Resolution of Systems of Linear Equations
Via Direct Methods

1. The system Ax = b in matrix representation:
ai1X1 + A12X; + + A1n-1Xn-1 + A1nXn by
az1X1 + A22X7 + + Aon-1Xn-1 + Az2nXn b,
az1Xy + A3X7 + + A3n—1Xn—1 + AznXn b
: + : + + : + : - :
an-11X1 + An-12%2 + + An-1n-1Xn-1 + An—1nXn bn—1
Ani1X1 + An2X2 + + nn-1Xn-1 + AnnXn bn
a;1 aq Ain Xq b,
a21 azz e e azn X2 b
. . — 2
2. The system's matrix 4 is : S S
an1  Qp2 Apn Xn by,

e Not a lower triangular matrix

e Not an upper triangular matrix

A method for solving a linear system is termed direct if the solution can be obtained in a finite number
of operations.



Direct Methods
Inverse of the System Matrix

X =A1b,

This method requires Tipperse = ! (n? + 1+ 1) + 3n% — 1 elementary operations.

A € M, (K) Number of Elementary
Operations

n=3 Tinverse = 104

n=4 Tinverse = 551

n=>5 Tinverse = 3790

n=10 inverse™~4: 10°




i —_—

_ det(4 i—)b)
det(A)

Example

5 4 7
2 4 8
3 6 9

X

where A;_,;, is the matrix formed by replacing the i-th column of A by the vector b.
a1 a2 ari-1 b4 A1n
az1 az2 azi-1 b, Azn

o = 1| %31 asz azi-1 b3 a3n
L7 detal| : : :
Apn_11 QAp_1> An-1i-1 bn—l An-1n
An1 An2 Ani-1 bn Ann
10
X = |20 detD =-36
30
—1[10 4 7 —1|5 10 7 —1|5 4 10
1=—120 4 8| x,=—12 20 8 x3=—==12 4 20
36130 6 9 3613 30 9 363 6 30
x; = —3.3333 X, = 6.6667 x3=0

Direct Methods
Cramer's Rule




Direct Methods

Cramer's Rule
Solving the system using Cramer's Rule requires a total of:

Teramer = (n + 1)%.n! — 1 elementary operations

A € M,,(K)| Number of Elementary Operations
n=3 Teramer =95

n=4 Tcramer = 599

n=>5 Teramer = 4319

n=10 Tcramer~4. 108

This method becomes very slow in terms of execution time (computation) as soon
as n exceeds 4. => It is therefore not more advantageous than computing the inverse.



Direct Methods : Gaussian Elimination Method

A1X1 + AiXy + o+ aQpx, = by
Ay1X1 + Aypxy + .o + aypx, = by
o+ + e+ 8 =
Ap-1X1F0p_12X2F . FAp 12X, =by 1
Ap1X1 + ApaXy + oo + appXy = by

Objective: Ax=Db

9
Rx=c¢

Where R is an upper triangular matrix.

711

a1 Q12 . Apn-1 QAin
Az1 dzz ... Qp-1 d2pn

azi; dzp ... A3p—1 QA3p

an—lan—lz-"an—Ln—lan—ln

ap1 Ap2 - AQp-1n Qpn
T1n-1 Tin T
T2n-1 Ton
T3 n-1 3n
" . X

Tn—Ln—l Thn—1n

X1 by
Xy b,
x3 _ b3
Xn-1  bp—q
Xn b,
X1 (&1
X2 Co
Xn—1 Cn—1
xn Cn




Direct Methods : Gaussian Elimination Method

We denote the initial system as A@x = p©

(Step 1) — Result : AMx = pD
(Step i) — Result : A®Wx = p®
(Final Step (n-1)) — Result: > A®Dx = p®-1

Example : Solve the following system:

x, + 2x, +
2x, + 3x, +
3x; + 4x, +
4x, + x, +

3x3
4x4
X3
2X5

+

_|_
_|_
_|_

4x,
X4
2X,
3%,

11
12
13
14

The process uses the augmented

matrix [A | b].

