
اڤרո܈ۂ ෕ເاڤـڎ :1�.7 ؉ֵ ׂ֔ۑ

اࠍ੆ڎود ݁ٺأڎدات ܋ފިر ۋگܭ ݆݁ ๤ཡ؜ٷ ሒሃ K اࠍ੆گܭ আॻ༟ َ؇ޗݑ) ๤ཏ܋ (أو ل۰ ๤ཏ܋ ᄭᄟدا
:႟ၽاܳލ আॻ༟ ؇ዛኡأ أي ،K(x)

R(x) =
P (x)

Q(x)
, P (x), Q(x) ∈ K[x], Q(x) �= 0

. (P (x), Q(x)) = 1 Ⴄ၍ن إذا ચઁᙬൌ৭ل R(x) إن َگިل

اڤٍۢמث اݾ঻ۏء :2�.7 ؉ֵ ׂ֔ۑ

وۋ٭ڎ: ႟ၽ૰૖ ۬ਐಸ؇঺঒ ஓ୷ܝ݆ ،R(x) = P (x)
Q(x)

َ؇ޗݑ ๤ཏ܋ ႟ၽܳ

R(x) = E(x) +
P1(x)

Q(x)

۰༥در ༡ڎود ݁ٺأڎد P1(x) و اࠍ੆ڎود)، ݁ٺأڎد أو اܳݱۜ٭ں (اࠍ੊ݞء E(x) ∈ K[x] ۋ٭ت

.Q(x) আॻ༟ P (x) إؓڪמ׿١ֵ ؓۻڵ١ ًިاݿޚ۰ E(x) ૭ُ૏ٺۛݠج . (P1) < (Q)
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؉֍ո۠اڤ׫ ١ॻయور اڤؠ܋֦ :3�.7 ؉ֵ ׂ֔ۑ

Ⴄ၍ن إذا .Q(α) = 0 Ⴄ၍ن إذا R(x) = P (x)
Q(x)

اܳٷ؇ޗݑ ๤ཏـܝይዧ ؓ܋֦ ި۱ α ∈ K إن َگިل
؉֍ոׂ۠ ١ॻయر αگޚصይዧ إن َگިل ؇਍಻؆ڣ لگފ݄۬، ৖৑ (x−α)m+1 وܳـܝ݆ Q(x) ྾ཏلگ (x−α)m

.m

ا۰ո۰ॊूמ١ ١ֵ اڤר܊ۑ 1�.2�.7

اڤרո܈ؠ١ اڤـڎۻܙر ڤ׫ءڎמ٪ ا۰ո۰ॊूמ١ ١ֵ اڤר܊ۑ :1�.7 ١ֵ ֿ܊ۑ

ܳ٭ܝ݆: . (P ) < (Q) ؕ݁ ً ৖৑଩ଐ᛻ෛ੼ ً َ؇ޗگ؇ ً ܋๤ཏا R(x) = P (x)
Q(x)

ܳ٭ܝ݆

Q(x) =
r�

i=1

(x− αi)
mi

s�

j=1

(x2 + pjx+ qj)
nj

ይዧٺ༲ܹ٭ܭ). ᄭᄥً؇ڢ ଫଃ༚ ਃಸأ٭۰ ߙߵ (؜ިا݁ܭ p2j − 4qj < 0 ۋ٭ت R[x] ሒᇭ
ਫ਼ੇמ܋١: ټۻܙر ᆇ୞୘ިع ሌᇿإ R(x) ܳـ وۋ٭ڎ ّڰܝ٭۹ ل༥ިڎ

R(x) =
r�

i=1

mi�

k=1

Ai,k

(x− αi)k
+

s�

j=1

nj�

�=1

Bj,�x+ Cj,�

(x2 + pjx+ qj)�

.Ai,k, Bj,�, Cj,� ∈ R ۋ٭ت

C اݾষؠڞ ႞႐ոຒ 2�.2�.7

C(x) ᆃᅞ اڤ׫ءڎמ٪ :2�.7 ١ֵ ֿ܊ۑ

.(ଫଊ࠯࠵࠾ ا৙৑ݿ؇ݿ٭۰ ل۰ اܳٷޙݠ (ۋފص ۊޚ٭۰ ؜ިا݁ܭ ሌᇿإ ጵ጑౫౜ద ೑ಸ؇ٔ ଫଃ༚ ༡ڎود ݁ٺأڎد ႟၍ ،C[x] ሒᇭ
لܝިن: اܳٺڰܝ٭۹ ڣ؆ن ،zi ∈ C ۋ٭ت Q(x) =

�n
i=1(x− zi)mi Ⴄ၍ن إذا ᄳᄟا

P (x)

