Direct Methods for Solving Systems
of Linear Equations

Introduction

One of the most frequent and fundamental applications of matrices
IS the representation and solution of systems of linear equations.
This matrix-based formulation provides a compact, efficient, and
systematic framework for analyzing and solving linear problems

across science, engineering, and applied mathematics.



Direct Methods for Solving Systems

, of Linear Equations
Introduction

Consider a system of three equations in three unknowns of the

form: (
a1 X1 + ayp; x + a3 x3 = by
< a21 x1 + azz xz + a23 x3 — bz
31 X1 + az; X, + azz x3 = b3

Traditional Substitution Method for solving this system:

1. Isolate one variable (x;) 2. Substitute into the other equations
X, = by — a12%; — th3X3 to obtain a 2x2 system in x,and x5.
i1
3. Solve the reduced 2x2 system : 4. Back-substitute x;and x; into

Compute x,and x3from the new system. the expression of x4



Direct Methods for Solving Systems
of Linear Equations

Introduction

The traditional substitution method is tedious and does not scale to
larger systems.
Using matrices allows a compact, systematic, and efficient way to

represent and solve linear systems.



Link Between Linear Systems and Matrices

)
a;, X1 + a;p; x + a3 x3 = by

ThiS SyStem < a21 xl + a22 xZ + a23 X3 — bz
31 X1 + azz x; + aszz X3 = b3

admits the following matrix representation:

A11 Aq2 A3 [X1] by
Az1 Az Az3||X2| = |by
d31  d3zz A3z LX3. b

Equivalentto A . x = b



Link Between Linear Systems and Matrices

* The matrix A € M,,(K) is called the coefficient matrix of the system

* The vector b € K" is called the right—hand side vector.

e The vector x € K" is the vector of unknowns.

(A11

azq

A3q

aio
aso
as3o

ai13]
a3
a33




Link Between Linear Systems and Matrices

f5x1 + 4x2 + 7X3
12x1 + 4x, + 8xj
3x1 + 6xp + 9x3

The coefficient matrix of the system A =

vector of unknowns x = [

X1
X2
X3

|

10
20
30

5 4 71[%1] [10
= 2 4 8l||x2| =20
3 6 9llxzl 130
5 4 7
248]
3 6 9

10
right—-hand side vector b = [20]
30




Matrix-Based Solution of a System of Linear Equations

Once the matrix representation has been properly
established, how can we solve these systems?



Matrix-Based Solution of a System of Linear Equations

PROBLEM :

5 4 7] (10]

2 4 8|l X =120

3 6 9. 130

SOLUTION :
x=A"1.p

X =inv(4) * b

X

—3.3333
=] 6.6666

Ax = b, x=|X;

—0.1667 —0.6667
0.0000 0.5000

0

%via MATLAB

X1

| X3
[0.3333 —0.1667

=7777

—0.11117 [10
0.7222 |.|20

—0.33331 L30



Matrix-Based Solution of a System of Linear Equations

Ax = b = x=A1.p

Interpret the number of solutions in terms of the determinant :
det(A)#0:

The matrix is invertible, which means that the system has a
unique solution.

Otherwise,

det(A)=0:
* The system has no solution.
* The system admits infinitely many solutions.



—

2 llka

Matrix-Based Solution of a System of Linear Equations
(5x,
2X4

Ty

0
3

2 4 8 8 0 12

P4 68 on o

B0 12

= —

= —

0 -

i -

+  4x,

+  7x3
+ 8x3

10




Solving a Lower-Triangular System



Solving a Lower-Triangular System

Given the linear system Ax = b with A € R***a lower-triangular matrix and x, b € R*.

(—3x, = 10 Ax = b
L 3 0 0 0] [*] [10
X1 — 3x, + 2x3 =28 5 4 o ol |x _a
—4x; + 5x, + 6x3 + x4 =-3 _ —
\ 1 =3 2 0}]|x3 8
(—3x, = 10 —4 5 6 11 LX4] —3
< 2x;1  + 4x, = —4
\—f}lx ' gfcz i éig +ox =——83 a0 00 ey by
1 2 3 L a21 a22 O O xz — bz
. . asy daszy azz 0O X3 bs
A is lower triangular,
g [G41 Qup Q43 Ayel X4l | Dy

a;j = Owheneveri < j.



Solving a Lower-Trlangular System

(—3% =10 —3 0 0 0] [*x] [10]
< 2x,  +  4x =—4 _ 2 4 0 Of |X2|_ |4
X1 — 3x2 +  2x3 =8 1 -3 2 0] [|X3 8
L—4-x1 + SXZ + 6X3 + X4_ =—3 __4 5 6 1_ _x4_ _—3
—10 . 10 b,
Xl - — fOl‘ 1=1, Xq{ = X4 =—
13 1 3 . a1
Xy == (—4 —2x,) fori =2, - Z (=4 = 2x,) X2 = P (b, — az1%1)
| 1 22
X3 = (8 —1.x; +3.xp) fori=s, x;=5 (8—1.x; +3.x,)
1 X3 = — (b3 — (az1x1 + az,x
X4 =7 (=3 +4.x; — 5x, — 6x3) > ags (b3 = (@517 + d32%7))

1
for i =4, x =I(—3—3+4.x1—5x2—6x)

Xg = o (by — (ag1x1 + agpx; + A43%3))
44



Solving a Lower-Triangular System

(a1x1 + 0 + 0 + 0 by
Ar1X1 + axpxp, + 0 + 0 b,
a31X1 + da3zxX9 + az3Xx3 + 0 = by
N s T 5 s
\An1X1 + apaXxy + + AnnXn by

a;q O 0 0 71 rx11 [bq]

A1 Qpp 0 0 X5 b,

dz1 a3z 0433 O [.[*3]=]bs3

n1 Apz2 04ps Unn Xn -bn-

1
for i = X, =— (b, — ,1X1 — A1 9Xy — " — A1 X
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Solving a Lower-Triangular System

01 1 b,
0 X2 b,
0 x3| |bs
Agql LX4 b,

Forward substitution
(method of descent)

Compute x4

- Compute x; (rowsi = 2:n)

.., M.

