
ᇆᆧոؓ ڲ׭ڪ֛ ᆃᅞ اिऻ׭ڪ׭מ١ اڤ༓ۻ֦ :1�.4 ؉ֵ ׂ֔ۑ

θ = ∠B اࠍ੆؇دة ل۰ ይዧݞاو ا৙৑ݿ؇ݿ٭۰ اৎ৊ټܹټ٭۰ اܳྡྷފص َأݠفّ .A ሒᇭ ل۰ اෑෂاو ቕሶ؇ڢ ً ݁ټܹټ؇ ABC ܳ٭ܝ݆
:ঌॻل პაႰ

θ =
اৎ৊گ؇ًܭ
اܳިߙߵ =

AC

BC
:(Sine) اݾ঻מ֦ •

θ =
ا௯௫௵؇ور
اܳިߙߵ =

AB

BC
:(Cosine) ا߫ࠉոࠗم ـמ֦ •

θ =
اৎ৊گ؇ًܭ
ا௯௫௵؇ور =

AC

AB
:(Tangent) اڤ܊ڞ •

θ =
ا௯௫௵؇ور
اৎ৊گ؇ًܭ =

AB

AC
=

1

θ
:(Cotangent) ا߫ࠉոࠗم ܇ڞ •

اिऻ׭ڪ׭מ١ اڤ༓ۻ֦ അ೪ּ أ۰ո۰מ١ ١ؓ୹୴ຐ :1�.4 ١ֵ ֿ܊ۑ

ا৙৑ݿ؇ݿ٭۰: اܳأఈఃڢ۰ ૭૙ྥٷٺھ ቕሶ؇ڢ ݁ټܹت ሒᇭ اৎ৊ټܹټ٭۰ اܳྡྷފص لژ ّأݠ ݆݁

2 θ + 2 θ = 1
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اৎ৊ټܹت. أݪఈఃع আॻ༟ ڣ٭ټ؇ؗިرس ۱ଫଊ݁ٷ۰ ਐಸޚٴ٭ݑ ዻዧوذ

اिऻ׫ڵڵ١ ոֵۏوا቞ቘ اिऻ׭ڪ׭מ١ اڤ༓ۻ֦ ػܙاص :1�.4 ڲ٢જ੻ר١

ڣ؆ن: ،ቕሶ؇ڢ ݁ټܹت ሒᇭ ༡؇دة ل۰ زاو θ ೑಻Ⴄ၍ إذا

(90◦ − θ) = θ, (90◦ − θ) = θ, (90◦ − θ) =
1

θ

1�.4 ڲ୹୴ؼ܊١

ඔ൹ً اܳྡྷފٴ۰ ৙৑ن اৎ৊ټܹت، أݪఈఃع أޗިال আॻ༟ و྘ܳݴ ل۰ اෑෂاو ڢ٭؇س আॻ༟ ڣگޔ ّأٺ݄ڎ اৎ৊ټܹټ٭۰ اܳྡྷފص
.۰૭૙؇༶݁ٺ ا৙৑ݪఈఃع

١۝ոຑ ոֵൂواള ڲ׭ڪ׭מ١ ֦ਫ਼੊ :2�.4 ١ֵ ֿ܊ۑ

اܳލ؇فأ۰: اෑෂوال؇ ܳٴأݥ اৎ৊ټܹټ٭۰ ይዧྡྷފص اᄴᄟڢ٭گ۰ اܳگࡗࡲ

30◦ = 1√
3
, 30◦ =

√
3
2
, 30◦ = 1

2
:30◦ ل۰ ይዧݞاو •

45◦ = 1 , 45◦ = 45◦ =
√
2
2
:45◦ ل۰ ይዧݞاو •

60◦ =
√

3 , 60◦ = 1
2
, 60◦ =

√
3
2
:60◦ ل۰ ይዧݞاو •

اिऻ׭ڪ׭מ١ اिऻ׫ץոॾఢոت :2�.4 ڲ٢જ੻ר١

:ቕሶ؇ڢ ݁ټܹت ሒᇭ θ ༡؇دة ل۰ زاو ৙৑ي

0 < θ < 1, 0 < θ < 1, θ > 0

.(0◦, 90◦) اܳڰଫଐة ሒᇭ ً ਍ಾ؇ڢݱ٭؇ θ و ً ߙ߳اࢴࣖل؇ θ لܝިن و
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اिऻ׭ڪ׭מ١ اႥ႐اܺݦة :2�.4 ׂ֔ۑֵ؉

