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Chapter 1

Fourier series

1.1 Periodic functions

Definition 1.1.1. Let f be a function defined on R. We say that f is periodic with
period T (or T—periodic), if and only if:

f(x+T) = f(x), forall x e R. (1.1

Corollary 1.1.1. Let f be a T—periodic function. We then have the following
properties:

1. The number =T is also a period of f.

2. The number nT, n € Z is also a period of f.

Proof. 1. Since f is a T—periodic function, we can then write:

fx=T)

fx=T+T7)
f(x), forx € R. (1.2)
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2. If n > 0, by recurrence, we can write:
fx+nT) = fx+m-1DT+T)=f(x+n-1T)

f(x+T) = f(x), forall x € R. (1.3)

Now, suppose that n < 0. Since —T is also a period of f, using the previous

proof gives:
fx+nT) = f(x+ (-n)(-T)) = f(x), for all x € R. (1.4)
O

Proposition 1.1.1. Let f be a T-periodic function, then the function g defined on
Rby g(x) = f(ax+B) (a #0) is g— periodic.

Proof. Since f is T—periodic, we can write

s(rz) = ool z) o
= flax+B+T) = flax+p) = gkx). (1.5)

O

Proposition 1.1.2. Let f be a T—periodic function and integrable on an interval

[A, A + T] (interval of length T), then we have:
A+T

T
f(x)dx = fo f(x)dx, forall A € R. (1.6)

A
Proof. Indeed:
A+T

T A+T
fx)dx = f;\ fx)dx + : f(x)dx

T A
f fx)dx + f f(x)dx (by posing x — T = X)
A 0

T
f f(x)dx, forall A € R.
0

T A+T
f fx)dx + f(x—=T)dx (because — T is also a period off )
A T

(1.7)
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1.2 Trigonometric series

Definition 1.2.1. A trigonometric series is a series of functions that can be written

112—0+Za,, cos(n—7x)+bnsin(n7m), (1.8)
n=1

where (ay), and (by), are two sequences of scalars and T = 21 is the period of the

in the form:

series.

Definition 1.2.2. (Complex form of a trigonometric series) Since sin 0 = 0, we can

assume that by = 0.

a, —iby, _an t ib,
Cp = — and c_, = 5 (1.9)

the expression (1.8) can be rewritten in the complex form:
ch exp (z@) (1.10)

nez.

Thus, a trigonometric series can be considered as a series of functions in C of the

fOrm Y, cz Cn €Xp (1”—7;96) .

1.2.1 Rules of convergence

Proposition 1.2.1. 1) If the series ) >, 4, and }.,5q b, are absolutely convergent,
then the trigonometric series (1.8) is normally (therefore uniformly) convergent on
R, and its sum is a continuous function on R.

2) If the sequences (a,) and (a,) are positive, decreasing and converge to 0, the
trigonometric series (1.8) simply converges on R — 217 and it is uniformly con-
vergent on any interval of the form [2kmt + A,2(k + 1)mt — A], where k € Z and

O< A<

Proof. 1) We can write:

nTx . (nTx
a, cos (T) + b, sin (T)

The trigonometric series (1.8) is therefore normally convergent on R and

<lau| +b,, forall x € R. (1.11)

therefore uniformly convergent on R by the Weierstrass criterion.
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The continuity of the sum of this series occurs because the functions x +—
nmx . (nmx . . . .
a, cos (T) + b, sin (T) are continuous and the series (1.8) is uniformly

convergent.

2) This is an immediate consequence of Abel’s criterion. O

1.2.2 Calculation of coefficients of a trigonometric
series

Proposition 1.2.2. Suppose that the numerical series ) s, a, and ),,s, b, are
absolutely convergent, and let S be the sum of the trigonometric series (1.8). Then

the coefficients of this series are given by:

!
a, = %f S(x) cos(nlﬂ)d% nx=0, (1.12)
-l
1 (! nmx
bn = Tf S(x) Sil’l(T)dx, nx>1, (113)
-

Proof. We multiply the general term of the trigonometric series (1.8) by

cos (g) or by sin (@) and under the following inequalities:
nmx . (nmx mmx
[an cos (—) + b, sin (—)] cos (—)
l l l
nmx . (nmx\] . (m7x
[a” o8 (T) + b Sm(T)] - (T)

we can ensure the uniform convergence of the following series of functions:

; [an cos ($)+ b, sin(g)] cos(@) (1.16)

<la,| +1b,], x € R, (1.14)

<lay| + by, x € R, (1.15)

and

Z [an cos(nlix)+b,, sin(g)] sin(@) (1.17)

nx1
Therefore, we can integrate term by term.
The properties (1.12) and (1.13) are therefore consequences of the following

calculation:

! 1
f cos(n—?)cos(@)dx = f sin(@)sin(@)dx =0, n#m, (1.18)
-1 -1
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! I
f cos(g)sin(@)dx= f COS(@)SiH(n—g[x)dX=O, n,m>1.
_l -1

(1.20)
O

We can now define the Fourier series of a periodic function.

