nin+1)
Since the sequence (u,) is increasing, for all integers k, k = 1,2,...,n, ur < un41, and thus v,y — v, > 0.

Therefore, the sequence (vy,) is increasing.

Exercise 05:

1. Let’s assume by contradiction that (u,)nen converges to two different limits iy and Iy such that I3 # 3. Then
we have:

(limy, s 400 Up, = 11) = (Ve >0,3In., eN,VRneNn>ng, = |u, — 1] < %)
(limy—y 4 oo Uy, = lo) = (Ve >0,3In., e N,Vn e Nyn > ng, = |u, — l2] < %)

Now, let n., = max(ne,, ne, ), then for all n > n.,, we have:

llo = L] = [(un — 1) + (I2 = un)| < [(un — 1) + [(un — 12)| <

This leads to |lo — I1] < €. Regardless of how small the positive number &, this statement holds true. So,
must be zero , which contradicts the assumption [y # l5. Therefore, I; = lo, which is absurd.

2. e The sequence (uy)nen is bounded <= |u,| < P; Vn € N, where P > 0.
e lim u,=0 = Ve>0,In. e NNVneN,n>n. = |u, — o] <e.

n—-+oo
Let us take:
[un| = |up =1+ < |u, — 1|+ [l <e+|l]; Vn>n.

So it is sufficient to choose P = ¢ + |I].

3. (limp—qootty = A) = (Ve > 0,3n., e N,Vn e N,n > ne, = |u,, — Al < §)
(limp— 400 vp = B) = (Ve > 0,3n., e N,Vn € N,n > n., = |u, — B| < §)

We have:
€ _

g
‘(un"‘vn)_(A""B)‘g‘“n_A|+‘Un_B|<§+2

g, Vn>n.

where n. = max(n.,, ne,).

we get:
Ve >0,3n. e NNVneNyn>ne = |(up, +vp) —(A+ B)| <e¢

which is the definition of: lim (u, +v,) = A+ B.
n—-+00



4.

We have:
[un - vn — A+ Bl = [ug (v, — B) + Bun — A)| < [up||vn — Bl +|Bllup — A| < Plvp, — Bl + (|B| +1)|u, — 4 (1)
where we use the fact that |u,| < P because the sequence (v, )nen is convergent.
o (limy, 1o, =A4) = (Va >0,3n., e N,Vn e N;n >ng, = |u, — A| < %)
o (limy 400 vn = B) = (Ve >0,3In., e N,Vn e Nyn > n,, = |u, — B| < m)

So we find: Ve > 0,3n. € N,Vn € Nyn > n. = |uy, - v, — A- B| < § + § = ¢, where n. = max(n.,,n.,). We
get the definition of: lirll (Up - vp) =A-B.
n—-4+0oo

(a) We need to demonstrate that: Ve > 0,3n. such that Vn €N, n>n. = |- — §| <e.

First, we have
1 1 ’ ]
v, B |v, || B|

We use:
|B| = |B + vy — vp| < [B = vn| + |vn] (2)

From the definition of limit, we have:

( lir_~1_1 vn:B>:(V6>0,3n5EN,VnEN,nZn5:>|Un—B|<6) (3)
n—-+0o0
so0, we can choose: § = %. Then from 1) and (3) we find: |v,| > @, and we get |v,||B| > @ = m <

B2 50
lvp — B|  2|v, — B|
(4)
|vn || B |B?

2
also we have the choice to take: § = @ in the definition l) which leads to:

1 1 |vy, — B]
— | =" =~ 5
= e < ®)
Thus, the proof is concluded.
(b) We have
. Up . 1 . . 1 A
Ay st gy A B = A E T
Exercise 06:
3n2—5n  _ 3-2 340 3

(a)
(b)

ngffoo 5n2+2n—6 nllﬂloo 542Z-5 ~ 5+0+0 5

. N e\ EETHVE _ L
Jim (V1= )= lim (Vn+1-—vn)yeson = o e m =0



. 142:10" _ 1 (142-10™)-107" 1. 1.107"42 _ 2
(¢) lm g5 = I mggeios = Im 5105 = 3
(d) We have:
—1 <cos(2n® —5) <1 (6)
So, we can write
-1 cos(2n?® — 5) 1

3n3+2n24+1 - 3n2+2n2+1 ~ 3nd3+2n2+1
Thus, we find
) 1 cos(2n3 — 5) . 1
lim < < lm ——"—
notoo3nd +2n2+1 7~ 3n3+2n2+1 = notoo 3nd +2n2 +1

In fact, we have

) 1
B LN R I ©)
Then, we get
5(2n% — 5
gy cos@n®=5) (10)
n—+oo 3n3 + 2n? + 1
. 2n _ nylo . (e2nfen+1)e—2n o . 1—e "4 —2n o
L
(f) We consider the limit
lim n%~b",
n—-+oo
where a¢ € R and b > 0.
Rewrite the expression as
a
a, —bn __
n%e " = o

Since b > 0, the denominator e’ grows exponentially as n — 400, while the numerator n® grows only
polynomially (or decays if @ < 0). Exponential growth dominates polynomial growth for large n, so the
fraction tends to 0.

