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Solution of Series of Exercises 06

1. Since 2 + sin(xy + x) > 0, for all x and y, then the function:

s

F(]/)=f cos(xy + x) i
0

2+sin(xy +x)

is well defined on € R. This is therefore a proper integral.

cos(xy + x))
L = .
et f(x ) 2 + sin(xy + x)
Therefore, the function F is continuous. We then have:

T
This function is continuous on [O, E] X R.

lim j cos.(xy + X) g - j lim cos.(xy + X) i
y—=0 J 2+ sin(xy + x) y—02 + sin(xy + x)
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2 + sin (x)

2. This is a generalized integral.

Let f(x, y) = m
Furthermore, for all (x, y) € [0, +0o[ X R, we have:

. This function is continuous on [0, +oo[ X RR.

1 < 1
X+ +1 7 2+ 1

+00

Since the integral f
0

77 converges, the Weierstrass criterion ensures the uniform
x

+00
. dx
convergence of the integral. f

-5 5 on R. Therefore, the function F defined on IR
5 ¥+yr+1

by:

+00

dx
P(y):fx2+y2+1’

0

is continuous.




We then have:

+0o0
. dx
lim | =——— =
=0 ) ¥ +y2+1

0
+0o0
1.Let us show that the integral I(y) = f yexp(—xy)dx converges simply on [0, 1].
0

Let f(x, y) = y exp(=xy).
*Ify =0, f(x,0) = 0, which implies that I(0) = f 0dx = 0.
0

*If y €10,1], we have I(y) = [ yexp(—xy)dx = —lim;_, ;o [exp (=xy)]; =
0

+00
Consequently I(y) = f yexp(—xy)dx converge simplement sur [0, 1], and moreover:
0

0,ify=0
I(y) = .
1,if y €10,1].

Since the function is not continuous, we deduce that the integral in question does not

converge uniformly on [0, 1].

+00

2. Let’s show that I(y) = f y exp(—xy)dx converges uniformly on all segment ]0, 1] .
0
Let 6 > 0. For all y € [6,1], we have:

yexp(—xy) < exp(—xJ).

+00
Since the integral f exp(—xd)dx = 1 converges, The Weierstrass criterion ensures the
0

+00

uniform convergence of the integral f yexp(—xy) on [§,1], for all 6 > 0, therefore it
0

converges uniformly on ]0, 1].




1. Let’s study if the generalized integral

+00

I(a,ﬁ):f exp(—ax)

0

sin(p x)dx, a>0.

X

does it make sense or not and let’s give them their possible value.
Let a be a fixed, strictly positive real number.

Let:

,ifx#0

exp(—ax)

B, ifx=0

sin(fx)
flx,B) = x

It suffices to demonstrate the following properties:

1. The functions f and its derivative with respect to  are continuous on [0, +oo[ X IR. 2.

+00
The integral f f(x, B)dx converges simply on R
0

+00
3. The integral f %(x, B)dx converges uniformly on IR.
0
For all x € [0, +oo[ fixed, f is derivable with respect to f on IR, and we have:

of

o6 (x, B) = exp(—ax) cos(Bx).

It is clear that f and 3—£ are continuous on [0, +oo[ X IR.

exp(—ax
Furthermore, the function x — exp(zax) is decreasing and tends towards 0, when

X
t

f sin(Bx)dx

0

X — +oo0, and <2forallte[0,+oo[.

+00

So according to Abel, the integral f f(x, p)dx converges simply on IR.
0
On the other hand, for all @ > 0 and for all § € R, we have:

af
‘%(x,ﬂ)' = |exp(—ax) cos(/%x)| < |exp(—ax)|.

+00

Since f exp(—ax)dx converges, the Weierstrass criterion affirms the uniform convergence
0

: eof
of the integral Of %(x, B)dx.




The properties 1, 2 and 1 are therefore verified, which shows the derivability of the
+00

integral f f(x, p)dx with respect to f on R and furthermore:
0

dl d
San = % f fx, B)dx
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+00

f exp(—ax) cos(Bx)dx

0

?"x(f exp ((—a + iB) x) dx)
0

!
a? + B2

We perform an integration with respect to g, we get:

I(a,p) = arctan(g) + C(a),

where C is a function of a single variable a.

