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Chapter 3

Statistical Methods Related to
Variances

4.1 Introduction

All the proposed methods are applicable under the following conditions:

e The samples are random, simple, and independent.

e The parent populations are normally distributed.

4.2 Estimation of Population Variance and Confidence Interval

1. Definition of the Variance Estimator: The population variance estimator, based
on a sample of size n, is:

2.

g

2

5 nS? SCE
o

Tn—1 n-1
where:

ny o N2
o 52 = W is the sample variance (mean of squared deviations).

o SCE=73"" (x; — )? is the sum of squared deviations from the mean.

This estimator corrects the bias due to using n instead of n — 1.

Confidence Interval for the Variance: The goal is to estimate the true variance
with a confidence level of (1 — «).

e For n < 30 (small sample): the variance follows a x? distribution with n — 1
degrees of freedom. The confidence interval is given by [Sing; Ssup)

SCFE SCFE
Sinf = 2 5 Ssup - 5
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e For n > 30 (large sample): we can use the normal approximation, as the distri-
bution of S? tends toward normal. The confidence interval becomes:
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where z,/5 is the standard normal quantile.

Example (Small Sample)
Consider the weight (in kg) of 6 mice:

z = [20.1, 20.5, 19.8, 20.2, 20.0, 20.3]

1. Compute the sample mean Z, the variance S? and the corrected variance estimator

52.

2. Determine the 95% confidence interval for the population variance.

Step 1: Sample Mean

. 20.1+20.5 + 19.8 + 20.2 + 20.0 + 20.
oY 2014205+ 982 02+200+203 .
n

Step 2: Deviations and SCE

v, w—T (v;—1)2

20.1  -0.05 0.0025
20.5 0.35 0.1225
19.8  -0.35 0.1225
20.2  0.05 0.0025
20.0 -0.15 0.0225
20.3  0.15 0.0225

SCE  0.295

The variance is:
B SCFE ~0.295

52 5 - 0.04917

n

Step 3:unbiased Variance Estimator
., SCE  0.295
g = =
n—1 )
0 =v0.059 =~ 0.243

=0.059




Step 4: 95% Confidence Interval for the Variance

For a small sample (n < 30), use the Chi-square distribution with df =n — 1 = 5.
Given:

Xg.025,5 = 0.831, X§.975,5 = 12.833
Confidence interval bounds:

0.295 0.295
2 2
24 = = 0.02299 - -
Tinf = 19 833 ’ Tsup = (1831

= 0.3553

Standard deviation interval:

ot = V0.02299 = 0.152, Osup = V0.3553 = 0.596

Step 5: Interpretation
The unbiased estimate of the population variance is:
62 =0.059 (6 =0.243 kg)
The 95% confidence interval for the true variance is:
0.02299 < ¢” < 0.3553
The corresponding confidence interval for the standard deviation is:
0.152 < 0 < 0.596

The 95% confidence interval for the true standard deviation is [Sing, Seup] = [0.152, 0.596] kg.

4.3 Variance Conformity Test

1. Tested Hypothesis: We want to check whether the observed variance differs from
a theoretical value o2:

L2 2 L2 2
Hy:0® = oy Hy: 0" # 0;

2. Case n < 30: We use the y? distribution for the test statistic:

, nS® SCE

Xobs = 3 = 2
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Decision:
: : 2 2 2 2
R'e.]eCt HO if Xobs > lea/2,n71 OI' Xobs < Xa/Z,nfl'

Otherwise, do not reject Hy.

3. Case n > 30: For a large sample, we can use the normal approximation:
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Exercise

A laboratory measures the blood pressure (mmHg) of n = 6 patients:

x = [120,125, 118,122,121, 124]

The claimed population variance is o2 = 9.
Question: Test at the 5% significance level whether the population variance differs
from the claimed value.