Ay = p©

B W N =

oA W

N = W

WN =S

Augmented Matrix

11
12
13
14



Direct Methods : Gaussian Elimination Method

1 2 3 4 11
. _ ) — }(0) 2 3 4 1 12
Step 1: Work on the 1st column (j=1) of A%x=b 3 4 1 2 13
4 1 2 3 14
1 2 3 4 11
Objective Eliminate the coefficients a™ of A®, i =2:n |0 7 7 7 7
jective Eliminate the coefficients a;;” o yi=2m |0, o
o ? 7?7 7
Method ?
Ly
x1 +2x,43x3+4x, 11 Ly 2
2x1+3x,+4x3+ x4 12 N L, S LZZLZ_ILl
3x,+4x,+ x5 +2x, 13 Lj Ly =Ls _%Ll
2 3 4 11
A — pD _0 -1 -2 =7 -10

—-10 -20
-7 —-10 -13 -30

R e R e I
I
()
|
[e0]



Step 1:

Work on the 15t column (j=1) of A@x = p©®

m 2 3 4 11
o cti o : €Y) © :i_»9...10 72 2?2 ?
Objective Eliminate the coefficients a;;” from A [=2:n 0 7 7 2
o ? 7 7
Method
o Verify the pivot Here, aﬂ) =1+#0
e Foreachrow L; wherei =2:n,
i a;
subtract the first row L, multiplied by a—ll :
11
- a11
. a 0
for i=2: L, < L, —%Ll > ag
a11
An1
o a1
- ag1) 0
for1=3 : L3 — L3 - _Ll > 0

(0)
aqq



(0)
: a
for i=n:Lp, «Lp——5L1 0
a4
0
Ly
X, +2x,+3x3+4x, 11 L, 2
20, +3x,+4x3+ X, 12 5 L, N Ly =L, —71L4
3x;+4x,+ x3 +2x, 13 Ly Ly = Ls _%Ll
4x1+ x; +2x3+3x 4
1+ X, 315X, 14 Ly Ly=L,—-L,
Computation
m 2 3 4 11 0000 O
Matri ation: |2 3 4 1 12 (123411) x 2/
atrix representation : | o, 5 J (123 411) x 3/m
4 1 2 3 14 (123411) x 4/m
1 2 3 4 11 0 0 O 0 O 1 2 3 4 11
AWy = p) = 2 3 4 1 12 _ 2 4 6 8 22 _ 0o -1 =2 -7 =10
3 4 1 2 13 3 6 9 12 33 o -2 -8 -—-10 -20
4 1 2 3 14 4 8 12 16 44 0o -7 -10 -13 -30



Step 2:
Work on the 21 column (j=2) of AMx = pMD

1 2 3 4
Objective Eliminate the coefficients ag) from A® i = 3:n (3,4) g :; :g __170
0 -7 -—-10 -13

Method :
1. Verify the pivot : aglz) * 0

a.
2. For each row L; n=3 :4 subtract the second row L, multiplied by a—lz
22
allalz ann
0 @y
1)
A _ a3p 0 0 ..
for 1=3: L3 — L3 aglz) L2 0 Ayy .

11
—10
-20
—30



0 ay
(1)
) a 0 0
for i=4: Ly < Ly — ‘(*12) L, o o
22
0 apn
Ly
x1+ sz + 3.7(,'3 + 4x4 11 Ll L2
=Xa2] — 2x3 - 7x4 _ —-10 LZ _ (-2)
_2x2_ 8.X3 —10x4 - _20 9 L3 9 L3 - L3 (_1) LZ
_7x2_1OX3_13x4 —-30 L4 L4, — L4 _ ﬂLZ
-1
Computation :

12 3 4 11 /]
o=w-2 -7 -10| |/ / [/ | /
2
7

-8 —-10 —-20 0 -1 -2 -7 -10) x —-2/E=T
—-10—-13 =30 0 -1-2 -7 -10) x =7/=1

Matrix representation :

0
0-—

-2 -7 =10|_|/ /

1
-2 -8 —10 —20| [(0 -2 —4 —14 —20)
7 —10 =13 —30] l(0 =7 —14 —49 —70)

00 -4 4 O

2 3 4 11 / / ‘I123411
0 0 4 36 40

1
0
0
0

0-1-2-7 -10 “A@y = p@



Step (n-1): Work on the (n-1)t column (j=n-1) of A™2x = p(*~2) =

Step (3): Work on the (3)r4 column (j=3) of A®x = b®

Objective Eliminate the coefficients a (a

Method :

1. Verify the pivot al

2. For the line L; where i=j+1

Pour i=n : L, <L, —
11
0
_ _ 0
AM-Dy — p(n-1) X
0
0

n—-1,n-1

B

(n 2)

Ln 1

(n 2) Ln—l

n 1n—1
2 - Tn-1 n
T2 . To2n-1 Ton
0 . . o
0 o Th—1in-1 Th-1n

0o .. 0 Ton

)) fromA® i=n=4

S O O

2
-1
-2
-7

3
-2
—8

-10

: n, subtract the line L,,_; multiplied by ——

4 11
-7 =10
—-10 -20
—13 —-30

-1
An—1n-1



Computation

X1+ 2%, +3%3+ 4x, 11 L, Ly
EaxH 4x, 0 Ls 3 @
4x, +36x, 40 Ly La="Ls =5 Ls

Matrix representation :

