
Resolution of Systems of Linear Equations  

Via Direct Methods 

1. The system 𝐴𝑥 = 𝑏 in matrix representation: 

{
 
 

 
 
𝑎11𝑥1 + 𝑎12𝑥2 + … + 𝑎1𝑛−1𝑥𝑛−1 + 𝑎1𝑛𝑥𝑛
𝑎21𝑥1 + 𝑎22𝑥2 + … + 𝑎2𝑛−1𝑥𝑛−1 + 𝑎2𝑛𝑥𝑛
𝑎31𝑥1 + 𝑎32𝑥2 + … + 𝑎3𝑛−1𝑥𝑛−1 + 𝑎3𝑛𝑥𝑛
⋮ + ⋮ + ⋱ + ⋮ + ⋮

𝑎𝑛−11𝑥1 + 𝑎𝑛−12𝑥2 + ⋯ + 𝑎𝑛−1𝑛−1𝑥𝑛−1 + 𝑎𝑛−1𝑛𝑥𝑛
𝑎𝑛1𝑥1 + 𝑎𝑛2𝑥2 + ⋯ + 𝑎𝑛𝑛−1𝑥𝑛−1 + 𝑎𝑛𝑛𝑥𝑛

=  

𝑏1
𝑏2
𝑏3
⋮

𝑏𝑛−1
𝑏𝑛

 

 

2. The system's matrix 𝐴 is  

• Not a lower triangular matrix 

• Not an upper triangular matrix 

 

A method for solving a linear system is termed direct if the solution can be obtained in a finite number 

of operations. 

 
 

[

𝑎11 𝑎12 … … 𝑎1𝑛
𝑎21 𝑎22 … … 𝑎2𝑛
⋮ ⋮ ⋱ … ⋮

𝑎𝑛1 𝑎𝑛2 … … 𝑎𝑛𝑛

]    .     

x1
x2
⋮
xn

    =  

b1
b2
⋮
bn

 



 

Direct Methods  

Inverse of the System Matrix 

 

𝑋 = 𝐴−1𝑏, 

 
This method requires  𝑇𝑖𝑛𝑣𝑒𝑟𝑠𝑒 = 𝑛 ! (𝑛2 + 𝑛 + 1) + 3𝑛2 − 1  elementary operations. 
 

𝐴 ∈ 𝑀𝑛(𝕂) Number of Elementary 
Operations 

n=3  Tinverse = 104 

n=4  Tinverse = 551 

n=5  Tinverse = 3790 

n=10  Tinverse~4. 10
8 

 

 

 

 

 



Direct Methods  

Cramer's Rule 

𝑥𝑖 =
det(𝐴𝑖→𝑏)

det(𝐴)
    where 𝐴𝑖→𝑏 is the matrix formed by replacing the 𝑖-th column of 𝐴 by the vector 𝑏.

 𝑥𝑖 =
1

𝑑𝑒𝑡 𝐴
|

|

𝑎11 𝑎12 … 𝑎1 𝒊−𝟏 𝒃𝟏 … 𝑎1𝑛
𝑎21 𝑎22 … 𝑎2 𝒊−𝟏 𝒃𝟐 … 𝑎2𝑛
𝑎31 𝑎32 … 𝑎3 𝒊−𝟏 𝒃𝟑 … 𝑎3𝑛
⋮ ⋮ ⋱ ⋮ … ⋮

𝑎𝑛−1 1 𝑎𝑛−1 2 … 𝑎𝑛−1𝒊−𝟏 𝒃𝒏−𝟏 … 𝑎𝑛−1𝑛
𝑎𝑛1 𝑎𝑛2 … 𝑎𝑛 𝒊−𝟏 𝒃𝒏 … 𝑎𝑛𝑛

|

|
 

Example  

[
5 4 7
2 4 8
3 6 9

]    𝑋   =  [
10
20
30
]           det D = -36 

𝑥1 =
−1

36
|
10 4 7
20 4 8
30 6 9

|     𝑥2 =
−1

36
|
5 10 7
2 20 8
3 30 9

|      𝑥3 =
−1

36
|
5 4 10
2 4 20
3 6 30

| 

𝑥1 = −3.3333     𝑥2 = 6.6667      𝑥3 = 0 



Direct Methods  

Cramer's Rule 
Solving the system using Cramer's Rule requires a total of: 