" processcolumnsj :

= <j, al-j =0-> /

" [ =) a;;usedtocompute X;

o [ =j =2 a;isthe
denominator in the expression
for x;

O l>]9 l;llaij.xj

J
—1
(bi— X1 aij - %)/ aj



Solving a Lower-Triangular System

Forward substitution (method of descent)
function[x]=descente1(A,b)
x(1)=b(1)/A(1,1)
for i=2:size(A,1)

;??_1_0 0 >>A=[-3000;240 0;1-320;-4561];
S=S+A(i,j)*X(j) >>B=[1O;'4;8;'3]
end | i |
x(i)=(b(i)-SYAG,)) > dec_lig(A,B), 7oX=X
end ans= -10/3 2/3 20/3 -179/3

end



Solving a Lower-Triangular System
Forward substitution (method of descent)

Remarks:
n(n—-1)

* Forward substitution requires about multiplications and the
same order of additions > 0(n?)operations.

* Diagonal entries a;;must be non zero.

* Forward substitution is stable and efficient for triangular systems;
itis the standard step after Gauss and LU methods.



Solving a Lower-Triangular System

Forward substitution (method of descent)
function[x]=dec_lig(A,b)
for 1=1:size(A,1)
x(1)=b(i)

for j=1:(i-1) >>A=[-3000;240 0;1-320;-456 1];
X(1)=x(1)-A(,))*x(j) >>B=[10;-4,8;-3]
end >> X=dec _lig(A,B) % X=X
X(1)=x(i)/A(i,i) X= -10/3 2/3 20/3 -179/3
end

end



Solving a Upper-Triangular System



Solving a Upper-Triangular System

Consider the following system to be solved

(allxl
0
0
b
0
\ 0

T QX T+ T  Apn-1Xn-1 T QupXy
T+ azXx; + T  QAyp-1Xpn-1 T AypXy
+ 0 + + A3p_1Xnp—1 t+  AzpX,
+ ot 4+ = + =

+ 0 + 0 + a,_1n-1Xn-1 T+ QAn_1nXp
+ 0 + 0 + 0 +  aunXxn

(Example: a system with 4 unknowns)

r?).X']_ + SXZ — 6X3 + X4_ — 10

< — 4x, + 2x3 — 3x, =—4
ZX3 + Ox4 — 8

K 3X4 — _3



Solving a Upper-Triangular System

Example:
(3x1 + SXZ — 6X3 + X4 — 10
— 4x, + 2x3 — 3x, =—4
2x3 + OX4_ —_ 8
K BX4 — _3

X1 :§ (10 — (sz — 6X3 +x4)) = i—z
1

9<x2=_—4(—4—(2><4—3(—1)))=175
x3 =2 (8-0(-1)) =4

3
k x4—?——1




Solving a Upper-Triangular System

+ a;; x; + a3 x3 = by ) . .
b oGy, Xy 4+ Gy X = by with a upper triangular matrix.
+ A3zo> Xo + A3z X3 = b3
totm gt 4 X = by d1q Ay a1z Aq4] [X17 [by”
b, 0 apy azz az| |X2| [by
9 0 0 aszs ass| [X3| |bs
1 0 0 0 ag] [xd b,
— (b3 — 334X4)
d33
1
— (b, — (a23%X3 + a34X4))
dp2o
1

— (b — (a12%y + a13X3 + a14Xy))
11



Solving a Upper-Triangular System
Back Substitution Method

diz2  d13  di4] [X1 b4

A2 Az3 Az [X2]| _|b2| - Computex,
433 34| |X3| b3l - Computex;(i=(Mn—1):—1:1)
0 age] [Xs b,

= |terate over colonnesj:
° >j, aij =0-> /

h_ * [ <J compute x;

_— - n

a using j=i+1 aij X]

fn or b: — n . A:: . X
n i j=i+1 Y%ij -y

l h. — Z a;x; |, i=n—1,...,1,° [ =] =2 a;; denominator of the

j=i+] expression



Solving a Upper-Triangular System

Back Substitution Method
function [x]=remonte1(A,b)

n=size(A,1)
x(n)=b(n)/A(n,n)
for i=(n-1):-1:1
S=0 >>A=[35-61,0-42-3;0020;000 3],
for j=(i+1):n%n:-1:i+1 >>B=[10;-4;8;-3]
S=S+A(i,j)*x(j) >>remonte1(A,B) % X=X
end X=5.4167 3.7500 4.0000 -1.0000
x(i)=(b(i)-S)/A(i,i)
end

end



Solving a Upper-Triangular System
Back Substitution Method

function[x]=rem_lig(A,b)
for iI=(size(A,1)):-1:1

X(1)=b(i) >>A=[35 -6 1;0 -4 2-3;0020;0 0 0 3],
for j=size(A,2): -1:i+1 >>B=[10;-4;8;-3]
KQ=X(VAGHXG)  >>rem ligAB) %x=X
end X =54167 3.7500 4.0000 -1.0000
x(i)=x (/A1)
end

end
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