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Chapter 1

Generalized (improper)

integrals

This chapter mainly consists in generalizing the notion of Riemann inte-
grals to unbounded functions defined on intervals that are not necessarily
bounded.

1.1 Convergence of generalized integrals

Definition 1.1.1. Let f : [a,b[(or b = +00)— R be a locally integrable function on
[a, U] (i.e. its restriction to each compact of [a, b[ is Riemann-integrable), and let F
be the function defined on [a, b[ by:

F(x) = fx f(t)dt, forall x € [a, b] . (1.1

The generalized integral fﬂ ! f(t)dt is convergent, if and only if lim,_,,- F(x) =1 € R.
Otherwise, the integral fa ’ f(t)dt is divergent.

Remak 1.1. Let f : [a, b[(or b = +00)— R be a locally integrable function on [a, b[.

For all ¢ € [a, b], we can write:

fa b f(hdt = f C F(hdt + f b F(t)dt. 1.2)
1
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Since j; f(H)dt always converges (Riemann integral), the generalized integrals
fu ! f(t)dt and fc ’ f()dt are therefore of the same nature.

Definition 1.1.2. Now, let f : ]a,bl(or a = —o0)— R be a locally integrable
function on a, b] and let G be the function defined on la, b] by:

b
G(x) = f f(t)dt,forall x € Ja, b]. (1.3)

The generalized integral fﬂ ! f(t)dtis convergent, ifand only iflimy_,.+ G(x) = € R.
Otherwise, the integral fa ! f()dt is divergent.

Definition 1.1.3. Let f bea locally integrable function on Ja, b wherea € RU{—oo}
and b € R U {+co} and let ¢ € Ja, b].

The generalized integral fg ’ f(t)dt is said to be convergent, if and only the two gen-
eralizedl integrals fa ‘ f(t)dt and fc ! f(t)dt are convergent. Otherwise, this integral

is said to be divergent.

. ey o dt .
Example 1.1.1. Consider the generalized integral f0+ ek Since:
1
dt 1
— =-1+ = — +oo, when x — 0%, (1.4)
. B2 x

. 1dt .
the integral j(; 7 diverges, however

X
ﬂ=1—1—>1, when x — +o0. (1.5)
1 12 X

. +oo df . +oo dt
So the integral fl 72 converges. We deduce that the integral fo 7 diverges.

Proposition 1.1.1. Let f and g be two locally integrable functions on [a, b| .
1. Ifthe integrals fu ’ ft)dtand fa ! g(t)dt converge, then the integral fﬂ ! (f(t) + g(r)) dt

is also convergent, and moreover:

b b b
[ o gna= [ goe [ o (16)

On the other hand, if the integral fu ! f()dt concerges and fu ’ g(tydt diverges, then

Lb (f(t) + g(1)) dt diverges.
2. Let a € R, then the integral fa "o f(t)dt converges, and moreover:

b b
f af(Hdt = a f F(t)dt. 1.7)
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Proof. The proof of this proposition is based on the linearity of Riemann

integrals and on the theorems on the sum and product of limits. |

1.2 Integration formulas for generalized

integrals

The following two theorems are very useful in the study of generalized

integrals:

1.2.1 Integration by parts

Theorem 1.2.1. Let f and g be two functions of class C' on la, b. If the integral
j; ! f(H)g(t)dt converges and if the function fg has a right-hand limit at a and a
left-hand limit at b, then the integral fﬂ ! f(t)g(t)dt converges, and moreover:

b b
[ oo = (1im feoge - tim feog0) - [ goronr a9

Proof. It is based on the fact that the function fg is the primitive of the
function fg + f¢ on the compact interval [x, y], x, y € ]a, b[ and that fg has a

right-hand limit as x — a* and has a left-hand limitas y — b~. ]

1.2.2 Change of variables

Theorem 1.2.2. Let f be a continuous function on la, bl and let ¢ be a bijective
function of class C* on |, B[, verifying a = limy_,q+ @(x) and b = lim, - ¢(x).
Then the integrals fa ’ ft)dt and fa i @(x) f(p(x))dx are of the same nature, and

moreover, if they are convergent, we have:

b 6
fﬂMﬁf¢mwmm. (1.9)

Proof. 1t is based on the change of variable t = @(x) and the fact that a =
limy o+ @(x) et b = limyp- ().
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1.3 Generalized integral of functions with

constant sign

In the following, we are interested in the case where the functions f and g
are locally integrable and with constant sign on the interval [a, b[ or ]a, b] .