This holds for any real exponent a, because:

e If a > 0, polynomial growth is slower than exponential.
e If a = 0, the numerator is constant.

e If ¢ < 0, the numerator decays, making the fraction even smaller.

Hence, the limit is 0 whenever b > 0, independently of a. So

lim n% " =0
n——+00




Exercise 07:

1. (a) For U,=Y,_, 7553 we have For all k = 1,...,n the following inequalities:

n n

5 5 5 n
n 1<n k< n < < <
tlsn t+iesn'+ nS4+n " ndb+k " ndb4+1

Then, we can write
n

n i n i n
Zm§2n5+k§;n5+1

k=1 k=1
which means that
n? < n?
nh4+n = " T nd4+1
As ) )
. . n
lim li - =0,
n—oo n° +n n—oo n° + 1
we have
lim U, =0.
n— oo

(b) For U, =>}_, ﬁ

So, we have forall k =1,...,n:

nHl1<nd+k<nP+n = \/n3+1§\/n3+k§\/n3+n

which leads to

1 1 1
< <
Vnd+n T Vnd+k T Vnd+1
Thus, we find
- 1 - 1 - 1
> < <>
— vnd +n — ns3 +k — nd3 +1
which gives
_n <U, < n
Vid+n T " T V41
As n n
Then
lim U, =0
n—-+oo
2. Let Un = 220:1 m.
For all k =1,...,n, we have
|cosk| <1

& 24 |cosk|[VE<2+VEk <2+ yn.



:>2—|—|COS]€|\/ES2+\/E<:> 2+1\/ﬁ < 2+|colsk|\/?

noo_ 1 noo 1 _1
= Yo 55 < S etz © 7 (557 ) SUnVneN.

Asn — +oo, Yp_, ﬁ = +00, therefore, lim,, o, U, = +00.

Exercise 8

1. By induction:
For n = 0: we have 0 < Uy < 2.
Assume 0 < U,, < 2, then:

2< U, +2<4 = V2<U,11<2 = 0<Uppy <2.

Thus,
0<U, <2,VneN.

2. Monotonicity of (Up,)nen:

U 1 —U, =+/U +2—U—M
n+1 n — n n—m+Un

Since 0 < U,, < 2,Vn € N, we have:
U, +1)(2-U,)>0.

Hence, (U, )nen is increasing.
3. Define V,, =2 —-U,,,Vn € N:

(a) From part 1, U, < 2,V¥n € N, so:
0<V,,VneN

(b)
Vier  2-Unpr  2—VU, +2

V., 2-U, = 2-U,
Simplify:
Vi1 (2-U,) B 1
Vo 2-U)2+VU,+2) 2+VU,+2
For all n € N: L
0<U, = 24+V2<24+U, +2 =
2+U, +2

(¢) By induction:
Forn=1: V; <1.
Assume V,, < (%)nil, then:



Thus:

(d) Since:

and:

it follows that:

lim V, =0.
n——+oo
Since U,, = 2 — V,,, we conclude:
lim U, =2.
n—-+4oo

Exercise 9:

1. By induction:
For n =0: Uy > 0.
Assume U,, > 0, then:
Upe V" >0 = Upyy >0,¥n e N.

2. Monotonicity of (Up)nen:

Uni1 — Uy, =Up(e”Un —1).

Since U,, > 0,Vn € N, we have:
eV —1<0 = Uy —U, <0.

Thus, (Up)nen is decreasing.
3. Convergence of (Uy,)nen:
As (Uyp)nen is bounded below and decreasing, it converges to its infimum.
Let:
lim U,=10l= lim U,4;.

n—-+00 n—+4o0
Then:
U1 =Upe™ V" —= I=le! = I(e'=1)=0 = [=0.
Thus:
lim U, =0.
n—-+oo

4. By induction:
Forn=0: Uy = e Vo = ¢50,
Assume Uy, 11 = e~ and show U, 4o = e~ 5n+1:

Upio = U7L+1€7Un+l — ¢ SnegUnt1 — o= Snt1



Thus:
Upi1=e " ¥neN.