 TCramer = (n + 1)2. n! − 1 elementary operations 
 

𝐴 ∈ 𝑀𝑛(𝕂) Number of Elementary Operations 

n=3  TCramer =95 

n=4  TCramer = 599 

n=5  TCramer = 4319 

n=10  TCramer~4. 10
8 

 

This method becomes very slow in terms of execution time (computation)  as soon 

as 𝑛 exceeds 4.  ➔ It is therefore not more advantageous than computing the inverse. 
. 

 

 



Direct Methods :  Gaussian Elimination Method   

 

 

𝑎11𝑥1 + 𝑎12𝑥2 + … + 𝑎1𝑛𝑥𝑛 = 𝑏1
𝑎21𝑥1 + 𝑎22𝑥2 + …  + 𝑎2𝑛𝑥𝑛 = 𝑏2
⋮ + ⋮ + ⋱ + ⋮ = ⋮

𝑎𝑛−1𝑥1+𝑎𝑛−1 2𝑥2+ … +𝑎𝑛−1𝑛𝑥𝑛=𝑏𝑛−1
𝑎𝑛1𝑥1 + 𝑎𝑛 2𝑥2 + … + 𝑎𝑛𝑛𝑥𝑛 = 𝑏𝑛

    

𝑎11 𝑎12 … 𝑎1,𝑛−1 𝑎1𝑛
𝑎21 𝑎22 … 𝑎2,𝑛−1 𝑎2𝑛
𝑎31 𝑎32 … 𝑎3,𝑛−1 𝑎3𝑛
⋮ ⋮ ⋱ ⋮ ⋮

𝑎𝑛−1𝑎𝑛−1 2…𝑎𝑛−1,𝑛−1𝑎𝑛−1𝑛
𝑎𝑛1 𝑎𝑛 2 … 𝑎𝑛−1 𝑛 𝑎𝑛𝑛

 ×  

𝑥1
𝑥2
𝑥3
⋮

𝑥𝑛−1
𝑥𝑛

=

𝑏1
𝑏2
𝑏3
⋮

𝑏𝑛−1
𝑏𝑛

 

Objective : A x = b 

→   

       R x = c  

Where 𝑹 is an upper triangular matrix.    

[
 
 
 
 
 
𝑟11 𝑟12 … 𝑟1,𝑛−1 𝑟1𝑛
0   𝑟22  … 𝑟2,𝑛−1 𝑟2𝑛
0 0 ⋱ 𝑟3,𝑛−1 𝑟3,𝑛
⋮ ⋮ ⋱ ⋮ ⋮
0 0 …  𝑟𝑛−1,𝑛−1 𝑟𝑛−1𝑛
0 0 … 0 𝑟𝑛𝑛 ]

 
 
 
 
 

×

𝑥1
𝑥2
⋮
⋮

𝑥𝑛−1
𝑥𝑛

=  

𝑐1
𝑐2
⋮
⋮

𝑐𝑛−1
𝑐𝑛

 

 



Direct Methods :  Gaussian Elimination Method 

 

 

 

 
 
 
 

 Example : Solve the following system: 

𝑥1 + 2𝑥2 + 3𝑥3 + 4𝑥4
2𝑥1 + 3𝑥2 + 4𝑥3 + 𝑥4
3𝑥1 + 4𝑥2 + 𝑥3 + 2𝑥4
4𝑥1 + 𝑥2 + 2𝑥3 + 3𝑥4

     =   

11
12
13
14

   𝐴(0)𝑥 = 𝑏(0)          Augmented Matrix 

[

1 2 3 4
2 3 4 1
3 4 1 2
4 1 2 3

     

11
12
13
14

] 

We denote the initial system as 𝐴(0)𝑥 = 𝑏(0) 

(Step 1) → Result :  𝐴(1)𝑥 = 𝑏(1) 

⋮ 

(Step i) → Result :  𝐴(𝑖)𝑥 = 𝑏(𝑖) 

 

(Final Step (n-1)) → Result :  →   𝐀(𝐧−𝟏)𝐱 = 𝐛(𝐧−𝟏) 
 

The process uses the augmented 

matrix [𝐴 ∣ 𝑏]. 