12 3 4 11 VA Y
0-1-2 -7 =10 |/ / / / /
00=&+4 0 /] ] ]/
00 +4 +36 40 (00 —4 +4 0) x 4/=4l

12 3 4 11 /
0-1-2 -7 -10 /
00 =& +4 0 /
00 +4 +36 40 0

0 0 4 4 O

/[ /] 1 2 3 4 11

// / /|_ |10 -1-2-7 —-10]| _ 3 — K(3)
VAV l =ATx=b
0 0 0 0 40 40



Final step : Back Substitution

1. The determinant of the matrix A(®) is verified from the triangular form :
j=n

detA® = [ oV,

i
j=1

det A®) = (1) x (=1) x (=4) x (40) = 160

2. Solve the triangular system A®)x = b®) using back substitution:

40x, =40 =>x,=1

—4x3; + 4(1) =0 =>x3=1

—x, —2(1)—7(1) =-10 =x,=1

X +2(1)+3(1)+4(1) =11 =x, =2

Solution:

x4=1,
x3=1,
x2=1,

x1=2



Gaussian Elimination Method (Summary)
The process consists of two phases: (1) Triangularization (Forward Elimination), (2) Back Substitution.

Triangularization (Forward Elimination)
Start with A, the systems’ matrix of order n. The same operations are performed on the right side vector b.
- There are n — 1 steps: initial system (0) — final system (n-1), which is upper triangular.

- Atstep j, we eliminate the coefficients below the diagonal in column j of the previous system AU=Dx = pU~1),

(] 1)
How? For each row i > j, subtract row j multiplied by (] )
ji
o j<i<n wehave a(])—O

QU G-

. 1 1 j -1 aij 1

o j<k<n wehave a =al™" - Z 5 a(] ) and b? =pYUV - ] - b](] )
]] ]]

Pseudo code

For j=1ton-1
if pivot a (] D %0
for I—J+1 ton
(] D

L «L;— L;

(] )
4



Gaussian Elimination code

function [x,det] = gauss(A,b) % et calcul de solution et déterminant

= length(b);
if (size(b,2) == 1 & isvector(b) & size(A)==n)
% vérifier que b est un vecteur de taille nx1 et A matrice de taille nxn
g/o********************************* début phase diéllmlnatlon
forj=1:n-1 Y%parcours des colonnes

if A(j,j)~=0 % vérifier pivot

fori=j+1:n  %parcours des lignes

coef= A(i,j)/A(},]); Y%constante

A(i,j:n) = A(i,j:n) — coef * A(j,jn); % Li = L - Lj* coef

b(i)= b(i) - coef*b(j); % cohérence du systéme (matrice augmentée)

end
end
end
end
det = prod(diag(A)); %veérification obligatoire

Qo*HHHFHHIRERIIEEE: phase de résolution du syst triang sup (par vectorisation)

fork = n:-1:1
b(k) = (b(k) - A(k,k+1:n)*b(k+1:n))/A(k,k);
end,

X = Db;



Gaussian Elimination Method (REMARKYS)

Remark 1
The solution of a linear system is unchanged when:

e Two rows are permuted.
e Two columns are permuted (note: this permutes the solution variables).
¢ A row is multiplied by a non-zero scalar.

¢ A multiple of one row is added to another row.

Remarque 2

Problem : The basic Gaussian elimination method fails if a pivot a,(clj_)l k41 =0

Solution: Use partial pivoting: swap row Lg?l with a row Lgk) (where i > k) such that | ai(',?+1 | is maximized.

Example :



Initial augmented matrix [A(© | p(O)]

0o -1 2 13 5
1 -2 3 17 4
-1 3 -3 =20 -1
0 -5 -1 4 1

has [A@b©®] a;; =0 —Swap LY & L

Résult :

1 -2 3 17 4

0o -1 2 13 5 (0) 1, (0)

-1 3 -3 =20 -1 [A*7bT
1

0 -5 -1 4

1 -2 3 17 4
. . . 1 0o -1 2 13 5

. 4= W pM)

Proceed with elimination L; « L; + - Lq 0 1 0 —3 3 [AMpD]
0 -5 -1 4 1

Remark 3
The Gaussian elimination method solves a linear system using an estimated number of elementary operations:

3
TGauss = 2% + 0(n?) ormore precisely = (4n® + 9n? — 7n) /6,



This demonstrates the massive improvement this method offers over inverse and Cramer methods.

A € M, (K) Number of Operations
n=3 Teauss =28

n=4 Tauss =62

n=>5 Teauss = 115
n=10 Teauss = 805

Remark 4
Using Gaussian elimination, the determinant of matrix A is calculated as follows:

k=n
— (k) .
k=1

where p is the number of row permutations performed during the elimination process.



