CHAPTER 1
Matrix Analysis



What is a Matrix?

Intersection of Rows and Columns
Data Structure Perspective

 Matrix Algebra
A:{1,..,n} x{1,... m} - K
(L,j) - a;

_ a;j € K real or complex
1<j<m

coefficients
Exemple

(1,1)) -1 (2,1) -3
, function A: (1,2) -0 (2,2) - 2
(1,3) -5 (2,3)—-1

0
A =
2

= U1

1
3



Notations

a_]-

* Myp(K) Mpn(K)

im

l<i<n 1<i<n [

1<j<n l=sj=m

n—<

* (a;) : 1xm vector -

* (a.j) : nx1 vector
* (a;;) : min(n,m)x1 vector




Questions

* Does this function define a matrix representation?

(1,1) » 1 (2,1) > 2i+4
c A: (1,2)-i+3
(1,3) -5 (2,3) > 1

(L1)-0 (2,1) - -2
e A (12) 51 (22) =0
(1,3) - -1 (23)—~1



Notations

* (A");; transposed matrix of A Qi
(A" =4

* (A7) ;; Hermitian adjoint

matrix of (A);;

(AM)ji = (AY;; NEEE
(A" =A |

* Al,m(K) \

* Ap1(K)

onl




Notations

Example 1:

1 2\°
1 0 4
0 5) = 3 3
(4 7/ 2.5 7
Example 2 :

1 2\
1 0 4
0 5) =2 3 9
(4 7 2.5 7
Example 3 :

1+ 2-3i\ 1 i
0 >tz =(2+3i

4 — 71 7

0
5—2i

4+ 71
7

)



4\ Command Window
>> A=[12:0 5: 4 7]

1 2

0 5

4 7
>> A=A
A=

1 0 4

2 5 71

1 2
0 b5
4 7
>> B=RB'
B =
1 0 4
2 5 71

>> C=complex([1 2;0 5;4 7],[1 -1, 0 2;-7 7])
C=
1.0000 + 1.0000i 2.0000 - 1.0000i
0.0000 + 0.0000i 5.0000 + 2.0000i
4.0000 - 7.0000i 7.0000 + 7.0000i
>> C=C'
C=
1.0000 - 1.0000i 0.0000 + 0.0000i 4.0000 + 7.0000i
2.0000 + 1.0000i 5.0000 - 2.0000i 7.0000 - 7.0000i

Vvia
MATLAB
(vectorization)



Operations on Matrices

Let A,B,C € M;, n(K),
v(i,j) €{1,..,n} x{1,..,m}
* Equality a;; =b;; ®A=B
* Addition C =A+ B & ¢;; =a;;j + by
*0,,.m neutral element for addition
*A+ B = B + A commutativity
*(A4+B)+ C = A+ (B + C) associativity

Transpose (conjugate transpose) distributes over
matrix addition

‘(A+B) =AD"+ B
*(A+B)" = (A" +(B)




ions via MATLAB

Operat

>> zeros(size(A))%ou size(B)

ans

==B

>> A
ans

0

6x6 logical array
0 00 01
0O 00 0OO

4\ Command Window
>> A=randi(5,6)

0 00 O0OO

000 1
001000

00

1

00000

>> isequal((A+B). ,A."+B.")

ans

>> isequal(A,B)

ans

randi([-1,5],6)

>> B=

logical

logical

>> jsequal((A+B) ,A'+B")

ans

>> A+B
ans

logical



Operations on Matrices

e Scalar Multiplication
C =14 @Cij =/1'(ll'j

(AA)t= 1A?