We then have: .
arctan(g) + C(a) = (o, 0) = dex =0

0
SoC(a) = 0.
Finally:

I, B) = f exp(—ax) sm}(cﬁx) dx
0
= arctan(é).
a
2 sin(fx)

2. Let’s find the value of the Dirichlet integral D(f) = f
0

dx.
X

Let g be fixed and consider the integral:

+00

B exp(—ax) |
I(a) = f Tsm(ﬁx)dx.

0

According to Abel, this last integral is uniformly convergent on[0, +oo[ .







Indeed, for all @ > 0 and for all x > 0, we have:

quantity that tends towards 0 uniformly when x — +oco. Furthermore

t

f sin(Bx)dx

0

<2, foralltel0,+o00[.

According to Abel, the integral I(«) converges uniformly on [0, +oo] .

So I(a) is continuous on [0, +oo[ and we have:

+00

f sin(fx) ix
X

0
= lim I(a)

a—0*

D(p)

= lim arctan(ﬁ), forp#0
a—0* (24
s

= 5sgn (B), forp # 0.

If 8 =0, we have D(f) =
3. We can therefore deduce that:
1.3

L= f sin(ax) COS(‘Bx)dx

X

(sm (@+p)x) ~sin((@-p) ")) dx

X

X

:
_ [ [ IR fsin((oc—ﬁ)x)dx

= Z(sgn(oz+ﬁ)+5gﬂ(01—5))-

2.3. By changing the variable x* = y, we get:

f sin(x?) 1 foo sin(y) T

I = dx == i
X 2 Y 4
0 0




3.3. We have:

+00

/

0

+00

I

sin®(ax)
X

I3 dx

3 sin (ax) _ 1sin (Bax)

0 0

3n T

?sgn () — gsgn (Ba)
37 T

gsgn () — gsgn ()

gsgn ().

Jax
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+00 . +00 .
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Establish the following relationship:

F(a) = In <a2 sin’ x + B2 c052> dx=m

o
NIR

a?sin® x + % cos? > 0.

This is therefore a proper integral.

Letf(x, o, B) =In (a2 sin® x + 2 cosz). For all (x, &, B) € [0, g

lal + ||
2

ln[ )

] x R?, we have:

af 2asin’ x T
The functions f(x, «,8) and =—(x, a, B) = are continuous on [0, —] X R.
flxa,p) 8a( p) a?sin® x + 2 cos? 2
We then have:
0 % ; af
E - - L
@ = 2 [ fowapi= [ Lwapa
0 0
; 2a sin? g 2
L SN T
a2 sin” x + B cos? 5, oy [COSX
0 0 at+ B =
sin x




By performing the variable change v = cosx

sinx’we get:
—d

X = /
1+ 12

y € [0, +oof

So:

. +Oo 20
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0

+00

. 2a —p 1
- 042_52‘[ ( ﬁ 2 +1+y2 dy
a? 1+(a'y)

0

= 2 —‘3—2 a lim arctany + lim arctan
a2 -pr | a?[Blyore I y
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az _ 52 o

By taking a simple integral, we find:
F(a) = wn (jal + []) + C(a).

Let’s calculate C(a). We have:

mln (2 |ﬁ|) + C(a)
nln(2) + ln(|,3|) + C(a).

F(p)

1)




On the other hand:

Fp) = f In ([32 sin® x + 32 cosz) dx

0

= zf 1n<|ﬁ|)dx=n1n<|ﬁ|)

From (1) and (2), we get C(a) = —mIn (2).
Finally:

Fl@) = f In (042 sin®x + 82 cosz) dx
0

= 7miln (Ial + |ﬁ|) —nln(2)

o lal + |B|
= 7Ttin > .

1. Lety = g So:
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2. Let y = Inx. So:

. f“’ In (In (x)) dx _fln(y)dy

? xVinx (1 + Inx) . y% 1+y)
(v 'ln@dy 9
= f i+ry)  ~ oa B( 1-a),.:

T
T oa (sman)a:- =0
3. Letexpx =1+y. So:
L= [epaepm-nia= [yia
0 0

+00 +00

3 3-1
= / 74y :f . §+§dy
) (1+y) 1+y)*
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4. We have:
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