5. We have:
Sp=—-InU,y;, and lim U411 = lim U, =0.
n—-+oo n—-+oo
Thus:
lim S, = +o0.
n—-+oo

Exercise 10
1. By induction:

Forn=0: 0< Uy <2.

Assume 0 < U,, < 2, then:

U, +4
U,>0 = 0,
- 3U,+3 —
and: - 4
U, <2 — U, +4< 646U, — T2 9
3U,+3
Thus:
0< Upiq <2
Consequently:
0<U, <2, VneN.
2. Monotonicity of (Up,)nen:
U g o= TUntd —3U7 44U, +4
TR T30, 43 " 3U,+3
This simplifies to:
2+3U0,)(12-U,
Uy~ — 23U =U)

3U, +3
Since 0 < U,, < 2,Vn € N, we have:
(2+3U,)(2-U,) >0.

Moreover, 3U,, + 3 > 0, so (U, )nen is increasing.

3. Convergence of (Uy,)nen:

Since (Up)nen is bounded and increasing, it converges to its supremum.
Let:

lim U,=101= lim U,4;.

n—-+o00 n—-+o00
Then:
= Tatd T
3U, +3 343
Simplify:

32 —4l—4=0 = (2+3)(—2)=0.

10



Thus:

2
=2 l=——.
or 3
Since U,, > 0, we have [ > 0, so:
lim U, = 2.
n—-+oo

4. Extremes of E = {U,, | n € N}:

From above:
supF = lim U, =2.
n—-+oo
Since (Uy)nen is increasing, Uy is a lower bound for E:

Uy <Uy,,VneN.

Moreover, Uy € E, so:
min F = Uy = inf E.

Exercise 11

1.

_ _ UnJrSVn Un+2Vn o 1
Wit1 =Vog1 —Upg1 = 1 5 = 12Wn~
Hence, (W, )nen+ is a geometric sequence with ratio r = 1—12:
1\ 11
Wa=i(5) =g
and thus:
lim W, =0.
n—-+oo
2. Monotonicity of (Up)nen+:
U, + 2V, 2 2
Upir—-Uy=——-U,==(V, = Up) = =W,.
+1 3 5( )=3
Since W,, > 0,Vn € N*, it follows that:
Un+1 -U,, > 0,
hence (U, )nen+ is increasing.
3. Monotonicity of (V,,)nen=:
U, + 3V, 1 1
Vo1 —"Vop=——-V,=—(V,, - U,) = —=W,.
+1 1 i )=-7
Since W,, > 0,V¥n € N*, it follows that:
Vn+1 - Vn < 07

hence (V},)nen+ is decreasing.
4. Adjacency of (Up)nen+ and (V3,)nen+:

lim (V,, - U,)= lim W, =0.
n—-+oo n—-+4oo

Thus, (Up)nen+ and (V,,)nen+ are adjacent sequences.

11



Exercise 12

1. Cauchy sequence (Up)nen:

The sequence (U, )nen is a Cauchy sequence if and only if:

ne <

Ve>0,3n5€N;Vp,q€N:{ = |Up, —Uq| <e.

€ =
Given € > 0, p,q € N, assume p > ¢:

P ink 4 gink
Yok g sink

k=1 k=1

P osink
- > 27|

k=q+1

|Up - Uq| =

Since |sink| < 1,VE, we have:

P
1
|Up — Uyl < E ok
k=q+1

The sum:

11 1 1
Z 27_2q+1+2q+2+"'+27’
k=q+1

is the sum of p — g terms of a geometric sequence with ratio % Hence:

~ L1 (lomm\_ 1 1
z:27_2q+1 1-— T 20\~ 20ma )

1
k=q+1 2
Thus:
SN _ 1
2w
k=q+1
Therefore: 1
|Up B Uq| < 92"
To ensure |U, — Uy| < ¢, it suffices that:
ce = g> €
2¢ =€ 77 T2
Thus, take n. = [_hir;ﬂ + 1.
2. Non-Cauchy sequence (V;,)pen:
v, - L Vn > 2
n — 1. 7.9 n =
Ink
k=2



The sequence (V,,)nen is not a Cauchy sequence if:
n<p
Je>0,YneN;Ip,ge N: ANV, =V, > e
n<gq

Let ¢ =n and p = 2n:
2n
1
|V:D_V:1|:|V2n_vn‘: Z nk
k=n+1

Since Ink < k,Vk > 0, we have:
2n 2n

1 - 1
k=n-+1 In& k=n-+1 k
For k such that 2 < k < 2n:
11
k — 2n
So:
2n 1 2n
> i
PR D
k=n+1 k=n-+1
Finally:
2n 1 B 1
Pt 2n 2
hence: 1
V, =V, > =.
Vo= Vil > 5
Take e = 1.

13