(AA) = 1A
A(A+B) =14+ AB

A+ uwA =14+ A



>> [ambda=3;

Operations via MATLAB

5 2
5 3
1 5
5 5
4 1
1 5

5
3
5
1
3
5
3

1

>> [ambda*A

ans =
15
15
3
15
12
3

6
9
15
15
3
15

15
9
15
3
9
15

O = B~ 0K

12
15
12
3
15
15

= AN A RARA
N = A N =

12 12
12 3
12 6
6 3
12 3
3 15

Jx

>> [ambda=i
lambda =
0.0000 + 1.0000i

>> isequal((lambda*A)',conj(lambda)*A')
ans =

logical
1



Matrix Multiplication

+ j
_—
1
/ -
i‘i‘(f//i A+—1—18 = |[C C;;
~_ L

AeM, ,(K) BeM,,(K) C € M, ,(K)

. _ _ \P
C =AB @Cij— kzlaik-bkj

12



Matrix Multiplication

Example:
e if Ais of order 3 and B of size 3 X2
e then A XBis of order 3 X2

1 0 2 2 1 6 5
(2 1 —1) X (0 2) = (2 2
1 3 2 2 2 6 11

 MATLAB : >> A*B



Multiplicative Identity Matrix

1 0 .. 0
Ch=8;=0 T
0 0 .. 1
cA.I=A
¢ A€M, (K), I, Al=A

+ A € My, (K), I, [.A=A



Properties

A+B=B+A,

(A+ B)t'= At + B?

(A+ B)*= A* + B*

A+(B+C)=A+B)+C
A.B # B.A

(A-B)t=At- Bt

(A-B)*= A* - B*
A.(B.C)=(A.B).C
A.(B+C)=A.B+A.C
(A+ B)C = AC + BC



Properties

A=0 and/or B=0
A B=0#A=00r B=0

AP =A-A- .. -A pfois
Exemple

1 0 1
A=0 -1 0 AP =
0O 0 2
1 0 31

>A.B=0

1 0
0 (—1)?
0 0
A0 =1

2P —1
0
2P



The inverse of a matrix

letA € M,,(K),
* Existence
3?7 A1 tq A-A71=1,
e The inverse of A is denoted by A~
e If 3 A ! then A s said to be non-singular or invertible.

* Propreties
(A~ H~1= (AB) 1= B1471

(A 1)T (AT) -1 (CZA)_lziA_l




The inverse of a matrix

Examples :

1 21. i
. — ’,
A= [O 3] invertible-

[1 Z.a b]zll 0
0 3 c d 0 1
. a=1—2c c=0
b =-2d d=1/3
1 -2/3
_1_
A 0 1/3

A non-singular

30
A_S 0

A is singular,

AA

non-invertible

e |71 =7
* The zero matrix is never
invertible.



The inverse with MATLAB
« A € M,(K),

* R=inv(A)
¢ AN(-1)

>> A=magic(3)

A=
8 1 6
3 6 7
4 9 2

>> Y=inv(A)

Y =

0.1472 -0.1444
-0.0611  0.0222
-0.0194 0.1889

0.0639
0.1056
-0.1028

>> AYY
ans =
1.0000 0 -0.0000
-0.0000 1.0000 0
0.0000 0 1.0000
>> Y*A
ans =
1.0000 0 -0.0000
0 1.0000 0
0 0.0000 1.0000

>> isequal(A*Y,Y*A)
ans =

logical
0



Trace of a Matrix

A tr(A) = 2 a;

e tr(aA+B) =a-tr(4) + tr(B)
* Let4 € M, ,(R), B € M, ,(R), then
tr(A-B) =tr(B-A)



Trace of a matrix (MATLAB)

>> sum(diag(A))
>> jsequal (sum(diag(A*B)),sum(diag(B*A)))

>>isequal(sum(diag(A)), sum(diag(A’)))



Determinant of a Matrix

ot {Mn(K) > K

(Aij) — vy

Example :

1 2 _ a1 2] _
LetA—[O 319 detA—IAI—‘O ’ =3
a b
A= >
[c d]

det 4 =

a . 4b| _ B
C><d|—a.d b.c



Computation of the determinant

a
b hl = 22 Sarrus' Rule
C l

= aei + dhc + gbf — ceg — fha — ibd

23



Computation of the determinant

1 2 3

-1 -2 =3|=22 Sarrus' Rule

0 1 -1
1 2 3 1 71 72
1 -2 -3|=-1 1 -2
0 1 -1 ~.0 21

=1(=2)(-1) + 2(=3)0 + 3(-1)1
—[0(=2)3+1(-3)1+ (-1)(-1)2] =0



Sarrus' Rule via MATLAB

[_11 _22 _33 iIf isequal(size(M),[3,3])
o 1 -1
1 2 3 1 2
-1 -2 =3 -1 -2 M=[M,M(:,1:2)]
o 1 -1 0 1