 
 



Direct Methods :  Gaussian Elimination Method 

Step 1: Work on the 1st column (j=1)    of   𝑨(𝟎)𝒙 = 𝒃(𝟎)       [

1 2 3 4
2 3 4 1
3 4 1 2
4 1 2 3

     

11
12
13
14

] 

Objective   Eliminate the coefficients 𝑎𝑖1
(1)
 of 𝐴(0), 𝑖 = 2: 𝑛    [

1 2 3 4
0 ? ? ?
0 ? ? ?
0 ? ? ?

    

11
?
?
?

] 

Method ?  

{

𝑥1 +2𝑥2+3𝑥3+4𝑥4
2𝑥1+3𝑥2+4𝑥3+ 𝑥4
3𝑥1+4𝑥2+ 𝑥3 +2𝑥4
4𝑥1+ 𝑥2 +2𝑥3+3𝑥4

=

11

12

13

14

      →   

𝐿1
𝐿2
𝐿3
𝐿4

        →    

𝐿1

𝐿2 = 𝐿2 −
𝟐

𝟏
𝐿1

𝐿3 = 𝐿3 −
𝟑

𝟏
𝐿1

𝐿4 = 𝐿4 −
𝟒

𝟏
𝐿1

 

 

𝑨(𝟏)𝒙 = 𝒃(𝟏)           ≡   

1 2 3 4

0 −1 −2 −7

0 −2 −8 −10

0 −7 −10 −13

   

11

−10

−20

−30

 

 



Step 1: 

Work on the 1st column (j=1)    of   𝑨(𝟎)𝒙 = 𝒃(𝟎) 

Objective   Eliminate the coefficients 𝑎𝑖1
(1)
 from 𝐴(0)    𝑖 = 2: 𝑛  [

1 2 3 4
0 ? ? ?
0 ? ? ?
0 ? ? ?

    

11
?
?
?

] 

Method 

• Verify the pivot 𝒂𝟏𝟏
(𝟎) ≠ 0    Here,  𝑎11

(0)
= 1 ≠ 0 

• For each row 𝐿𝑖   where 𝑖 = 2 ∶ 𝑛 ,  

                          subtract the first row    𝐿1 multiplied by 
𝑎𝑖1

𝑎11
  : 

for  i=2 :     𝐿2 ← 𝐿2 −
𝑎21
(0)

𝑎11
(0) 𝐿1   →    

𝑎11 …
0 …
𝑎31 …
… …
𝑎𝑛1 …

   

for i=3 :       𝐿3 ← 𝐿3 −
𝑎31
(0)

𝑎11
(0) 𝐿1     →                    

𝑎11 …
0 …
0 …… …
𝑎𝑛1 …

 



for    i= n  : 𝐿𝑛 ← 𝐿𝑛 −
𝑎𝑛1
(0)

𝑎11
(0) 𝐿1      → 

𝑎11 …
0 …
0 …… …
0 …

        

 

{

𝑥1 +2𝑥2+3𝑥3+4𝑥4
2𝑥1+3𝑥2+4𝑥3+ 𝑥4
3𝑥1+4𝑥2+ 𝑥3 +2𝑥4
4𝑥1+ 𝑥2 +2𝑥3+3𝑥4

=

11

12

13

14

      →   

𝐿1
𝐿2
𝐿3
𝐿4

        →    

𝐿1

𝐿2 = 𝐿2 −
𝟐

𝟏
𝐿1

𝐿3 = 𝐿3 −
𝟑

𝟏
𝐿1

𝐿4 = 𝐿4 −
𝟒

𝟏
𝐿1

 

 

Computation   

Matrix representation : [

𝟏 2 3 4
2 3 4 1
3 4 1 2
4 1 2 3

    

11
12
13
14

] − 

[
 
 
 
