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Analysis I: Tutorial Exercise Sheet 4

Exercise 01:
From the following functions, determine which ones are of the same order (as x → 0), which ones are of
higher order, and which ones are of lower order. Express your answers using Landau notation.
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1) x2, 2)
√

x2 + x4, 3) sin(3x), 4) 2x cos(x3) tan2(x), 5) e2x.

Exercise 02:
1. Expand, in powers of x− 2, the polynomial x4 − 5x3 +5x2 +x+2. ( x− 2 øñ
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2. Expand, in powers of x+ 1, the polynomial x5 + 2x4 − x2 + x+ 1. ( x+ 1 øñ
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Exercise 03:
Give Taylor’s formula for the function f(x) =

√
x when a = 1, n = 3.
. n = 3 ð a = 1 Y

	
J« f(x) =

√
x
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Exercise 04:
1. Give the Maclaurin formula for the function f(x) =

√
1 + x when n = 2.

. n = 2 AÓY
	
J« f(x) =

√
1 + x

�
éË @YË@ Ég.



@ 	áÓ 	áK
PñÊ¿ AÓ

�
é
	
ªJ
� ù



¢«



@ .1

2. Give the error of the approximation
√
1 + x ≈ 1 + 1

2x− 1
8x

2 when x = 0.2.

. x = 0.2 AÓY
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Exercise 05:
1. Show that: 	à



@
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K.

sinx = sin a+ (cos a)(x− a)− (sin a)(x− a)2

2!
− (cos ξ)(x− a)3

3!

where a < ξ < x.
2. Using the expression from the first question, evaluate sin 49◦ and give the error of the approximation.
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Exercise 06:
Write the Maclaurin series expansion of ex sinx. ( �
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Exercise 07:
1. (a) Using the Maclaurin formula of order n, show that for all x ≥ 0:

: x ≥ 0 É¿ Ég.
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x

1!
+

x2

2!
+ · · ·+ xn

n!
≤ ex

(b) Using the Maclaurin formula of order 2, show that: ( 	
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(c) Conclude that: ( :
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2. Using the Taylor formula, show that: ( :
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(a) For all x ∈ [0, π
2 ] : cos(x) ≤ 1− x2

2! +
x4

4!

(b) ∀x > 0 : x− x2

2 + x3

3 − x4

4 < ln(x+ 1) < x− x2

2 + x3

3

Exercise 08:
In Einstein’s special relativity, the mass of an object moving at velocity v is given by

m = m0√
1−v2/c2
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where m0 is the rest mass and c is the speed of light. The kinetic energy is defined as the difference
between total energy and rest energy:
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K = mc2 −m0c
2.

1. Show that for small v (compared to c), the expression for K reduces to the classical Newtonian form:
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K ≈ 1

2
m0v

2.

2. Use Taylor’s formula to estimate the difference between relativistic and classical kinetic energy when
|v| ≤ 100 m/s.
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