5 3 L D(1)=prod(diag(M))
1~2 -3 | -1 -2 Or

0 1 1 0 1 D(1)=prod(diag(M(:,1:end)))
2




Sarrus’' Rule via MATLAB

1 3 1 2
1 _22\\_01 _2  D(2)=prod(diag(M(:,2:end)))
0 1 -1 1 2 | o
\1\1\ D(3)=prod(diag(M(:,3:end)))
2 | 0 | -3

1 2 71
1 - _3 =—1 1 -2
0 1 -1 0 21

-t 0 1
-1 \—3\ —2 flipud(M(:,1:end))

1 2 1

26



Sarrus' Rule via MATLAB
DD(1)=prod(diag(flipud(M(:,1:end))))

DD(2)=prod(diag(flipud(M(:,2:end))))

DD(3)=prod(diag(flipud(M(:,3:end))))

2 o | -3 0O | -3 | 2

DET = sum(D) -  sum(DD)



Sarrus' Rule via MATLAB
M=[M,M(:,1:2)]

D(1)=prod(diag(M(:,1:end)))
D(2)=prod(diag(M(:,2:end)))

D(3)=prod(diag(M(:,3:end)))
DD(1)=prod(diag(flipud(M(:,1:end))))

DD(2)=prod(diag(flipud(M(:,2:end))))
DD(3)=prod(diag(flipud(M(:,3:end))))

DET=sum(D)-sum(DD)



Sarrus’' Rule via MATLAB

function[DET]=sarrus(M) function[d,dd]=les_prod(M)
if isequal(size(M),[3,3]) for k=1:3
M=concat(M) d(k)=prod_diag(M(:,k:end))
[D,DD]=les prod(M) dd(k)=prod_antidiag(M(:,k:end))
DET=0 end,end
for (i=1:length(D))
DET=DET+ D(i)-DD(i) function[p]=prod_diag(A)
end p=1
else fprintf('on ne peut appliquer Sarrus’) for i=1:min(size(A))%ou 3
end,end pP=p*A(i,i)
end,
_ end
function[M]=concat(A)
M=A function[p]=prod_antidiag(A)
for j=1:2 p=1
fori=1:size(A,1) for i=min(size(A)):-1:1
M(i,size(A,2)+)=M(i.)) p=p*A(i,min(size(A))-i+1)
end,end end, %ou 3

>>A=magic(3) end

>>sarrus(A) e



Computation of the determinant

Laplace expansion
(cofactor expansion)

AeM,(K)
minor matrix(4;;)

cofactor of element a;;, Cof;



Laplace expansion

4 0 3 1
4 2 1 O
et A=y 3 1 1 € MR
1 0 2 3
Minor matrices (Ai]-)
4 1 0 4 3 1 4 2 0
(A12) =0 1 -1 (A2) =0 1 -1 (A43)=0 3 -1
1 2 3 1 2 3 1 0 3
4 3 1 4 3
(As2)=4 1 0 (A)=4 1 0 (A34), (A31), (A43), .-
1 2 3 0 1 -1



Laplace expansion

Cofj, Cofactor of element a;;
Cofl] — (_1)l+] ) ‘(Al])‘
Cofi, = (=1)'** [(A12)l
Cofsz; = (=1)°%% [(43;) |

Cofyz = (—1)*"* |(As2) |

Cofyy = (—1)%%% |(Ay) |



Laplace expansion

The expansion

a0 u X a d X
h 7 «—
b ¢ Yo A=, ; T
AL]_C r 7 c f A
T



Laplace expansion

Steps :

* Fix expansionindexi or j

* Determine coresponding minor matrices (A,-]-)

* calculate corresponding cofactors of a;; , Cof;

n
detA = z a;;.Cof;;
i=1

or
J=1



Example :