Solution: Variance Conformity Test

Data:
x = [120,125,118,122,121,124], n =6, 0(2) =9

Step 1: Hypotheses
H010'2:9, H110'27é9

Step 2: Sample Mean

I = 120 + 125 + 118 g 122 + 121 + 124 = % ~ 121.67

Step 3: Corrected Sample Variance Compute deviations and squared deviations:

120 | —1.67 | 2.7889
125 | 3.33 | 11.0889
118 | —3.67 | 13.4889
122 | 0.33 0.1089
121 | —0.67 | 0.4489
124 | 2.33 5.4289
SCE 33.35

Corrected sample variance:

., SCE 3335
0= =

= ~ 6.67
n—1 )
Step 4: Test Statistic \?
nS?* SCE (n—1)6* 5-6.67
ngs - T3 = 5 = ( 2) = ~ 3.71
o op op 9

Step 5: Critical Values Degrees of freedom: df =n—1=5
Two-sided test at a = 0.05:

X(23.025,5 = 0.831, X(2).975,5 = 12.833

Step 6: Decision

0.831 < 3.71 < 12.833 = Do not reject H



Step 7: 95% Confidence Interval for Variance
9 (n—1)6° 3335

7inf X%.975,5 12.833
33.35
2 — T 4014
Tsup = (1831

95% CI for variance: [2.60,40.14]

Conclusion At the 5% significance level, there is no evidence that the true population
variance differs from the theoretical value of 9 mmHg2. The confidence interval shows
that the true variance could reasonably vary widely around the sample estimate.

3.1 Tests for comparing two variances and the confi-
dence interval

Test of Equality of Two Variances
Hy: 0} =03

In practice, we compute the ratio of the two variances by placing the larger variance
in the numerator and the smaller in the denominator:

o
max
Fobs = =
O min
Case n; # no:
~2
g
max
Fops = ~9
min

Reject Hy if:

Case n; = no: S0
Emax

Fo s — o~
b SOEmin

Reject Hj if:

Fops > F17%<n1 —1,ny—1)
This test is called the Fisher F-test.

Exercise

Two groups of students are tested for reaction time.

Group 1 (ny = 10): 22, 25, 21, 23, 24, 26, 22, 25, 24, 23
Group 2 (ny = 8) : 30, 28, 29, 31, 32, 30, 27, 29

Test whether the variances are equal at significance level a = 0.05.
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Solution

1. Compute Sample Means

Group 1
Values X; Sum
22, 25, 21, 23, 24, 26, 22, 25, 24, 23 235
- 2
10
Group 2
Values X; Sum

30, 28, 29, 31, 32, 30, 27, 29 236

- 2

2. Variance Calculations

A) Group 1 Variance Table (Mean = 23.5)

X Xi—X; (Xi—X))?

22 —-1.5 2.25
25 1.5 2.25
21 —2.5 6.25
23 —0.5 0.25
24 0.5 0.25
26 2.5 6.25
22 —-1.5 2.25
25 1.5 2.25
24 0.5 0.25
23 -0.5 0.25
TOTAL — 22.50




B) Group 2 Variance Table (Mean = 29.5)

X Xi— Xy (X — X)?

30 0.5 0.25
28 ~15 2.25
29 —0.5 0.25
31 1.5 2.25
32 2.5 6.25
30 0.5 0.25
27 —25 6.25
29 —0.5 0.25
TOTAL  — 18.00
L, 18 1
6y =g =" =257

3. Compute the F Statistic
62 =12.5714, 62 =250

max min

2.5714
Foo= 2207 — 10286
b 2.5

4. Critical Value

Degrees of freedom:

dflznmax—1:7, dfgznmin—1:9

Critical value (two-sided test):

F0'975<7, 9) ~ 4.03

5. Decision

Fons = 1.0286 < 4.03

Do NOT reject Hy

‘The population variances are statistically equal. ‘

3.2 Two Tests for Equality of Multiple Variances

Two methods are commonly used:
e Bartlett’s Test: applicable to samples of equal or unequal sizes.