.ሒᇉڎا༡৕৑ا اৎ৊ފٺިى ሒᇭ ا৙৑ݬܭ َگޚ۰ ؇۱஼ணਵਦو 1 ૭૏؇وي ڢޚݠ۱؇ َݱژ دا߉ߵة ሒሃ اৎ৊ټܹټ٭۰ اᄴᄟا߉ߵة
:ሒᇿ؇اܳٺ اܳٷۜި আॻ༟ اᄴᄟر༥؇ت) أو (ً؇ෂීادل؇ن θ ل۰ زاو ৙৑ي اৎ৊ټܹټ٭۰ اܳྡྷފص ّأُݠفّ

ڣ؆ن: اৎ৊ټܹټ٭۰، اᄴᄟا߉ߵة ؕ݁ θ ل۰ ይዧݞاو ሒᆶ؇ዛዊܳا اܳݯܹؕ ّگ؇ޗؕ َگޚ۰ P (x, y) Ⴄ၍ن إذا •

θ = y, θ = x, θ =
y

x
(x �= 0)

x2 + y2 = 1 :1 ૭૜؇وي P ሌᇿإ ا৙৑ݬܭ َگޚ۰ ݆݁ اৎ৊ފ؇ڣ۰ •

x (ۏ٭ص اࡺ࢘ࢦ؇م)

y (اࠍ੊٭ص)

1

θ

P

θ

θ

ۊޔ اܳޙܭ

θ

T

(1, 0)

(0, 1)

واܳޙܭ اࡺ࢘ࢦ؇م وۏ٭ص اࠍ੊٭ص ༃ّިࡵ اৎ৊ټܹټ٭۰ اᄴᄟا߉ߵة :1�.4 ႟ၽނ
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ا߫ࠉոࠗم وـמ֦ اݾ঻מ֦ ֆჸც د۰׫ܙر :3�.4 ١ֵ ֿ܊ۑ

:β و α ඔ൹ਐಱزاو ႟ၽܳ

(α + β) = α β + α β

(α− β) = α β − α β

(α + β) = α β − α β

(α− β) = α β + α β

اڤۻஈஃܧ اݾ঻׿اء ۰ոּ׫ຢ׿ام ֆ०ग़॑ا જੴׂո۰Ⴅ႐ ո۳ڲڞ ݄ݦո٢ن :1�.4 ݄ݦո٢ن

اৎ৊ٺ۰݄݄. اෑෂوال؇ ቕ቉ اܳފగఒ޶ اࠍ੊ڎاء ً؇ݿٺ༱ڎام ෛຳޚިة ۊޚިة ا৙৑رًؕ اܳأఈఃڢ؇ت ݆۱ଫଊݿٷ

(α − β) = α β + α β ݄ݦո٢ن .1
اৎ৊ټܹټ٭۰: اᄴᄟا߉ߵة আॻ༟ و༡ڎة ඔ൹۳۠݁ٺ َ؊༠ڍ :1 اݾশ܋ܙة

/u =
α
α

, /v =
β
β

.�/u� = �/v� = 1 :؇݄ୖ୒ިޗ
اܳފగఒ޶: اࠍ੊ڎاء :2 اݾশ܋ܙة

/u · /v = α β + α β

ًـ: ً ۱ٷڎݿ٭؇ لأݠف اܳފగఒ޶ اࠍ੊ڎاء ܳـܝ݆ :3 اݾশ܋ܙة

/u · /v = �/u��/v� (θ)

.ඔ൹۳۠ٺৎ৊ا ඔ൹ً ل۰ اෑෂاو ሒሃ θ ۋ٭ت
:(α > β (ً؇ڣଫଐاض α− β ሒሃ /v و /u ඔ൹ً ل۰ اෑෂاو :4 اݾশ܋ܙة