0 0 0 0 0
(1 2 3 4 11) × 𝟐 𝟏⁄

(1 2 3 4 11) × 𝟑 𝟏⁄

(1 2 3 4 11) × 𝟒 𝟏⁄ ]
 
 
 
 

 

𝐴(1)𝑥 = 𝑏(1) = [

1 2 3 4

2 3 4 1

3 4 1 2

4 1 2 3

    

11

12

13

14

] − [

0 0 0 0

2 4 6 8

3 6 9 12

4 8 12 16

    

0

22

33

44

] =   

1 2 3 4

0 −1 −2 −7

0 −2 −8 −10

0 −7 −10 −13

   

11

−10

−20

−30

 

 



  
 

Step 2: 

Work on the 2nd column (j=2)    of   𝑨(𝟏)𝒙 = 𝒃(𝟏) 

Objective   Eliminate the coefficients 𝑎𝑖2
(2)
 from 𝐴(1) 𝑖 = 3: 𝑛 (3,4)   

1 2 3 4
0 −1 −2 −7
0 −2 −8 −10
0 −7 −10 −13

   

11
−10
−20
−30

 

Method : 

1. Verify the pivot :  𝑎22
(1)
≠ 0 

2. For each row 𝐿𝑖, n=3 :4    subtract the second row 𝐿2 multiplied by  
𝑎𝑖2

𝑎22
   

for i=3:  𝐿3 ← 𝐿3 −
𝑎32
(1)

𝑎22
(1) 𝐿2    

𝑎11𝑎12…
0 𝑎22…
0 0 …
0 𝑎42…
… … …
0 𝑎𝑛2…

 



              for  i=4 : 𝐿4 ← 𝐿4 −
𝑎42
(1)

𝑎22
(1) 𝐿2   

𝑎11 𝑎12 …
0 𝑎22 …
0 0 …
0 0 …
… … …
0 𝑎𝑛2 …

 

 

{
 

 
𝑥1+ 2𝑥2 + 3𝑥3 + 4𝑥4

−𝒙𝟐 − 2𝑥3 − 7𝑥4
−2𝑥2− 8𝑥3 −10𝑥4
−7𝑥2−10𝑥3−13𝑥4

=

11
−10
−20
−30

      →   

𝐿1
𝐿2
𝐿3
𝐿4

        →  

𝐿1
𝐿2

𝐿3 = 𝐿3 −
(−𝟐)

(−𝟏)
𝐿2

𝐿4 = 𝐿4 −
(−𝟕)

(−𝟏)
𝐿2

   

Computation :  

Matrix representation : [

1 2 3 4
0− 𝟏 −2 −7
0 −2 −8 −10
0 −7 −10−13

   

11
−10
−20
−30

] − 

[
 
 
 
/ / / / /

/ / / / /

(0 −1 −2 −7 −10) × −𝟐 − 𝟏⁄

(0 −1 −2 −7 −10) × −𝟕 − 𝟏⁄ ]
 
 
 

 

 

= [

1    2   3 4
0  −1   −2  −7
0  −2   −8   −10
0  −7  −10  −13

   

11
−10
−20
−30

] − [

/ / / / /
/ / / / /
(0 −2 −4 −14 −20)
(0 −7 −14 −49 −70)

] =   [

1 2 3 4
𝟎 −1 −2 −7
𝟎 𝟎 −4  4
𝟎 𝟎 4  36

    

11
−10
0
40

]=𝐴(2)𝑥 = 𝑏(2) 

 



Step (n-1): Work on the (n-1)th column (j=n-1)  of  𝑨(𝐧−𝟐)𝒙 = 𝒃(𝐧−𝟐)  ≡ 

Step (3): Work on the (3)rd column (j=3)  of  𝑨(𝟐)𝒙 = 𝒃(𝟐) 

Objective   Eliminate the coefficients 𝑎𝑖3
(3)
(𝑎𝑖,𝑛−1

(𝑛−1)
) from 𝐴(2) 𝑖 = 𝑛 = 4    

1 2 3 4
0 −1 −2 −7
0 −2 −8 −10
0 −7 −10 −13

   

