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Chapter 1

Fourier series

1.1 Periodic functions

Definition 1.1.1. Let f be a function defined on R. We say that f is periodic with

period T (or T−periodic), if and only if:

f (x + T) = f (x), for all x ∈ R. (1.1)

Corollary 1.1.1. Let f be a T−periodic function. We then have the following

properties:

1. The number −T is also a period of f .

2. The number nT, n ∈ Z is also a period of f .

Proof. 1. Since f is a T−periodic function, we can then write:

f (x − T) = f (x − T + T)

= f (x), for x ∈ R. (1.2)

1
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2. If n ≥ 0, by recurrence, we can write:

f (x + nT) = f (x + (n − 1)T + T) = f (x + (n − 1)T)

= ...

...

...

= f (x + T) = f (x), for all x ∈ R. (1.3)

Now, suppose that n < 0. Since −T is also a period of f , using the previous

proof gives:

f (x + nT) = f (x + (−n)(−T)) = f (x), for all x ∈ R. (1.4)

�

Proposition 1.1.1. Let f be a T-periodic function, then the function g defined on

R by g(x) = f (αx + β) (α , 0) is
T
α

- periodic.

Proof. Since f is T−periodic, we can write

g
(
x +

T
α

)
= f

[
α
(
x +

T
α

)
+ β

]
= f (αx + β + T) = f (αx + β) = g(x). (1.5)

�

Proposition 1.1.2. Let f be a T−periodic function and integrable on an interval

[λ, λ + T] (interval of length T), then we have:∫ λ+T

λ
f (x)dx =

∫ T

0
f (x)dx, for all λ ∈ R. (1.6)

Proof. Indeed:∫ λ+T

λ
f (x)dx =

∫ T

λ
f (x)dx +

∫ λ+T

T
f (x)dx

=

∫ T

λ
f (x)dx +

∫ λ+T

T
f (x − T)dx (because − T is also a period of f )

=

∫ T

λ
f (x)dx +

∫ λ

0
f (x)dx (by posing x − T = X)

=

∫ T

0
f (x)dx, for all λ ∈ R. (1.7)

�
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1.2 Trigonometric series

Definition 1.2.1. A trigonometric series is a series of functions that can be written

in the form:
a0

2
+

∑
n≥1

an cos
(nπx

l

)
+ bn sin

(nπx
l

)
, (1.8)

where (an)n and (bn)n are two sequences of scalars and T = 2l is the period of the

series.

Definition 1.2.2. (Complex form of a trigonometric series) Since sin 0 = 0, we can

assume that b0 = 0.

cn =
an − ibn

2
and c−n =

an + ibn

2
, (1.9)

the expression (1.8) can be rewritten in the complex form:∑
n∈Z

cn exp
(
i
nπx

l

)
. (1.10)

Thus, a trigonometric series can be considered as a series of functions in C of the

form
∑

n∈Z cn exp
(
i
nπx

l

)
.

1.2.1 Rules of convergence

Proposition 1.2.1. 1) If the series
∑

n≥1 an and
∑

n≥1 bn are absolutely convergent,

then the trigonometric series (1.8) is normally (therefore uniformly) convergent on

R, and its sum is a continuous function on R.

2) If the sequences (an) and (an) are positive, decreasing and converge to 0, the

trigonometric series (1.8) simply converges on R − 2lZ and it is uniformly con-

vergent on any interval of the form [2kπ + λ, 2(k + 1)π − λ], where k ∈ Z and

0 < λ < π.

Proof. 1) We can write:∣∣∣∣∣an cos
(nπx

l

)
+ bn sin

(nπx
l

)∣∣∣∣∣ ≤ |an| + bn, for all x ∈ R. (1.11)

The trigonometric series (1.8) is therefore normally convergent on R and

therefore uniformly convergent on R by the Weierstrass criterion.
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The continuity of the sum of this series occurs because the functions x 7→

an cos
(nπx

l

)
+ bn sin

(nπx
l

)
are continuous and the series (1.8) is uniformly

convergent.