1.3 Fourier series

Definition 1.3.1. Let f be a function defined on R, 2l—periodic and integrable
on the interval [—I,1]. We call the Fourier series of f and we denote SF(f) the

trigonometric series:

+Zan cos( )+bn m(ml'cx)' (1.21)

n>1
The numbers a, and b, defined by:

1 f ) cos(Tx)dx, n>0, (1.22)

f f(x) sm dx n>1, (1.23)
are called Fourier coefficients of f .
Corollary 1.3.1. To calculate the Fourier coefficients of a function, we can calculate

the integrals over any interval of the type [A, A +2I] instead of [, I], and the Fourier

coefficients become:

A+2]

a, = % f(x) c:os(mlI )dx n=>0, (1.24)
1 A+21

b= 5 ) sm( )dx n>1, (1.25)

Proof. This is an immediate consequence of the Proposition 1.1.2 . O
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1.3.1 Fourier series of even or odd functions

Proposition 1.3.1. 1) If f is even on R, the Fourier coefficients are given by:

=0, >1
{ for (1.26)

ay lfof(x) os( )dx n > 0.
2) If f is odd on R, the Fourier coefficients are given by:

a,=0,n>0,
2 . (nmx (1.27)
b, = 7f0 f(x) sm(T)dx, forn>1.

Proof. 1) Since f is even, we can then write:

!
a, = 1‘ff(x)cos @ d
f(x)cos dx+ f f( x)cos ]
fﬂf(—x)COS _n_nx d(—X)+ff(x)cos @)dx]
f f(x)cos dx+ f f(x)cos ) x]
= TIOf(x)cos —_—

On the other hand, if f is even on R, the function f sin (nTnx) is odd for all

n > 1, and therefore:

lf[f(x)sin e dx:—1 f_lf(x)sin(n—?)d(—x)

-5 f feysin(“F )dw = -

Therefore b, =0, for alln > 1.

Nu—x

~|>—x

N|>_x

by

2) The proof is analogous for the case where f is odd. |
Example 1.3.1. Consider the f 2m -periodic function defined by:

fx)=x, xe]-n,nl. (1.28)
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fisodd, soforalln >0,a, =0, and

U _1\n—-1
bnzzf xsin(nx)dsz( b ,n>1. (1.29)
T Jo n
The Fourier series of f is therefore:
n-1
SF(f(x)) = 22 - ) sin (). (1.30)
n>1

Example 1.3.2. Consider the f 2m -periodic function defined by:
flx) = X%, x € [-m,n]. (1.31)

fis even, soforalln >0, b, =0, and

Tl 2 Tl —1)"
ap = gf dex = 47-[_, an = %f X2 cos (Tlx) dx = 4( ) Sz 1. (132)
0 3 ™ Jo n

Tt

The Fourier series of f is therefore:

SF(f(x)) = §n2 + 4; (;12)” cos (11x). (1.33)
1.3.2 Riemann-Lebesgue Lemma (Necessary Con-
vergence Condition)

Lemma 1.3.1. Let f be a function integrable on an interval [a, b], we then have:

b
1ir11ff(x)cos(n dx = hr;nff(x ) sin d =0.
n—+oo a n—+0oo0

Proof. It is enough to show that:

b
lim f F)exp (i@)dx:& (1.34)

Suppose that f is integrable on [g, b], that is, that there exists a subdivision
of the interval [g, b] by a finite number of points:a = xg < x; < <x, = band
a staircase function ¢ defined by ¢(x) = m;, x € [x]-_l, x]-[ , 1j=1,2,..,n,such
that:
€
- < ——, forall . 1.
|f(x) (p(x)|_2(b_a), oralle >0 (1.35)
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We can write :

r

b
[f(%) - ()] exp (z@) dx < f |f() — p(x)| <, foralle > 0. (1.36)

Therefore:
! nmx ’ nmx
lim f f(x)exp (i — ) dx = lim @(x) exp (i —) dx
n—+oo J I n—+oo . 1

v [ NTIX
- i Y [ e ()
=1 YXj-1
< b NTIX
= Z lim mjexp(z—)dx
n—+oo l
j=1 f
= Zn: lim m—jlex (i@)b
- n—+oo | NTT p 1 .

j=1
=0 (1.37)

O

Corollary 1.3.2. Let f be a function defined on R, 2I—periodic and integrable on
[—1,1], then the sequences of Fourier coefficients (a,) and (a,) converge to 0 when

n — +oo.