11
−10
−20
−30

 

Method : 

1. Verify the pivot  𝑎𝑛−1,𝑛−1
(𝑛−2) ≠ 0 

2. For the line  𝐿𝑖, where  i = j+1  :  n, subtract the line 𝐿𝑛−1 multiplied by 
𝑎𝑖,𝑛−1

𝑎𝑛−1,𝑛−1
   

Pour i=n :  𝐿𝑛 ← 𝐿𝑛 −
𝑎𝑖,𝑛−1
(𝑛−2)

𝑎𝑛−1,𝑛−1
(𝑛−2)    𝐿𝑛−1 

 𝐴(𝑛−1)𝑥 = 𝑏(𝑛−1)        

𝑟11 𝑟12 … 𝑟1,𝑛−1 𝑟1𝑛 𝑐1
0 𝑟22 … 𝑟2,𝑛−1 𝑟2𝑛 𝑐2
0 0 ⋱ ⋮ ⋮ ⋮
⋮ ⋮ ⋱ ⋮ ⋮ ⋮
0 0 … 𝑟𝑛−1,𝑛−1 𝑟𝑛−1𝑛 𝑐𝑛−1𝑛
0 0 … 0 𝑟𝑛𝑛 𝑐𝑛𝑛

   



 

Computation 

 

{

𝑥1+2𝑥2 +3𝑥3 + 4𝑥4
−𝑥2 −2𝑥3 − 7𝑥4

− 𝟒𝒙𝟑+ 4𝑥4
4𝑥3 +36𝑥4

=

11

−10

0

40

      →   

𝐿1
𝐿2
𝐿3
𝐿4

        →  

𝐿1
𝐿2
𝐿3

𝐿4 = 𝐿4 −
(𝟒)

(−𝟒)
𝐿3

   

 

Matrix representation : 

 [

1 2 3 4
0  −1 −2 −7
0 0 − 𝟒 +4
0 0 +4   +36

   

11
−10
0
40

] − 

[
 
 
 
/ / / / /

/ / / / /

/ / / / /

(0 0 −4   +4   0) × 𝟒 − 𝟒⁄ ]
 
 
 

 

 

= [

1 2 3 4

0  −1 −2 −7

0 0 − 𝟒 +4

0 0 +4   +36

   

11

−10

0

40

] − [

/ / / / /

/ / / / /

/ / / / /

(0 0 +4  −4   0)

] =   [

1 2 3 4

𝟎 −1 −2 −7

𝟎 𝟎 −4  4

𝟎 𝟎 𝟎  40

    

11

−10

0

40

] = 𝐴(3)𝑥 = 𝑏(3) 

 

 

 



Final step : Back Substitution 

1. The determinant of the matrix 𝐴(3) is verified from the triangular form : 

det𝐴(3) =∏𝑎𝑗𝑗
(𝑛−1)

𝑗=𝑛

𝑗=1

;   

det 𝐴(3) = (1) × (−1) × (−4) × (40) = 160 

 

2.  Solve the triangular system 𝐴(3)𝑥 = 𝑏(3) using back substitution: 

 
40𝑥4 = 40           ⇒ 𝑥4 = 1

−4𝑥3 + 4(1) = 0              ⇒ 𝑥3 = 1
−𝑥2 − 2(1) − 7(1) = −10         ⇒ 𝑥2 = 1

𝑥1 + 2(1) + 3(1) + 4(1) = 11             ⇒ 𝑥1 = 2

 

 

Solution:  

 x4= 1, 

x3= 1, 

x2= 1 , 

x1= 2 

 



Gaussian Elimination Method (Summary) 

The process consists of two phases: (1) Triangularization (Forward Elimination), (2) Back Substitution. 

- Triangularization (Forward Elimination) 

- Start with 𝐴, the systems’ matrix of order 𝑛. The same operations are performed on the right side vector 𝑏. 

- There are 𝑛 − 1 steps: initial system (0) → final system (n-1), which is upper triangular. 

- At step 𝑗, we eliminate the coefficients below the diagonal in column 𝑗 of the previous system 𝐴(𝑗−1)𝑥 = 𝑏(𝑗−1). 