/u · /v = 1 · 1 · (α− β) = (α− β)

:દઊଫଃاܳٺأٴ ஓ୾ފ؇واة :5 اݾশ܋ܙة

(α− β) = α β + α β �
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(α + β) ا༖۰ר׫ոج .2

اܳފ؇ًگ۰: ۰༶اܳٷྥ٭ ሒᇭ −β ًـ β َأިض

(α + β) = (α− (−β)) = α (−β) + α (−β)

: (−β) = − β و (−β) = β أن ؇ஓ୾

(α + β) = α β − α β �

اिऻ׫ڵڵ١ ոֵൂواളا ۰ոּ׫ຢ׿ام (α + β) ؼۻոب .3

: θ = π
2
− θ اܳأఈఃڢ۰ ૭૙ٺ༱ڎم

(α + β) =
π

2
− (α + β) =

π

2
− α − β

:1 ྾ཏاܳگ ሒᇭ ߓߵ۱ٷ؇ه اᄳᄟي ይዧڰݠق اࡺ࢘ࢦ؇م ۏ٭ص ؕᆇᅹ ڢ؇َިن َޚٴݑ

=
π

2
− α β +

π

2
− α β

اৎ৊ٺ۰݄݄: اෑෂوال؇ ۊިاص ً؇ݿٺ༱ڎام

π

2
− α = α,

π

2
− α = α

إذن:
(α + β) = α β + α β �

(α− β) ا༖۰ר׫ոج .4

اܳފ؇ًگ۰: ۰༶اܳٷྥ٭ ሒᇭ −β ًـ β َأިض

(α − β) = (α + (−β)) = α (−β) + α (−β)

= α β − α β �
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ا߫ࠉոࠗم و܇ڞ اڤ܊ڞ ֆჸც د۰׫ܙر :4�.4 ١ֵ ֿ܊ۑ

(α + β) =
α + β

1− α β

(α− β) =
α− β

1 + α β

ا߫ࠉոࠗم و܇ڞ ֆჸც د۰׫ܙر ݄ݦո٢ن :2�.4 ݄ݦո٢ن

(α + β) = α+ β
1− α β ݄ݦո٢ن .1

اܳޙܭ: لژ ّأݠ ૭૙ٺ༱ڎم :1 اݾশ܋ܙة

(α + β) =
(α + β)

(α + β)

గጻዧ݄۠ިع: اࡺ࢘ࢦ؇م وۏ٭ص اࠍ੊٭ص มฆً݄گ٭ َأިض :2 اݾশ܋ܙة

=
α β + α β

α β − α β

:( β �= 0 و α �= 0 (ًڰݠض α β আॻ༟ واৎ৊گ؇م اܳྟފޔ ྾ཏَگ :3 اݾশ܋ܙة

=

α β
α β

+ α β
α β

α β
α β

− α β
α β

اܳـܝފިر: ཹྟފޔ :4 اݾশ܋ܙة

=

α
α

+ β
β

1− α
α
· β

β

: β = β
β
و α = α

α
ًـ َأިض :5 اݾশ܋ܙة

(α + β) =
α + β

1− α β
�
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(α − β) = α− β
1+ α β ݄ݦո٢ن .2

:β → −β اܳٺأިلݥ ً؇ݿٺ༱ڎام :1 ֵؠ١ اڤ܋ۑ

(α− β) = (α + (−β)) =
α + (−β)

1− α (−β)

: (−β) = − β أن ؇ஓ୾

=
α − β

1− α(− β)
=

α− β

1 + α β
�

لژ: اܳٺأݠ ݆݁ ݁ٴ؇๤ཇة :2 ֵؠ١ اڤ܋ۑ

(α− β) =
(α− β)