In particular, we will state all the results in the case where the functions f
and g are positive. If the functions f and g are negative, we will study the

integral of the functions —f and —g.
Theorem 1.3.1. Let f be a positive and locally integrable function on [a,b[. Then
the integral fu ! f(t)dt converges if and only if the function
x> F(x) = f Cf(dt, x € [a, b, (1.10)
a

is bounded above [a, b[, and moreover, we have

b
forall x € [a,b[; F(x) < f f(Hdt, (1.11)

Proof. Since f is positive, the function F is therefore increasing. But for
lim,_,;- F(x) to exist, it is necessary and sufficient that F be bounded above,

and we have:

X b
F(x) = f ftydt < f F(t)dt. 1.12)

O

1.3.1 Comparison theorem

Theorem 1.3.2. Let f and g be two positive and locally integrable functions on
[a,b[ or ]a, b] verifying:

0 < f(t) < g(t). (1.13)
1. If the integral j; ! g(t)dt is convergent, then the integral fa ! f(t)dt is also conver-
gent, and we have:
b b
f f(tdt < f g(t)dt. (1.14)
a a

2. If the integral fa ! f(t)dt is divergent, then the integral fa ! g(H)dt is also divergent.
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Proof. To prove this theorem, suppose for example that f and g are defined
ona,b[.

For all x € [a, b[, we have
F(x) = fx fHdt < fx g(t)dt = G(x). (1.15)

1. If the integral fu ! g(t)dt is convergent, G is bounded above, F is also is
bounded above, hence the result.

2. If the integral fg ’ f(t)dt diverges, this means that lim,_,;- F(x) = +oo, so
lim,_,;- G(x) = +00 and the integral fa ’ g(t)dt diverges. O

Corollary 1.3.1. Let f and g be two positive and locally integrable functions on
[a, b[ verifying:

f(t) = O(g(t)), whent — b". (1.16)
1. If the integral fu ! g(Hdt is convergent, then the integral fa ! f(t)dt is also convergent
2. If the integral fa ! f(t)dt is divergent, then the integral fu ! g(t)dt is also divergent.

Proof. By definition: f(t) = O(g(f)), when t — b~, if :
Ity € [a,b], and dc > 0, such that Vt € [ty, b[, we have f(t) < cg(t). (1.17)
The rest of the proof follows immediately from Theorem 1.3.2. |

Corollary 1.3.2. Let f and g be two positive and locally integrable functions on

[a, b verifying:
t
lim O =0. (1.18)
t—b~ g(t)
1. If the integral fa ! g(t)dt is convergent, then the integral J; ! f(t)dt is also convergent

2. If the integral fa ! f(t)dt is divergent, then the integral fa ! g(H)dt is also divergent.

t
Proof. By definition lim;_,;- ;% = 0if and only if:
f®
, — <E€.
8®

The rest of the proof follows immediately from the Theorem 1.3.2, taking

Ye > 0,3ty € [a,b[, such that Yt € [y, b[ (1.19)

e=1. O
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1.3.2 Generalized integral of two positive equiva-
lent functions

Definition 1.3.1. Recall that two functions f and g are equivalent in the neigh-
borhood of a point ty, if and only if:

lim (fg% =1. (1.20)
Theorem 1.3.3. Let f and g be two positive functions equivalent to the end of the
integration interval [a, b[ or la, b]. Then the two integrals fa ! f(t)dt and j; ! g(t)dt
are of the same nature.

Proof. Suppose for example that f and g are defined on [a, [ .
t
By definition, lim;_,, % =1, if and only if:

Ve > 0,da € [a,b[, such that Vt € [a, U], (1—-€)g(t) < f(t) < (1+€)g(t). (1.21)

1
Fore = 5 fixed, we then have:

Yt € [a,b], %g(t) <fh) < gg(t). (1.22)

We can therefore apply the Theorem 1.3.2: If fa ! g(t)dt converges, fa ! f(t)dt
also converges by the inequality on the right and if fﬂ ! f(t)dt converges,
j; ! g(t)dt also converges by the inequality on the left.

We make an analogous demonstration to show that if one of the integrals

diverges, then the same is true for the other. ]

Proposition 1.3.1. (Riemann functions)

1. Let f be a locally integrable function on [1,+oco[. Then the Riemann integral

fl+oo % converges if and only if @ > 1.
2. Now, let f be a locally integrable function on 10,1]. Then the Riemann integral

fol % converges if and only if o < 1.

Proof. 1. A simple calculation, we find:
1

1
* — .
fﬂdtZ{l—a(xal 1),1f0¢¢1,
1

t Inx, ifa =1.
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These functions admit finite limits in the neighborhood of infinity only in
the case where a > 1.