Laplace expansion

oS Wi
N P =W
I
p—




Example : 41013 1
w A—4 211 0
— l —
Cof;j = (=)' .|(4;))] 031 -1
110112 3
4 1 O
(A;x)[ =10 1 —-1|=413+1.(-1).1+0.0.2 - 1.1.0
1 2 3

—2.(~1).4—3.01 =19
Cofi, = (=)' .|(A1)| = —19

4 3 1
(4,) =10 1 —-1/=413+3.(-1).1+1.02—-1.1.1 —
1 2 3

2.(-1).4 —3.03 =16

Cofyy = (_1)2+2 |(A22)] =16




Example : 4

4

4 3 1 4=

|(As2)|=[4 1 0/=431+3.01+142 —1.11 4
1 2 3

—2.04 —-3.4.3 = —-17

Cofz, = (—1)°*% . |(43p)| = 17

4 3 1
(A )={4 1 0|=41.(-1)+3.00+141 —0.1.1
0 1 -1

~1.04 — (=1).4.3 = 12

Cofyy = (_1)4+2 | (Ag2)| =12

S winN O




Example :

n 4 0 3 1

4 2 1 0

detA:zaij-COfij 40 3 1 -1
i=1 1 0 2 3

det A =%+2-60f22+3-60f32 +%

COfZZ =16 C0f32 =17

detA = 83




Laplace expansion

I NN
o wNo
N — =W

o
[y
[y
Il
W N

w

detA = Z al] COfl]

j=1
= 4.Cofy1 + 3. Cofys + 1. Cofyy

2xXx(B3+2)—-1x9=1

_q1+1y |1 —1‘ _11+2 [3 _1‘
2.(=170.0, S|+ LEDTES
4x9—-2x1=34
1+1 1+2. 0 _1‘
e RN O F A i

—2X(-1)+3x(8-1)=23

A N R !



Laplace expansion

Cofi; = (=111 44| =1 U et
A = 4 2 1 O

COf13 — (_11+3). A13 = 34 0 3 1 -1

Cofis = (—117%). [A1y] = —23 boe s

n

detA4 = z aij COfl] = 4, Cofll + 3. COf13 + 1. COf14_
j=1

= 83



Laplace via MATLAB

function[d]=determ(M)
iIf isequal(size(M),[2,2])
d=M(1,1)*M(2,2)-M(2,1)*M(1,2)

else function[cof]=cofacteur(M,i,j)
=1 cof =(-1)*(i+j) * det_mineur(M,i,j)
d=0 end
%the expansion
for j=1:size(M,2) function[mi]=det_mineur(M,i,))
d=d+M(i,j)*cofacteur(M,i,j) M(i,:)=[]
end M())=I]
end mi=determ(M)

end end



Determinant properties

detA-B = detA - detB

det A~ 1 -

e = —
det A

det At = det A

det A* = detAd

det 14 = A" detd
det I, =1



Determinant properties

Cl ces Ck ces Cl ces Cn

B all cee E cee E cee E' Ll
LetA: a21 ces : ces : ces : LZ

I anl ces : ces : ces E_ LTL

det A = 0 for 3 cases

1. A=0,
2. f31<k<I<n WhereCk:ClOrLk:Ll

3. Sidktelque Cp =Y io1A;Cior L, =Y/ 1 AL,

i#k i1k



Determinant properties

Examples
3 3 1]
A=|[1 1 -1|= detdA = 0since (C,=C;
2 2 3
4 3 =2

A=|0 1 -2|=>detdA=0sincelC; =C;—2C,




Matrix Inverse

letA € M,,(K),
* Existence
3?7 A1 tq A-A71=1,
e The inverse of A is denoted by A~
e If 3 A ! then A s said to be non-singular or invertible.