(α − β)
=

α β − α β

α β + α β

: α β আॻ༟ اܳگފ۰݄

=

α
α
− β

β

1 + α
α
· β

β

=
α− β

1 + α β
�

ڲץ෕ຸոة ๸෱ոঁబ :2�.4 ڲ୹୴ؼ܊١

૭૙ྥٷٺھ: اܳݱ٭ؐ ۱ڍه ݆݁

α β = 1 ڣ؆ن α + β = π
2
Ⴄ၍ن إذا •

α + β = 1− α β ڣ؆ن α + β = π
4
Ⴄ၍ن إذا •

( θ = 1
θ
(ਐಸأݠلژ (α + β) = α β−1

α+ β
•
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١ֵ اളൂاو ؉֔ۛ د۰׫ܙر :5�.4 ١ֵ ֿ܊ۑ

(2θ) = 2 θ θ

(2θ) = 2 θ − 2 θ = 2 2 θ − 1 = 1− 2 2 θ

(2θ) =
2 θ

1− 2 θ

١ֵ اളൂاو ؉֔ۛ د۰׫ܙر ݄ݦո٢ن :3�.4 ݄ݦո٢ن

:α = β = θ ؕ݁ اࠍ੊٭ص ؕᆇᅹ دݿٺިر َޚٴݑ : (2θ) = 2 θ θ ݄ݦո٢ن .1

(2θ) = (θ + θ) = θ θ + θ θ = 2 θ θ �

:α = β = θ ؕ݁ اࡺ࢘ࢦ؇م ۏ٭ص ؕᆇᅹ دݿٺިر َޚٴݑ : (2θ) = 2 θ − 2 θ ݄ݦո٢ن .2

(2θ) = (θ + θ) = θ θ − θ θ = 2 θ − 2 θ �

: 2 θ + 2 θ = 1 ً؇ݿٺ༱ڎام : (2θ) ڤـ اബഎॊूى اပ࿮۳ॊूل .3

(2θ) = 2 θ − 2 θ = 2 2 θ − 1 = 1− 2 2 θ �

:α = β = θ ؕ݁ اܳޙܭ ؕᆇᅹ دݿٺިر َޚٴݑ : (2θ) = 2 θ
1− 2 θ

݄ݦո٢ن .4

(2θ) = (θ + θ) =
θ + θ

1− θ θ
=

2 θ

1− 2 θ
�

١ֵ اളൂاو ؉ֿۢ د۰׫ܙر :6�.4 ١ֵ ֿ܊ۑ

2 θ

2
=

1− θ

2
, 2 θ

2
=

1 + θ

2

θ

2
=

θ

1 + θ
=

1− θ

θ
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١ֵ اളൂاو ؉ֿۢ د۰׫ܙر ݄ݦո٢ن :4�.4 ݄ݦո٢ن

: 2 θ
2

= 1+ θ
2

و 2 θ
2

= 1− θ
2

݄ݦո٢ن .1
: θ ܳـ ل۰ اෑෂاو ݪأژ دݿٺިر ݆݁

θ = 1− 2 2 θ

2

: 2 θ
2
أ༥ܭ ݆݁ ොຶܭ

2 2 θ

2
= 1− θ ⇒ 2 θ

2
=

1− θ

2
�

وً؇ৎ৊ټܭ:

θ = 2 2 θ

2
− 1

: 2 θ
2
أ༥ܭ ݆݁ ොຶܭ

2 2 θ

2
= 1 + θ ⇒ 2 θ

2
=

1 + θ

2
�

اܳޙܭ: لژ ّأݠ ً؇ݿٺ༱ڎام : θ
2

= θ
1+ θ

݄ݦո٢ن .2

θ

2
=

θ
2
θ
2

:2 θ
2
ሒᇭ واৎ৊گ؇م اܳྟފޔ ๤ཟَب

=
2 θ

2
θ
2

2 2 θ
2

=
θ

2 2 θ
2

: 2 θ
2

= 1+ θ
2

ً؇ݿٺ༱ڎام

=
θ

2 · 1+ θ
2

=
θ

1 + θ
�

:2 θ
2
ሒᇭ واৎ৊گ؇م اܳྟފޔ ๤ཟَب : θ

2
= 1− θ

θ
݄ݦո٢ن .3

θ

2
=

θ
2
θ
2

=
2 2 θ

2

2 θ
2

θ
2

:2 θ
2

θ
2

= θ و 2 θ
2

= 1− θ
2

ً؇ݿٺ༱ڎام

=
2 · 1− θ

2

θ
=

1− θ

θ
�
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෕໋ب ۝ոຒڞ ᅽᅰإ ا୦ୠଡ଼ڵܙع ֵڞ ส്ܙ :7�.4 ١ֵ ֿ܊ۑ