- How? For each row 𝑖 > 𝑗, subtract row 𝑗 multiplied by 
aij
(j−1)

ajj
(j−1) 

o j < i ≤ n    we have   aij
(j)
= 0 

o  j ≤  k ≤  n       we have    𝑎𝑖𝑘
(𝑗)
= 𝑎𝑖𝑘

(𝑗−1)
− 
𝑎𝑖𝑗
(𝑗−1)

𝑎
𝑗𝑗
(𝑗−1)  𝑎𝑗𝑘

(𝑗−1)
      and     𝑏𝑖

(𝑗)
= 𝑏𝑖

(𝑗−1)
−  

𝑎𝑖𝑗
(𝑗−1)

𝑎
𝑗𝑗
(𝑗−1) 𝑏𝑗

(𝑗−1)
    

Pseudo code 

For   j = 1 to n-1 

 if pivot 𝑎𝑗𝑗
(𝑗−1)

≠ 0  

  for  i = j+1  to  n   

   𝐿𝑖 ← 𝐿𝑖 −
𝑎𝑖,𝑗
(𝑗−1)

𝑎𝑗,𝑗
(𝑗−1)  𝐿𝑗   



Gaussian Elimination code 

 

 



Gaussian Elimination Method (REMARKS) 

 

Remark 1 

The solution of a linear system is unchanged when: 

• Two rows are permuted. 

• Two columns are permuted (note: this permutes the solution variables). 

• A row is multiplied by a non-zero scalar. 

• A multiple of one row is added to another row. 

 

Remarque 2 

 Problem :  The basic Gaussian elimination method fails if a pivot 𝑎𝑘+1,𝑘+1
(𝑘) = 0 

Solution: Use partial pivoting: swap row 𝐿𝑘+1 
(𝑘)

with a row  𝐿𝑖
(𝑘)

 (where 𝑖 > 𝑘) such that ∣ 𝑎𝑖,𝑘+1
(𝑘)

∣ is maximized. 

 

Example : 



Initial augmented matrix [𝐴(0) ∣ 𝑏(0)]  

[

0 −1 2 13
1 −2 3 17
−1 3 −3 −20
0 −5 −1 4

       

5
4
−1
1

]    has     [𝐴(0)𝑏(0)]   𝑎11 = 0  → Swap   𝐿2 
(0)
↔ 𝐿1

(0)
     

 

Résult : 

 

[

1 −2 3 17
0 −1 2 13
−1 3 −3 −20
0 −5 −1 4

    

4
5
−1
1

]    [𝐴(0)𝑏(0)]     

Proceed with elimination   𝐿𝑖 ← 𝐿𝑖 +
1

1
 𝐿1   [

1 −2 3 17

0 −1 2 13

0 1 0 −3

0 −5 −1 4

            

4

5

3

1

]  [𝐴(1)𝑏(1)] 

….. 

 

Remark 3 

The Gaussian elimination method solves a linear system using an estimated number of elementary operations: 

𝑇Gauss =
2𝑛3

3
+ 𝑂(𝑛2)     or more precisely = (4𝑛3 + 9𝑛2 − 7𝑛) 6⁄ , 

 
 



This demonstrates the massive improvement this method offers over inverse and Cramer methods. 

𝐴 ∈ 𝑀𝑛(𝕂) Number of Operations 

n=3 𝑇𝐺𝑎𝑢𝑠𝑠 =28 

n=4 𝑇𝐺𝑎𝑢𝑠𝑠 =62 

n=5 𝑇𝐺𝑎𝑢𝑠𝑠 = 115 

n=10 𝑇𝐺𝑎𝑢𝑠𝑠 = 805 

 

 

Remark 4 

Using Gaussian elimination, the determinant of matrix 𝐴 is calculated as follows: 

 

det 𝐴 = (−1)𝑝∏𝑎𝑘𝑘
(𝑘)

𝑘=𝑛

𝑘=1

;   

 where 𝑝 is the number of row permutations performed during the elimination process. 

 

 

 

 