Matrix Inverse computation

let : A,C € M,(K)
C = Com(A) = comatrice of 4

= (COfij)izl..n 1
j=1.n A1

cofij = (=1)"*/ det(4;)) detA # 0




Inverse computation

1 1 0
A=0 1 1
1 0 1
" tetd = 1o il w1 ez |0 14 o pyez|0 1]
detd =1.(=D)"1 0 1l +1.(-D) ‘1 1‘+o.( D =2

= A Nonsingular

1
0

Cofip = (-2 ] |=1

1 1]_

1 O
__1y3+1]1 O] _

Cofz1 = (—1) ‘1 1‘—1

Cofsp = (—=1)°*2 H 2‘:'1

Cofy3 = (_1)2+3 -1

Cofi1 = (_1)1+1

1| _
1‘_1

0 1

— (_1)\1+3 j—
1 0
COfZl = (_1)2+1 0 1 =1

1 1 —=1\¢
1
Cofyy = (—1)*** H 2‘:1 A1l = —(—1 1 1 )
2\1 -1 1



Inverse computation

3 3 1
1 1 -1},
2 2 3 - det4A = 0 = A noninvertible
detB = 0 = B non invertible
4 3 —=2]
0O 1 -2
1 2 -3




function[d]=determ(M)

if isequal(size(M),[2,2]) |nVerse Vvid MATLAB
d=M(1,1)*M(2,2)-M(2,1)*M(1,2)

else function[inve]=inverse(M)
i=1 % développer sur la 1ere ligne for i=1:size(M,1)
d=0 %initialiser le déterminant for j=1:size(M,2)
%le developpement c(i,j)=cofacteur(M,i,j)
for j=1:size(M,2) inve(j,i)=c(i,j)

d=d+M(i,j)*cofacteur(M,i,j) end end

end end

end inve=(1/detrm(A))*inve

function[cof]=cofacteur(M,i,j) end

Zc:;( 1)A(i+)) * det_mineur(M,i,j) e How to

function[mi]=det_mineur(M,i j) ameliorate?

M(i,:)=I]

M(:))=I]

mi=determ(M) 4

end



Diagonal matrix

Special matrices

AeM, (K)
V(i,j),suchthati # j,a;;= 0

Addition A + B is diagonal
Product A X B is diagonal
detA =[[}L;a;i,

Vi,a;;# 0 & A invertible

A1

,LFE ], a
l_],

_1=0’

1

1

al-j

Q@ O|N

QO DI QO

“ IO I o




Special matrices
Diagonal Matrix

 Example

2 |0 |0 |0 1/2 (0 |0
0 |4 |0 |0 0 |1/4 |0
0|0 (2|0 0o |0 [1/2
0|0 |0 |7 o (0 |o




Creation

V =
1 2 3 4 5

>> diag(V)

ans =
1 0O 0O 0 0
0O 2 0 0 0
0O 0 3 0 0
0O 0 0 4 0
0O 0 0O 0 5

Diagonal Matrix

Extraction of
the diagonal vector

>> M=ans;
>> diag(M)

ans =

g = W MN =

L

—

7 24 1 8
23 5 7 14
4 6
10 12 19 21
11 18 25 2

>> diag(M,2)

ans =
1
14
22

>> diag(M,-3)

ans =
10
18

>> diag(M, 1)

ans =
24
7
20
3

15
16
13 20 22

3
9



Diagonal Matrix

if isequal(size(M),[3,3])

end

M=[M,M(:,1:2)] -

D(1)=prod(diag(M(:,1:end)))

D(2)=prod(diag(M(:,2:end)))

D(3)=prod(diag(M(:,3:end)))

DD(1)=prod(diag(flipud(M(:,1:end))))

DD(2)=prod(diag(flipud(M(:,2:end))))

DD(3)=prod(diag(flipud(M(:,3:end))))

DET=sum(D)-sum(DD)

If isequal(size(M),[3,3])

end

M=[M,M(:,1:2)]

D(1)=prod(diag(M))

D(2)=prod(diag(M,1))

D(3)=prod(diag(M,2))

DD(1)=prod(diag(flipud(M)))
DD(2)=prod(diag(flipud(M),1))

DD(3)=prod(diag(flipud(M),2))

DET=sum(D)-sum(DD)



Diagonal Matrix

Verify whether a matrix is diagonal

>>isequal(M-diag(diag(M)), zeros(size(M)))

2 [0 |5 |1 2 |0 |0 |0 0
4 |03 0ajojo| o
112 (20| Jojo |2 |0 | ~— |11]-2
10/0 |-3|7 0 (0o |0 |7 100