2) This is an immediate consequence of Abel’s criterion. �

1.2.2 Calculation of coefficients of a trigonometric

series

Proposition 1.2.2. Suppose that the numerical series
∑

n≥1 an and
∑

n≥1 bn are

absolutely convergent, and let S be the sum of the trigonometric series (1.8). Then

the coefficients of this series are given by:

an =
1
l

∫ l

−l
S(x) cos

(nπx
l

)
dx, n ≥ 0, (1.12)

bn =
1
l

∫ l

−l
S(x) sin

(nπx
l

)
dx, n ≥ 1, (1.13)

Proof. We multiply the general term of the trigonometric series (1.8) by

cos
(mπx

l

)
or by sin

(mπx
l

)
and under the following inequalities:∣∣∣∣∣[an cos

(nπx
l

)
+ bn sin

(nπx
l

)]
cos

(mπx
l

)∣∣∣∣∣ ≤ |an| + |bn| , x ∈ R, (1.14)∣∣∣∣∣[an cos
(nπx

l

)
+ bn sin

(nπx
l

)]
sin

(mπx
l

)∣∣∣∣∣ ≤ |an| + |bn| , x ∈ R, (1.15)

we can ensure the uniform convergence of the following series of functions:∑
n≥1

[
an cos

(nπx
l

)
+ bn sin

(nπx
l

)]
cos

(mπx
l

)
(1.16)

and ∑
n≥1

[
an cos

(nπx
l

)
+ bn sin

(nπx
l

)]
sin

(mπx
l

)
(1.17)

Therefore, we can integrate term by term.

The properties (1.12) and (1.13) are therefore consequences of the following

calculation:∫ l

−l
cos

(nπx
l

)
cos

(mπx
l

)
dx =

∫ l

−l
sin

(nπx
l

)
sin

(mπx
l

)
dx = 0, n , m, (1.18)
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∫ l

−l
cos2

(nπx
l

)
dx =

∫ l

−l
sin2

(nπx
l

)
dx = l, (1.19)∫ l

−l
cos

(nπx
l

)
sin

(mπx
l

)
dx =

∫ l

−l
cos

(mπx
l

)
sin

(nπx
l

)
dx = 0, n,m ≥ 1.

(1.20)

�

We can now define the Fourier series of a periodic function.

1.3 Fourier series

Definition 1.3.1. Let f be a function defined on R, 2l−periodic and integrable

on the interval [−l, l]. We call the Fourier series of f and we denote SF( f ) the

trigonometric series:

a0

2
+

∑
n≥1

an cos
(nπx

l

)
+ bn sin

(nπx
l

)
. (1.21)

The numbers an and bn defined by:

an =
1
l

∫ l

−l
f (x) cos

(nπx
l

)
dx, n ≥ 0, (1.22)

bn =
1
l

∫ l

−l
f (x) sin

(nπx
l

)
dx, n ≥ 1, (1.23)

are called Fourier coefficients of f .

Corollary 1.3.1. To calculate the Fourier coefficients of a function, we can calculate

the integrals over any interval of the type [λ, λ+2l] instead of [−l, l], and the Fourier

coefficients become:

an =
1
l

∫ λ+2l

λ
f (x) cos

(nπx
l

)
dx, n ≥ 0, (1.24)

bn =
1
l

∫ λ+2l

λ
f (x) sin

(nπx
l

)
dx, n ≥ 1, (1.25)

Proof. This is an immediate consequence of the Proposition 1.1.2 . �
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1.3.1 Fourier series of even or odd functions

Proposition 1.3.1. 1) If f is even on R, the Fourier coefficients are given by: bn = 0, for n ≥ 1

an =
2
l

∫ l

0 f (x) cos
(nπx

l

)
dx, n ≥ 0.

(1.26)

2) If f is odd on R, the Fourier coefficients are given by: an = 0, n ≥ 0,

bn =
2
l

∫ l

0 f (x) sin
(nπx

l

)
dx, for n ≥ 1.

(1.27)

Proof. 1) Since f is even, we can then write:

an =
1
l

∫ l

−l
f (x) cos

(nπx
l

)
dx

=
1
l

[∫ 0

−l
f (x) cos

(nπx
l

)
dx +

∫ l

0
f (x) cos

(nπx
l

)
dx

]
=

1
l

[∫ 0

l
f (−x) cos

(
−

nπx
l

)
d(−x) +

∫ l

0
f (x) cos

(nπx
l

)
dx

]
=

1
l

[∫ l

0
f (x) cos

(nπx
l

)
dx +

∫ l

0
f (x) cos

(nπx
l

)
dx

]
=

2
l

∫ l

0
f (x) cos

(nπx
l

)
dx.