p + q = 2
p + q

2

p− q

2

p− q = 2
p + q

2

p− q

2

p + q = 2
p + q

2

p− q

2

p− q = −2
p + q

2

p− q

2

෕໋ب ۝ոຒڞ ᅽᅰإ ا୦ୠଡ଼ڵܙع ֵڞ ส്ܙ ݄ݦո٢ن :5�.4 ݄ݦո٢ن

.q = α − β و p = α + β إذن ،β = p−q
2
و α = p+q

2
َݯؕ

: p + q = 2 p+q
2

p−q
2

݄ݦո٢ن .1

p + q = (α + β) + (α− β)

:ؕ৵৩ৠا ଫଃّ؇دݿ ً؇ݿٺ༱ڎام

= ( α β + α β) + ( α β − α β) = 2 α β

= 2
p + q

2

p− q

2
�

: p− q = 2 p+q
2

p−q
2

݄ݦո٢ن .2

p− q = (α + β)− (α − β)

= ( α β + α β)− ( α β − α β) = 2 α β

= 2
p + q

2

p− q

2
�

: p + q = 2 p+q
2

p−q
2

݄ݦո٢ن .3

p + q = (α + β) + (α− β)

= ( α β − α β) + ( α β + α β) = 2 α β

= 2
p + q

2

p− q

2
�
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: p− q = −2 p+q
2

p−q
2

݄ݦո٢ن .4

p− q = (α + β)− (α − β)

= ( α β − α β)− ( α β + α β) = −2 α β

= −2
p + q

2

p− q

2
�

ჸ૏ૉܙع ᅽᅰإ اڤ෕໐ب ۝ոຒڞ ֵڞ ส്ܙ :8�.4 ١ֵ ֿ܊ۑ

α β =
1

2
[ (α + β) + (α− β)]

α β =
1

2
[ (α + β) + (α− β)]

α β =
1

2
[ (α− β)− (α + β)]

ჸ૏ૉܙع ᅽᅰإ اڤ෕໐ب ۝ոຒڞ ֵڞ ส്ܙ ݄ݦո٢ن :6�.4 ݄ݦո٢ن

اࡺ࢘ࢦ؇م: وۏ٭ص اࠍ੊٭ص ؕᆇᅹ ଫଃّ؇دݿ ݆݁ ਊ಻ڎأ
: α β = 1

2
[ (α + β) + (α− β)] ݄ݦո٢ن .1

:ؕ৵৩ৠا ଫଃّ؇دݿ ݆݁
(α + β) = α β + α β

(α− β) = α β − α β

:ඔ൹أ؇دܳٺৎ৊ا ؕᆇ໶ໜ
(α + β) + (α− β) = 2 α β

⇒ α β =
1

2
[ (α + β) + (α− β)] �

: α β = 1
2
[ (α + β) + (α− β)] ݄ݦո٢ن .2

:ؕ৵৩ৠا ଫଃّ؇دݿ ݆݁
(α + β) = α β − α β

(α− β) = α β + α β

:ඔ൹أ؇دܳٺৎ৊ا ؕᆇ໶ໜ
(α + β) + (α − β) = 2 α β
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⇒ α β =
1

2
[ (α + β) + (α− β)] �

: α β = 1
2
[ (α − β)− (α + β)] ݄ݦո٢ن .3
: (α ± β) ܳـ ඔ൹اܳފ؇ًگٺ ඔ൹أ؇دܳٺৎ৊ا َޚݠح

(α−β)− (α+β) = ( α β+ α β)−( α β− α β)

= 2 α β

⇒ α β =
1

2
[ (α − β)− (α + β)] �
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