Diagonal Matrix

Function [trouv]=verify(M)
trouv=false
=1
while i<= size(M,1) & not (trouv)%trouv==false
j=1
while j<=size(M,2) & not(trouv)
if (i~=j) & M(i,j)~=0
trouv=true
end
=+
end
1=i+1
end



Special matrices

Triangular matrix

Upper
AeM, (K)

v, )i >,

i >
1=1 1<2 1<3
2>1 2=2 2<3
3>1 3>2 3=3

O

Q@ Vv O



Special matrices

Triangular matrix

Lower
AeM,(K)

V(l,])l i<j, aij:O

L<J 2 0 0

3>1 3>2 3=3



Special matrices

Triangular matrix

Upper
vi,DIi>),  a;j=0

Lower
V(l,])l l <j, aij: 0



- Special matrices

8 1 6
j : ; Triangular matrix
ans =
. 8 0 O
tril(A) 3 5 0
4 9 2
dns =
triu(A) 8 1 6
0O o5 7
O 0 2
tril(A,1) ans=
8 1 0
3 95 7
4 9 2
dans =
triu(A,-2) 8 1 6
3 7

4 9 2



Triangular matrix

Let the matrix M in function[tria_sup]=verif(M)
the workspace, tria_sup=true
J=1
Extract in A, the upper while (j<=size(M,2)) & (tria_sup)
triangular matrix of M =J*1
for j=1:size(M.2) while (i<.fsize(M,1 )) & (tria_sup)
for i=1 T (MEI==0
AGL=EMG) tria_sup=false
! ’ end
end i=i+1
end end
Verify wether A is a =+
end

upper triangular matrix
end



AeM, (K)

Diagonally dominant matrix (>)

Special matrices

Strictly diagonally dominant matrix (>)

¢ per row
la;;]
n
>
= Zlaiﬂ
=1
i)
la;l
n
= Z|aij|
=1
i#j
la;l
n
= Z:Ialﬂ
=
i#j

per column
||
n
= Z|aii|
i=1
i£j
[
n
= Z|aij|
i=1
i£j
||
n
= Z|“ij|
i=1
\/ i#j




Special matrices

Matrix A is diagonally ~ Matrix B is not diagonally
dominant (per row) since dominant (per row) since

4| = 2]+ |2
— 5/ = 2|+ |2 0] < |—1|+|2
6| = | —1] +[2]

A strictly diagonally dominant matrix is always
invertible

detA+ 0




Strictly diagonally dominant matrix

function[dominan]=verif _domin(M)
dominan=true
=1
while (i<=size(M,1)) & (dominan)
s=0
for j=1:size(M,2)
if i~=j
s= s+abs(M(i,j))
end

end . .
 abs(M(i.i))<=s Vectorisation

dominan=false A=[522;2-52;-1 2 6]
end | |
i=i+1 d=diag(diag(A))

end

end all(abs(diag(A))>sum(abs(A-d),2))




Special matrices

Similar matrices
« AABe M, (K)

e Two matrices A and B are similar if there exists
an invertible matrix P such that :

I3P.P1=1|B=P AP
A and B are related by a similarity transformation
* det(4) = det(B)
* trace(A) = trace(B)



Special matrices

Matrices A=(8 (1)) and B=((1) 8) are similar
Since P = ((1) (1))
and P71 = (Cl) (1))

and P"1.A.P=B



Rank of a matrix

The rank of a matrix is the maximum number of linearly
independent rows or columns, noted rank(A)

Example :

Llet A = 3 —4 1

5 3 1 rank(A) = 2

Calculation forA e M, ,, :
* A=0,n © rank(A) =0

o If Cy = Z?:il (nm) a; - C; then rank(4) = rank(4) — 1
i1k
* rank(A)< min(n,m)



Rank of a matrix

Example 2 :
1
2 4 -1 0

()

(2)6)

rank(4) = rank{(%) ,

rank(A) =1



Synthesis of Concepts
For A € M, (K)

Ais invertible <
det(A) # 0
rank(4d) =n &

n
A Ck= zi=1 a; - Ci —

i=k

n
A Lk: Zi=1 a; - Li —

i=k
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