Q(x)
=

n�

i=1

mi�

k=1

Ai,k

(x− zi)k
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.Ai,k ∈ C ᆇᅹ٭ؕ

቞ቘ׫ءڎמ٪ ჸთڪמ١ ܈ۑق 3�.2�.7
اୠଡ଼ୢ׿دة) જੴ຋ (اո֔िऻڲ୹୴ِت اिऻؠոر١ֿ ֵؠ١ ܈ۑ .1

֍ؠ׿ي) أو (ؼؠמޅޜ ڲ׫ڵચੴة ػ܋מ١ ֍ܙاڲڞ :1�.7 ڲ׭ոل

x+ 3

(x− 1)(x− 2)
=

A

x− 1
+

B

x− 2

:(x− 1)(x− 2) ًـ ๤ཟَب

x+ 3 = A(x− 2) +B(x− 1)

x+ 3 = (A+ B)x + (−2A− B)

اৎ৊أ؇د৖৑ت: 
َޙ؇م
A+B = 1

−2A−B = 3
⇒



A = −4

B = 5

اڤ׫֔ܙֵۖ ֵؠ١ ܈ۑ .2
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ڲ׫ڵચੴة ػ܋מ١ ֍ܙاڲڞ :2�.7 ڲ׭ոل

x2 + 1

(x− 1)(x− 2)(x− 3)

: A
x−1 ሒᇭ A ෠ຬ৕৑؇د

A =
x2 + 1

(x− 2)(x− 3)

����
x=1

=
2

(−1)(−2)
= 1

: B
x−2 ሒᇭ B ෠ຬ৕৑؇د

B =
x2 + 1

(x− 1)(x− 3)

����
x=2

=
5

(1)(−1)
= −5

وᄔჼ۱ا.

ڲાણرة ֍ܙاڲڞ :١۝ոຑ ոຒूेت .3

3 ١ॻయر ڲڷ ؓ܋֦ :3�.7 ڲ׭ոل

x2 + 2x + 1

(x− 1)3
=

A

x− 1
+

B

(x− 1)2
+

C

(x− 1)3

:x = t+ 1 أي t = x− 1 ݪؕ

(t+ 1)2 + 2(t+ 1) + 1

t3
=
t2 + 4t+ 4

t3
=

1

t
+

4

t2
+

4

t3

.A = 1, B = 4, C = 4 إذن

R ᆃᅞ ኦኂ്ส ेू ݊ݦॴ఩֔מ١ ֍ܙاڲڞ .4

x2 + 1 ࣷ࣬ຐ ฝ്׫ܙي ڲؠոم :4�.7 ڲ׭ոل

2x + 3

(x2 + 1)(x+ 1)
=
Ax+B

x2 + 1
+

C

x + 1

:(x2 + 1)(x+ 1) ًـ ๤ཟَب

2x + 3 = (Ax+ B)(x+ 1) + C(x2 + 1)
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2x+ 3 = (A+ C)x2 + (A+B)x+ (B + C)

َޙ؇م:




A+ C = 0

A+ B = 2

B + C = 3

⇒






A = −1/2

B = 5/2

C = 1/2

اڤո֔ڲ١ اݾশܙارزڲמ١ 4�.2�.7

R(x) = P (x)
Q(x)

ոֿ܈ۂ ෕ເټ ׂءڎמ٪ ػ܋ܙات :1�.7 ػܙارزڲמ١

. (P,Q) = 1 :๤ཏاܳـܝ ا଩ଐ༠ل .1

.E(x) اܳݱۜ٭ں اࠍ੊ݞء ৖৑ݿٺۛݠاج إڢܹ٭ڎل۰ ڢފ۰݄ රජأ ، (P ) ≥ (Q) Ⴄ၍ن إذا .2

.K[x] ሒᇭ أوܳ٭۰ ؜ިا݁ܭ ሌᇿإ Q(x) ጵ጑༡ .3

ل۰: اܳٷޙݠ ۋފص اܳٺڰܝ٭۹ ႟ၽނ ا܋ٺص .4
�m

k=1
Ak

(x−α)k :(x− α)m ༟؇݁ܭ ႟ၽܳ •
�n

�=1
B�x+C�

(x2+px+q)�
ڣگޔ): R ሒᇭ) (x2 + px+ q)n ༟؇݁ܭ ႟ၽܳ •

ًـ: إ݁؇ Ak, B�, C� ೑ಸاܳټިا أو༥ڎ .5

.༇ຐ؇اܳٷ اࠍ੆ڎود ݁ٺأڎد ݁أ؇ఈః݁ت ݁گ؇ر۰َ ቕ቉ Q(x) ًـ ඔ൹اܳޚݠڣ ๤ཚب •
ا୒ୖ٭ڰ྘ފ؇ࢴࣖ). لگ۰ (ޗݠ x ܳـ ༠؇ݬ۰ ًگࡗࡲ اܳٺأިلݥ •
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اڤٍۢמث اݾ঻ۏء :1�.7 ਗ৻ۑ଄૵