On the other hand, if f is even on R, the function f sin
(nπ

l
x
)

is odd for all

n ≥ 1, and therefore:

bn =
1
l

∫ l

−l
f (x) sin

(nπx
l

)
dx = −

1
l

∫
−l

l
f (x) sin

(nπx
l

)
d(−x)

= −
1
l

∫ l

−l
f (x) sin

(nπx
l

)
d(x) = −

1
l

bn,

Therefore bn = 0, for all n ≥ 1.

2) The proof is analogous for the case where f is odd. �

Example 1.3.1. Consider the f 2π -periodic function defined by:

f (x) = x, x ∈ ]−π, π[ . (1.28)
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f is odd, so for all n ≥ 0, an = 0, and

bn =
2
π

∫ π

0
x sin (nx) dx = 2

(−1)n−1

n
, n ≥ 1. (1.29)

The Fourier series of f is therefore:

SF( f (x)) = 2
∑
n≥1

(−1)n−1

n
sin (nx) . (1.30)

Example 1.3.2. Consider the f 2π -periodic function defined by:

f (x) = x2, x ∈ [−π, π] . (1.31)

f is even, so for all n ≥ 0, bn = 0, and

a0 =
2
π

∫ π

0
x2dx = 4

π2

3
, an =

2
π

∫ π

0
x2 cos (nx) dx = 4

(−1)n

n
, n ≥ 1. (1.32)

The Fourier series of f is therefore:

SF( f (x)) =
2
3
π2 + 4

∑
n≥1

(−1)n

n2 cos (nx) . (1.33)

1.3.2 Riemann-Lebesgue Lemma (Necessary Con-

vergence Condition)

Lemma 1.3.1. Let f be a function integrable on an interval [a, b], we then have:

lim
n→+∞

∫ b

a
f (x) cos

(nπx
l

)
dx = lim

n→+∞

∫ b

a
f (x) sin

(nπx
l

)
dx = 0.

Proof. It is enough to show that:

lim
n→+∞

∫ b

a
f (x) exp

(
i
nπx

l

)
dx = 0. (1.34)

Suppose that f is integrable on [a, b], that is, that there exists a subdivision

of the interval [a, b] by a finite number of points:a = x0 < x1 < < xn = b and

a staircase function ϕ defined by ϕ(x) = m j, x ∈
[
x j−1, x j

[
, j = 1, 2, ...,n, such

that: ∣∣∣ f (x) − ϕ(x)
∣∣∣ ≤ ε

2(b − a)
, for all ε > 0. (1.35)
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We can write :∫ b

a

∣∣∣∣∣[ f (x) − ϕ(x)
]

exp
(
i
nπx

l

)∣∣∣∣∣ dx ≤
∫ b

a

∣∣∣ f (x) − ϕ(x)
∣∣∣ < ε, for all ε > 0. (1.36)

Therefore:

lim
n→+∞

∫ b

a
f (x) exp

(
i
nπx

l

)
dx = lim

n→+∞

∫ b

a
ϕ(x) exp

(
i
nπx

l

)
dx

= lim
n→+∞

n∑
j=1

∫ x j

x j−1

m j exp
(
i
nπx

l

)
dx

=

n∑
j=1

lim
n→+∞

∫ b

a
m j exp

(
i
nπx

l

)
dx

=

n∑
j=1

lim
n→+∞

[
m jl
nπ

exp
(
i
nπx

l

)]b

a

= 0 (1.37)

�

Corollary 1.3.2. Let f be a function defined on R, 2l−periodic and integrable on

[−l, l], then the sequences of Fourier coefficients (an) and (an) converge to 0 when

n→ +∞.

1.3.3 Dirichlet Theorem (Sufficient Convergence

Condition)

In this section, we will study a case of convergence of Fourier series.