e Hartley’s Test: very fast, but only applicable for equal sample sizes.
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a) Bartlett’s Test

For p samples:

Hozaf:(j%:---zaf)
For each sample, compute:
5 SCE;
The pooled variance:
o SCE,
g =
N-—p

Test statistic (case of unequal n;):
2 = 2.3026(N — p) logy 62 — 37 (n; — 1) logy 67
obs T
1 1 1
1+ 3(p—1) ( f:l ni—1 pr>

The test statistic follows a chi-square distribution with p — 1 degrees of freedom:

2 2
Xobs ™ prl :

where N =3 n,.
Reject Hj if:

X(2)bs 2 X%—a(p - 1)

When: n; =ny=---=n, =n,

p

2
Xobs — +1
1+ 3p](3n—1)

2.3026(n — 1) [p 10g, (S CE‘) — 21108105 CE"]

Example: Bartlett’s Test with Unequal Sample Sizes

We have three independent samples drawn from normally distributed populations. We
want to test the equality of the variances of the three populations at the significance level

a = 0.05.
The observed data are as follows:

Sample Size n; Observations
1 10 12, 14, 11, 15, 13, 17, 16, 14, 12, 15
2 10 8,9,7,10,11,9,8,10, 7,9
3 10 20, 22, 19, 21, 23, 20, 24, 22, 21, 23
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Solution: Bartlett’s Test
We want to test:

Hy:0}f =05 =03 vs H:not all variances are equal

at significance level a = 0.05.

Step 1 — Sample means
_ 124+144+11+15+13+17+16 +14 + 12+ 15
10
_ 84+94+7+104+11+9+84+10+7+9
To = = 88
10
_ 2022+ 19421 4+23+20+24 4+ 22+ 21 + 23 015
T3 = = .
’ 10
Step 2 — Sum of squares
SOEl = Z(l’lj — .Tl)Q =329
SCEQ = Z(l‘gj - 52)2 =15.6
SCEg = Z(xgj — i’g)Q = 22.5
Step 3 — Total sum of squares

SCE, = SCFE, + SCEy+ SCFE3 =329+ 15.6 4 22.5 =71.0

Step 4 — Bartlett’s test statistic

For equal sample sizes, the formula is:

2.3026(n — 1) [p log,, (SCPE'> —>F logy, SCEi]

+1
L+ 3pz()n—1)

-n—1=9p=3-SCE,/p="T71/3 = 23.667 - log,, SCE; ~ 1.517, log,, SCE, ~
1.193, log,, SCE3 ~ 1.352

2 _
Xobs =

> log,y SCE; = 1.517 4 1.193 + 1.352 = 4.062
plog,,(SCE,/p) = 3-1.374 = 4.122

Bracket term = 4.122 — 4.062 = 0.06
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Step 5 — Numerator and denominator

Numerator = 2.3026 - 9 - 0.06 ~ 1.244

4 4
D inator = 1 =14+ —~1.049
enominator +3.3‘9 +81
2 1.244 ~ 1186
Xobs = 77049 ~

Step 6 — Critical value
Degrees of freedom: p —1 =2

Xo.05(2) = 5.991

Step 7 — Decision
e = 1.186 < 5.991 = Fail to reject H

Step 8 — Conclusion

There is no significant evidence that the population variances are different. Hence, the
variances can be considered equal.

Remarks

e Bartlett’s test is very sensitive to non-normality of the populations, regardless of
sample sizes.

e The test is valid only if n; > 4 and the number of samples is not too large.

e For two populations, Bartlett’s test is equivalent to the F-test only if the two samples
have the same sizes.

b) Hartley’s Test
When all sample sizes are equal:

a2 g2 —
Hy:0f=05=--=0

The test statistic is defined as:

A 2 A 2 . .
where o7 . and 07, are the largest and smallest sample variances, respectively.

Decision rule: Reject Hy if
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Fobs Z Flfa(p> TL)

where p is the number of samples and n is the sample size per group.
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