.R(x) = x3+2x2−x+3
x2+x−2 اܳٷ؇ޗݑ ๤ཏـܝይዧ اܳݱۜ٭ں اࠍ੊ݞء أو༥ڎ

اिऻؠոم ส്ڪמڞ :2�.7 ਗ৻ۑ଄૵

:C[x] ሒᇭو R[x] ሒᇭ أوܳ٭۰ ؜ިا݁ܭ ሌᇿإ اܳٺ؇ܳ٭۰ اৎ৊گ؇݁؇ت ጵ጑༡

Q1(x) = x3 − 6x2 + 11x− 6 .1

Q2(x) = x4 + 4 .2

Q3(x) = x4 + 5x2 + 6 .3

R(x) ᆃᅞ ਫ਼ੇמ܋١ ټۻܙر ׂءڎמ٪ :3�.7 ਗ৻ۑ଄૵

:R(x) ሒᇭ ૭૖٭ޚ۰ ܋ފިر ሌᇿإ اܳٺ؇ܳ٭۰ اܳٷ؇ޗگ۰ اܳـܝފިر ၟၽڣ

R1(x) = 2x+1
(x−1)(x+2) .1

R2(x) = x2+3x+5
(x−1)2(x+3) .2

R3(x) = x2+1
x(x2+4)

.3

C(x) ᆃᅞ ׂءڎמ٪ :4�.7 ਗ৻ۑ଄૵

:C(x) ሒᇭ ૭૖٭ޚ۰ ܋ފިر ሌᇿإ اܳٺ؇ܳ٭۰ اܳـܝފިر ၟၽڣ

S1(x) = x+1
x2+1

.1

S2(x) = x2+2
x3−1 .2
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ڲાણرة ֍ܙاڲڞ :5�.7 ਗ৻ۑ଄૵

ଲ୍݁رة: ؜ިا݁ܭ وۏިد ؕ݁ اܳٺ؇ܳ٭۰ اܳـܝފިر ၟၽڣ

T1(x) = 3x−2
(x−2)3 .1

T2(x) = x3

(x−1)2(x+1) .2

ኦኂ്ส ेू ॴ఩֔מ١ ݊ݦ ֍ܙاڲڞ :6�.7 ਗ৻ۑ଄૵

:R ሒᇭ ጵ጑ොູ ৖৑ ߙߵਃಸأ٭۰ ؜ިا݁ܭ আॻ༟ ොູٺިي มฆܳا اܳٺ؇ܳ٭۰ اܳـܝފިر ၟၽڣ

U1(x) = 2x2−x+3
(x2+1)(x−1) .1

U2(x) = 1
(x2+4)2

.2

ూ఩اڤ׭ܙا ส്׿ࠥࡇ :7�.7 ਗ৻ۑ଄૵

اܳٺڰܝ٭۹: ሒᇭ A,B,C,D ೑ಸاܳټިا أو༥ڎ

x2 + 2x

(x− 1)(x2 + 1)
=

A

x− 1
+
Bx+ C

x2 + 1

:ሒᇭ ዻዧᄔცو

3x3 − 2x2 + x− 4

(x− 2)2(x2 + 2)
=

A

x− 2
+

B

(x− 2)2
+
Cx+D

x2 + 2

اڤ׫ပ࿮ڲڞ ࣷ࣬ຐ ׂ܋ץמؠոت :8�.7 ਗ৻ۑ଄૵

اܳٺ؇ܳ٭۰: اܳٺఈః݁Ⴄၽت ࠍ੆ފ؇ب اܳٷ؇ޗگ۰ اܳـܝފިر ّڰܝ٭۹ اݿٺ༱ڎم
�

dx
x2−5x+6 .1

�
x2+x+1
x3−x dx .2
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দগټץ١ ոຒूेت :9�.7 ਗ৻ۑ଄૵

اܳأިا݁ܭ: ݆݁ أَިاع ༟ڎة ඔ൹ً ؕᆇ໶໢ มฆܳا اܳٺ؇ܳ٭۰ اܳـܝފިر ၟၽڣ

(ً৖৑أو اܳݱۜ٭ں اࠍ੊ݞء (أو༥ڎ V1(x) = x4

(x−1)3(x+2)2 .1

V2(x) = x3+2x2+3x+4
(x2+1)(x2+4)

.2

١ຐڲ׫רܙ ਗ৻رո଄૵ :10�.7 ਗ৻ۑ଄૵

ሒᇭ 1
(x−a)k ݁أ؇݁ܭ ڣ؆ن ، (P ) < n ۋ٭ت R(x) = P (x)

(x−a)n Ⴄ၍ن إذا أَ۬ ඔ൹ً .1
:ި۱ اܳٺڰܝ٭۹

Ak =
P (n−k)(a)

(n− k)!

.m ۰ਊಾීෂا ݆݁ اৎ৊ލٺݑ ި۱ P (m) ۋ٭ت

.C(x) ሒᇭو R(x) ሒᇭ W (x) = 1
x4+1

ၟၽڣ .2
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