Definition 1.3.2. Let f be a function defined on an interval [a, b]. We say that f is

piecewise continuous on [a, b] , if there exists a subdivision
{[

x j−1, x j

[
, j = 1, 2, ...,n

}
of [a, b] such that:

1. f is continuous on each interval
[
x j−1, x j

[
, j = 1, 2, ...,n.

2. f admits discontinuities of the first kind at the points x j, j = 1, 2, ...,n.

We recall that f admits a discontinuity of the first kind at a point x0, when it admits

at this point a right limit f (x+
0 ) and a left limit f (x−0 ), such that f (x+

0 ) , f (x−0 ).
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Definition 1.3.3. We say that f is of class C1 piecewise on [a, b] , if there exists a

subdivision
{[

x j−1, x j

[
, j = 1, 2, ...,n

}
of [a, b] such that:

1. f is of class C1 on each interval
[
x j−1, x j

[
, j = 1, 2, ...,n.

2. f admits right-hand derivatives and left-hand derivatives at the points x j,

j = 1, 2, ...,n which are distinct..

Definition 1.3.4. (Dirichlet kernel) We call the Dirichlet kernel the function

Dn dédefined by:

Dn(x) =


sin

((
n +

1
2

)
πx
l

)
2 sin

(
πx
2l

) , if x , 2ml, m ∈ Z

n +
1
2
, if x = 2ml, m ∈ Z.

(1.38)

Proposition 1.3.2. The Dirichlet kernel Dn has the following properties:

1. Dn is an even and periodic function of period 2l.

2. Dn is a continuous function on R .

3. Dn can be represented by the formula:

Dn(x) =
1
2

+

n∑
k=1

cos(
kπx

l
), x ∈ R, (1.39)

and furthermore, we have:
1
l

∫ l

0
Dn(x)dx =

1
2
. (1.40)

Proof. 1. Dn is an even function (obvious).

On the other hand, for any x , 2ml, m ∈ Z, we have:

Dn(x + 2l) =
sin

[(
n +

1
2

)
πx
l

+ (2n + 1)π
]

2 sin
(
πx
2l

+ π
)

=
− sin

((
n +

1
2

)
πx
l

)
−2 sin

(
πx
2l

) =
sin

((
n +

1
2

)
πx
l

)
2 sin

(
πx
2l

)
= Dn(x). (1.41)
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The function Dn is therefore 2l -periodic.

2. It suffices to show that Dn is continuous at the point x0 = 0. Indeed,

lim
x→0

Dn(x) = lim
x→0

sin
((

n +
1
2

)
πx
l

)
2 sin

(
πx
2l

)

= lim
x→0

sin
((

n +
1
2

)
πx
l

)
(
n +

1
2

)
πx
l

×

πx
2l

sin
(
πx
2l

) ×
(
n +

1
2

)
πx
l

2 ×
πx
2l

= n +
1
2

= Dn(0).

By periodicity of the function Dn, we then deduce that Dn is continuous at

all points x = 2ml, m ∈ Z. Therefore Dn is continuous on R.
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3. For all x , 2ml, m ∈ Z, we have:

Dn(x) =
1
2

+

n∑
k=1

cos(k
πx
l

) =
1
2

+<

 n∑
k=1

exp(ik
πx
l

)


=

1
2

+<

exp(i
πx
l

)


1 − exp(in

πx
l

)

1 − exp(i
πx
l

)




=
1
2

+<

exp(i
πx
l

)


1 − cos

(nπx
l

)
− i sin

(nπx
l

)
1 − cos(

πx
l

) − i sin(
πx
l

)




=
1
2

+<

exp(i
πx
l

)


2 sin2(

nπx
2l

) − 2i cos
(nπx

2l

)
sin

(nπx
2l

)
2 sin2

(
πx
2l

)
− 2i cos

(
πx
2l

)
sin

(
πx
2l

)



=
1
2

+<

exp(i
πx
l

)


cos

(nπx
2l

)
+ i sin

(nπx
2l

)
cos

(nπx
2l

)
+ i sin

(nπx
2l

)



sin
(nπx

2l

)
sin

(nπx
2l

)



=
1
2

+<

exp
(
i
(n + 1

2

)
πx
l

) 
sin(

nπx
2l

)

sin(
nπx
2l

)




=
1
2

+ cos
((n + 1

2

)
πx
l

) 
sin

(nπx
2l

)
sin

(nπx
2l

)