2. Similarly, for x € ]0, 1]

11
! - 1), ifa+1,
f ﬂalt:{ 1—a(xa*1 na (1.23)

t —Inx, ifa=1.

These functions admit finite limits in the neighborhood of zero only in the

case where o < 1. O

Remak 1.2. Using a change of variable t — t — ty, allows us to also apply the

preceding arguments to the functions t
1to, b] and [b, +oo], such that b > t,.

on the half-open intervals
=t ror

1.4 General convergence criteria

1.4.1 Cauchy criterion

Theorem 1.4.1. Let f a locally integrable function on [a,b[. For the integral
b . .
fa f(t)dt to be convergent, it is necessary and sufficient that:

j; ’ F(t)dt

Proof. It suffices to apply the Cauchy criterion to the function x — F(x) =
[ f(Hdt and the fact that F(x) - F(y) = [ f(t)dt. O

Ve>0,36>0, Vx,ye[a,b,b-6<x<y<b, <e. (1.24)

1.4.2 Abel-Dirichlet criterion

Lemma 1.4.1. Let f be a function of class C', positive, decreasing on [a,b[ and

tends to 0 when x tends to b, and let g be a continuous function on [a, b[ verifying

fx ’ g(B)dt

the property:
AM > 0,Vx,y € [a,b],

<M. (1.25)
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Then the integral fu ! f(t)g(t)dt converges, and for all x € [a, b, we have:

b
f f(Hg(Hydt| < Mf(x). (1.26)
Proof. By definition, we have:
lim f(x) =0 & Ye>0,30>0, Vx e [b-0,bl, f() < 1\671 1.27)

Now let x be fixed in [a, b[ and let G(y) = fY Y g(hdt.

By doing an integration by parts, we obtain:

U Y .
[ st = s+ [ orca (1.28)

So for all y > x > a, we have:

IA

Y v
[ o] < lrorcwl+ [ l-force]a

IA

v
Mf(y) + f (— Mt
Mf(y) + Mf(x) — Mf(y)
MF(x). (1.29)

Using the inequality (1.27), we find:

f ' fHg(dt| <e. (1.30)

The Cauchy criterion then allows us to assert that the integral fu ’ ft)g(t)dt
converges. Moreover, by making y tend towards b in the inequality (1.30),

we obtain the inequality (1.26). O

1.5 Absolute convergence or semi-convergence

Let f be a locally integrable function on [a, b[.

Definition 1.5.1. We say that L ! f(t)dt is absolutely convergent if fﬂ ! | f(t)|dt

converges.
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. b o . .
Definition 1.5.2. The integral fu f(t)dt is said to be semi-convergent when it is

convergent without being absolutely convergent.

Theorem 1.5.1. If the integral fﬂ ! f(t)dt converges absolutely, then fﬂ ! f(t)dt con-

verges ﬂl’ld moreover:
b
f F(t)dt

Proof. The proof proceeds using the Cauchy criterion and the fact that:

U
‘f f)dt
s sint

Example 1.5.1. Consider the function f defined on [2 +oo[ by f(x) = -

b
< f ()] dt. (1.31)

< f ’ |f(t)]dt, x,y € [a, 0] (1.32)

O

Forall t > g, we have:

lf)] < tlz (1.33)
dt
2l

Since the integral f;m >
2

converges, we deduce that f;m f(t)dt converges abso-
2

Lutely.
The following theorem is widely used in practice.

Theorem 1.5.2. Let f be a locally integrable function on the interval [a, +oo],
where a > 0, such that there exists a > 1 verifying lim_, o0 t* | f (t)| = 0. Then the
integral J; e f(t)dt converges absolutely.

Proof. By definition:

Jim £ |f()] = 0 & Ve > 0,3A > a such that Vt € [A, +oo[ ,
—+00

f0] < -

. . oo dt . .
Since the Riemann integral L " 7o converges, using the comparison theorem

1.3.2 shows the absolute convergence of the integral fa o f(t)dt . |
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1.6 Generalized integrals and numerical

series

In this section, we will give some results specifying the link between gener-

alized integrals and numerical series.

Theorem 1.6.1. Let f be a locally integrable function on the interval [a, +oo[. Then
the following properties are equivalent:

1. The integral fa e f(t)dt converges.

Xn
2. The numerical sequence with general term F(x,) = f f(x)dt converges, , where

a
(xn)n is a sequence of elements of [a, +co[ with limit +oco, when n — +oo.