1.3.3 Dirichlet Theorem (Sufficient Convergence
Condition)

In this section, we will study a case of convergence of Fourier series.

Definition 1.3.2. Let f be a function defined on an interval [a, b]. We say that f is
piecewise continuous on [a, b] , if there exists a subdivision {[xj_l, x]-[ ,j1=12,., n}
of [a, b] such that:

1. f is continuous on each interval [xj,l,xj[, i=12,..,n

2. f admits discontinuities of the first kind at the points x;, j = 1,2, ..., n.

We recall that f admits a discontinuity of the first kind at a point xo, when it admits
at this point a right limit f(x{) and a left limit f(x;), such that f(x;) # f(xp).
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Definition 1.3.3. We say that f is of class C' piecewise on [a, D], if there exists a
subdivision {[xj,l,x,-[, i=12,., n} of [a, b] such that:

1. f is of class C' on each interval [xj_l,xj[, i=12,..,n

2. f admits right-hand derivatives and left-hand derivatives at the points x;j,

j=1,2,...,n which are distinct..

Definition 1.3.4. (Dirichlet kernel) We call the Dirichlet kernel the function

D, dédefined by:
. 1\ tx
sn(n+3) F)
— ifx#2ml, meZ
D (x) = zsm(_) (1.38)
21
n+ =, ifx =2ml, m € Z.

2
Proposition 1.3.2. The Dirichlet kernel D,, has the following properties:
1. D, is an even and periodic function of period 21.
2. Dy, is a continuous function on R .

3. Dy, can be represented by the formula:

D(x) = % £y cos(@), xeR, (1.39)
k=1

and furthermore, we have:

1 1
T fo Dy(x)dx = 5. (1.40)

Proof. 1. D, is an even function (obvious).

On the other hand, for any x # 2ml, m € Z, we have:

sin[(n+ %)nTx + (2n+1)n]

D,(x+2l) = o
23in(—+71)
21
. 1\ ix . 1\ ix
_ —sinf(ee3)7F) _sinf(ne3) )
. (TX . (Tx
—Zsm(g) ZSII’I(E)

= D,(x). (1.41)
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The function D,, is therefore 2! -periodic.

2. It suffices to show that D, is continuous at the point xy = 0. Indeed,

(=)
. Sll’l(l/l 5 l
im——————-

x—0 . X
2 -
s 57)

C ol 2)1 21 2) 1
= m

iy T\ mx sin(”—x) LS

(”+§)T 2 2l

1
= n+ E = Dn(O)

lir% D, (x)

By periodicity of the function D,, we then deduce that D, is continuous at

all points x = 2ml, m € Z. Therefore D,, is continuous on IR.
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3. For all x # 2ml, m € Z, we have:

Dy(x)
% +R exp(i"Tx)
% +R exp(inTx)
% +R exp(i?)

X

exp(iTT)

(

n+1

1
E-l—%

n

%+‘R exp(z

2 + Z cos(k—) =- + R (Z exp(ik¥)]

1- exp(zn—)

1- exp(zT)
) _ i (28
l l

1- cos(ﬂ) - z’sin(?)

1—cos(

)

2 sz( 2ic

)

2 sin® (
cos(nnx) + isin(nn
21 21
(nnx) +1 in(_nnx in
cos o] S ol S

o

sm( 7 )
sin

+1
2

X

T in (7
sin( o )
nmx

X ol

1+cos
2

)

2

{

+

2n+1

()
%)
5)-e0(3)

)

sin

T nmx

N~
N~

an((
il )%

1
sin ( i )
2]

If x = 2ml, m € Z, we have:

D, (x) =

I\)I'—‘

In addition, we have:

fD(x)dx—zlfdx+lch (—dx—;

X
1
in(E)
S\

= D,(x). (1.42)
- 1
Z cos(2kmm) = 3 + n. (1.43)
k=1
(1.44)
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Here is now the Dirichlet theorem:

Theorem 1.3.1. (Dirichlet theorem) Let f be a 21— periodic function of class C*
piecewise on R, then the Fourier series of f converges simply at every point x of
R - 2I7Z and has the sum:

(1.45)

Moreover, if f is continuous, the Fourier series of f converges uniformly on R and
S(x) = f(x), forall x € R.