Xn+1

3. The numerical series with term general u, = f f(x)dt converges, where (x,)n
Xn

is a sequence of elements of [a, +oo[ with limit +oco, when n — +oo.

Proof. Let’s show 1= 2. For all x € [4, +09o[, the integral fa " f(t)dt converges

fx ” F(t)dt

(1.34)

Letnow (x,), be a sequence of élements of [4, +oo[ of limit +c0, whenn — +oo,

if and only:

Ye > 0,36 > 0,¥x > 5, we have <e.

F(B)dt - f F(t)dt

a

ie.
YA >0,dny € N,Vn >ng, x, > A (1.35)

Let’s take A = 9, so for all n > ngy, and for all x,, > 6, we have:

j; ™ fodi - f " foar f " o

Xn

Hence the sequence F(x,) = f f(n)dt converges.

+00

f(t)dt — F(xy) <e. (1.36)

a

Xn
Let us now show 2 = 1. Suppose that F(x,) = f f(x)dt converges and that
a

the integral fa o f()dt does not converge, we then have:

j; -~ F(Bdt - f ) f(t)dtl >e.

(1.37)

Jde > 0,Y6 > 0, we can find x > 6, such that
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As a result, we can find a sequence of elements (x,) of [a, +co[verifying::

fﬂ ™ e fa " vt

which contradicts the hypothesis that (F(x,)), converges.

f ~ F(b)dt — E(xy)dt

> €,

Finally, let us show that2 & 3. Foralln € IN :

X
n—-1 k+1

F(x,) = f Fln)dt = f e+ Y f F(n)t. (1.38)
a a k=0 Xk

Therefore the numerical sequence (F(x,)), converges if and only if the series

Xn+1
of general term u, = f f(n)dt converges. |

Corollary 1.6.1. Similarly, when f is a locally integrable function on the interval
[a, +b[, we can easily demonstrate that the integral fa ’ f(t)dt converges if and only

b—x,
if the numerical sequence with general term F*(x,) = f f(x)dt converges, where

a
(xn)n is a sequence of elements of [a, +b[ with limit 0, when n — +o0.

Theorem 1.6.2. (Chauchy’s theorem) Let f : ]0,+oo[ — R be a positive, contin-

uous and decreasing definite function, then the series with positive terms ), f(n)
nx1
+00
and the generalized integral f f(x)dx are of the same nature.
1

Proof. Let (S,) be the sequence of partial sums of the series ), f(n).
n=1
Since f is decreasing on ]0, +oo[, we can write:

forallk=1,2,.., x €]0,+oo[, such that k < x < k+1, we have f(k+1) < f(x) < f(k).

(1.39)
Integrating over [k, k + 1], we find:
k+1
flk+1) < ff(x)dx < f(k), forallk=1,2,... (1.40)
k

By adding these last equalities, we obtain:

n+1
Sue1 — f(1) < f f(x)dx < S,.. (1.41)
1
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+00

* Suppose that f f(x)dx converges, we can see then :
1

n+l +00
Spr1—f) < | fdx < | f(x)dx. (1.42)
Jromes]

Which shows that the sequence (S,+1) is bounded above, and consequently
the series ), f(n) converges.

n>1

* Suppose that Z>"1 f(n) converges. We know well that
n<x<n+1,forx>1, (1.43)

where 1 represents the integer part of x. We then have:

X n+1
ff(x)dx < ff(x)dx < Sy (1.44)
1 1

Since (S,) is bounded above, the integral f f(x)dx is also, which ensures the
1

+o0
existence of the integral f f(x)dx.
1

It also follows by contraposition that the divergence of the series )}, f(n)
nx1
+00

entails the divergence of the integral f f(x)dx.
1

1.7 Generalized integrals and numerical

sequences

Theorem 1.7.1. (Dominated convergence theorem) Let (f,,), be a sequence of locally
integrable functions on [a,b[, which converges uniformly locally on [a,b[ to a
function f, and let g be a positive and locally integrable function on [a, b[ verifying
the following two properties:

1. The integral fa ! g(H)dt converge.
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2. Foralln € N and for all x € [a, b[ , we have:

£:(8)] < (O (1.45)

So the two integrals fa ! fa(t)dt (n € N) and fa ! f(t)dt converge absolutely, and we

have:

b b
lim f fu(bdt = f F(t)dt. (1.46)

n—+oo

Proof. The absolute convergence of the integral fu ’ fa(t)dt proceeds from the
inequality (1.45) and the use of the comparison theorem. Moreover, by

making 7 tend to +oo in (1.45), we obtain:
forall x € [a,], |f(B)] < (b (1.47)

We then deduce the absolute convergence of the integral fa ’ fa(t)dt.
Let us now show that lim,,_,; « fab fa@)dt = fab f()dt.
By definition, the integral fa ! g(t)dt converges if and only if:

fx b g(hdt

On the other hand, the sequence (f,,), converges uniformly locally to f on

Ve > 0,35 > 0, such that Vx € [b — 6, b, we have < g (1.48)

[a, 1], so it converges uniformly to f on any compact [4, x], for any x fixed in
[b-0,b[1ie:

Ye > 0,3dny € N,V¥n € N, Vt € [a,x] n > ny,

fulh) — f(B)] < (1.49)

€
3(x—a)
We then have:

jf fa®)dt — ﬁb fH)at

b
f (fu(H)dt — f(t))dt

X b
f (fu(bdt — f())dt + f (fu(n)dt — f(1)) dt

X b b
< f1fn(t)—f(t)|dt+f|fn(t)(dt+f|f(t)|dt

ax x . x
f(fn(t)—f(t)|dt+2f g(bdt

e(x—a) 2
3(x —a) +§ B

A

IA
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1.8 Mean value theorems for integrals

1.8.1 First formula of the mean value

Theorem 1.8.1. Let f and g be two functions verifying f integrable and with a
constant sign on [a, b] and g is continuous on the same segment, then there exists

c € [a, b] verifying:
b b
f FOg(t)t = g(0) f ot (150)

Proof. Let us place ourselves in the case where f(x) > 0, for all x € [a,b].

Let m = infyefqp) g(x) and M = sup, ., §(x) , we can then write:

b b b
mf fHdt < f fhg(t)dt < Mf fHdt, (1.51)
Hence: ,
Hg(t)dt
m< f"{fi <M (1.52)
[ ftyat
b
Hg(t)dt
That is to say that f“];(i € [infxe[ﬂ,b] 8(X), Sup e g(x)].
[ f(t)dt ’
Since g is continuous, we can then find ¢ € [a, b] verifying;:
b
B g(t)dt
[ fOO_ (153)
[ f(t)t
which completes the proof of the theorem. ]

1.8.2 Second formula for the mean value

Theorem 1.8.2. Let f be a function of class C', positive and decreasing on [a, b],

and let g be a continuous function on [a, b], then there exists c € [a, b] verifying:

b
f f(Dg(t)dt = f(a) f f(bat. (1.54)
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Proof. Let G(x) = fu * g(t)dt.

By doing an integration by parts, we obtain:

b b .
[ rogwar = swcw+ [ orcea

b
F(b)G(D) + f (- f(H)G(b)dt (because G(a) = 0).(1.55)

Since f is increasing (i.e f (x) <0on[a,b]) and f(b) > 0, we can then write:

b . h . b .
F(b)xm+ f (—f(H)xmdt < f(b)G(b)+ f (—f(D)GBdt < F(b)xM+ f (- f(H)xMdt,
! ! ©(1.56)

where m = infyejsp) G(x) and M = sup, ., ;,; G(x), or in an equivalent manner:

b
mf(a) < f f(H)g(hydt < Mf(b). (1.57)
. [ foswar
That is to say that: T € [mfxe[a,b] G(x), SUP (6] G(x)] .
Since G is continuous, we can then find c € [a, D] verifying:
b
I fogoat f
2 =G(o) = tydt, 1.58
@ ©= | s (158)

which completes the proof of the theorem. ]

1.9 Cauchy principal value

Definition 1.9.1. Let f be a locally integrable function on ]—oo, +oo[ . The Cauchy
principal value (or principal value of the divergent integral f_ t: f(t)dt), denoted
V.p (f_t: f(t)dt)) is the element of R defined by :

V.P (f f(t)dt)) = linl ff(t)dt) (when this limit exists). (1.59)

Definition 1.9.2. Now, let f be a function, wich has a singular point ¢ € la, b .

The Cauchy principal value (or principal value of the divergent integral fﬂ ! f(t)dt),
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denoted V.P ( fu ! f (t)dt)) is the element of R defined by:

b c—€ b
V.P (f f(t)dt)) = lim0 (f f(t)dt) +f f(t)dt) (when this limit exists).
’ ' e (1.60)

) dt . .
Example 1.9.1. As an example, we take the integral foz 1 It is clear that this
integral is divergent. We then have:

2 1-e 2
dt . dt dt
ol 7] = e [

€ 1
lim (In-+In=)=0. 1.61
1m(n€+n1) 0 (1.61)

e——0
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