Proof. Let’s consider for alln € IN, the sequence of partial sums of the Fourier

series:

Su(x) = ‘%0 +Y ay cos(g) + by sm(”—7x). (1.46)
k=1

Let x be any point of R. It is enough to demonstrate:

fo) + f)

> (1.47)

lim S,(x) =
n—+co
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Indeed:

Su(x)

32(7)17(7)
- Ll f(t)dH; [N P e P
= %ij(t) %+kzz:‘c0s(nn(tl_x))]dt

!
_ % fl FODy (t - x)dt

/—x
= % flx f(x+y)D, (y)dy (using change y =t — x)
/
= % I l f(x+y)D, (y)dy (By Proposition 1.1.2)
1 ]
= 5 (ﬁf(x +y)Dy (y) dy + jo‘ f(x+y)D, (y)dy)

!
= % f (f(x—y) + f(x + v)) D, (y) dy (by making the change u — —u ).
0
(1.48)
sin ((n + %) ny

I

The use of formulas ! fol D,(y)dy = ! fol [ )de = %, we get:

l 1 2an(E)
+ - ! sin n+l Ty
s - L L (f(x—y)+f<x+y>)[%de+

frgey {3,

2 sin (Z—ly)

e g y

= %fo‘f(x y)y f(x)xSin(lZ_ly)XSin((n+%)nTy)dy+
ny

+% Olf(x+y)y—f(x )>< Sin(lz_]l/) ><sin((n+%)¥)dy



Smail KAOUACHE. Courses of Fourier series (2025/2026) 14

Ty
Since the function f is of class C' piecewise and lim zézy = 1, the
sin(—)
21
functions:
y Ty
— p— — - _ + —_—
PPt ) b {0 SO BP0 AV N
y sin (n_y) Y sin(n—y)
21 21
(1.49)

are bounded.

The result is therefore a consequence of the Riemann-Lebesgue lemma. O

1.3.4 Parseval’s formula

Theorem 1.3.2. Let f be a function defined on R, periodic of period 21, integrable
on [-1,1] and let
_% XY (T
fl) = > +;(ancos( i )+bnsm( 7 )), (1.50)

Then Parseval’s formula is given by:
1 2
- f Peyde= 2+ ) (a2 +12). (1.51)
! -l 2 n=1

Proof. We demonstrate this theorem when
Zan cos(nlﬂ)+bn sin(g), (1.52)
nx1

isuniformly convergent. Let us then assume that the numerical series )51 5
and ) -1 b, are absolutely convergent, and let (S,,) be the sequence of partial

sums of the Fourier series such that

Su(x) = % + Z (ak cos(@) + by sin(@)). (1.53)
k=1

For all x € R, we have:

f@) = Su)| < Y, lawc+ il (154)

k>n+1
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quantity tending towards 0, when n — +co. We deduce:

|f(x) = $2()| () = Su(@)| | f(x) + Su(®)|

|f(0) = Su()| x 2| f ()|

2 Z |ax + bk|[|112—0| + Z ax + bkl] — 0, when n — +oo0.
k1

k>n+1
(1.55)

IA

IA

The sequence of functions S? is therefore uniformly convergent towards f2.

This uniform convergence allows us to write:

! /
% fl fz(X)dX = nl—i>I+l:loo (% fl Sf,(x)dx) . (156)

Using the properties (1.18), (1.19), (1.20) and the fact that:

n 2 n n
[Z ai] = Z ozl.z +2 Z aiaj, (1.57)

i=1 i=1 i,j=1izj

1 ('} a3
z dx = = 1.
()7 dx X (1.58)
we can clearly deduce that
1 (7 TR
2 _ 2 12
T I 1 Sidx = 2 + (a7 +12), (1.59)
k=1
By making n tend to +oo, the expression (1.56), becomes
1 2
- f Peyde= 2+ Y (a2 +12). (1.60)
I J 2
nx1
o

Remak 1.1. The preceding Parseval theorem remains true even if f is not the sum

of its Fourier series.

1.4 Some applications of Fourier series

The use of the continuity of the sum of the Fourier series on certain intervals

and Parseval’s theorem gives us remarkable new identities:
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Indeed, in the example 1.3.1, the Fourier series of x is given by:

B (_1)14—1 )
SF(x) = 22 —— sin (n2). (1.61)
n>1
-1 n—1
Xo = g is a point of continuity, we then have g =231 ( rz sin (ng),
SO
1) _m
2n+1 4 (1.62)
n>0
On the other hand, using Parseval’s theorem gives us
1 (", 2 1
= dx=m*=4) —. 1.63
Tt In raxr=g3n ; n2 (163)
So: )
1 =
il (1.64)
n>1
Similarly, in example 1.3.1, the Fourier series of x° is given by:
2 -1y
SF(?) = 37 +4 Z ( n2) cos (1x). (1.65)
n>1
. . o 2, (-1)"
xo = 0is a point of continuity, we then have 0 = 3T 4,51 2 hence
1) 2
Y ( 2) - (1.66)
n 6
n>1
On the other hand, using Parseval’s theorem gives us:
1 (", 2 2 1
- dx==r*=|Znt+16 Y —|, 1.67
nj:nx x =57 [971 ;n‘*] (1.67)
So: A
1 =
—=— 1.
n* 90 (1.68)
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