=
1
2

+
1
2


sin

((2n + 1
2

)
πx
l

)
− sin

(
πx
2l

)
sin

(
πx
2l

)


=
sin

((
n +

1
2

)
πx
l

)
sin

(
πx
2l

) = Dn(x). (1.42)

If x = 2ml, m ∈ Z, we have:

Dn(x) =
1
2

+

n∑
k=1

cos(2kmπ) =
1
2

+ n. (1.43)

In addition, we have:

1
l

∫ l

0
Dn(x)dx =

1
2l

∫ l

0
dx +

1
l

n∑
k=1

∫ l

0
cos(

kπx
l

)dx =
1
2
. (1.44)
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�

Here is now the Dirichlet theorem:

Theorem 1.3.1. (Dirichlet theorem) Let f be a 2l− periodic function of class C1

piecewise on R, then the Fourier series of f converges simply at every point x of

R − 2lZ and has the sum:

S(x) =
f (x+) + f (x−)

2
. (1.45)

Moreover, if f is continuous, the Fourier series of f converges uniformly on R and

S(x) = f (x), for all x ∈ R.

Proof. Let’s consider for all n ∈N, the sequence of partial sums of the Fourier

series:

Sn(x) =
a0

2
+

n∑
k=1

an cos(
nπx

l
) + bn sin(

nπx
l

). (1.46)

Let x be any point of R. It is enough to demonstrate:

lim
n→+∞

Sn(x) =
f (x+) + f (x−)

2
. (1.47)
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Indeed:

Sn(x) =
a0

2
+

n∑
k=1

an cos
(nπx

l

)
+ bn sin

(nπx
l

)
=

1
2l

∫ l

−l
f (t)dt +

n∑
k=1

∫ l

−l
f (t)

(
cos

(nπt
l

)
cos

(nπx
l

)
+ sin

(nπx
l

)
sin

(nπx
l

))
dt

=
1
l

∫ l

−l
f (t)

1
2

+

n∑
k=1

cos
(

nπ (t − x)
l

) dt

=
1
l

∫ l

−l
f (t)Dn (t − x) dt

=
1
l

∫ l−x

−l−x
f (x + y)Dn

(
y
)

dy (using change y = t − x)

=
1
l

∫ l

−l
f (x + y)Dn

(
y
)

dy (By Proposition 1.1.2)

=
1
l

(∫ 0

−l
f (x + y)Dn

(
y
)

dy +

∫ l

0
f (x + y)Dn

(
y
)

dy
)

=
1
l

∫ l

0

(
f (x − y) + f (x + y)

)
Dn

(
y
)

dy (by making the change u 7→ −u ).

(1.48)

The use of formulas
1
l

∫ l

0 Dn(y)dy =
1
l

∫ l

0


sin

((
n +

1
2

) πy
l

)
2 sin

(πy
2l

)
 dy =

1
2

, we get:

Sn(x) −
f (x+) + f (x−)

2
=

1
l

∫ l

0

(
f (x − y) + f (x + y)

) 
sin

((
n +

1
2

) πy
l

)
2 sin

(πy
2l

)
 dy +

−

(
f (x+) + f (x−)

2l

) ∫ l

0


sin

((
n +

1
2

) πy
l

)
sin

(πy
2l

)
 dy.

=
1

2π

∫ l

0

f (x − y) − f (x−)
y

×

πy
l

sin
(πy

2l

) × sin
((

n +
1
2

) πy
l

)
dy +

+
1

2π

∫ l

0

f (x + y) − f (x+)
y

×

πy
l

sin
(πy

2l

) × sin
((

n +
1
2

) πy
l

)
dy.
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Since the function f is of class C1 piecewise and lim

πy
2l

sin
(πy

2l

) = 1, the

functions:

y 7→
f (x − y) − f (x−)

y
×

πy
l

sin
(πy

2l

) and y 7→
f (x + y) − f (x+)

y
×

πy
l

sin
(πy

2l

) ,
(1.49)

are bounded.

The result is therefore a consequence of the Riemann-Lebesgue lemma. �

1.3.4 Parseval’s formula

Theorem 1.3.2. Let f be a function defined on R, periodic of period 2l, integrable

on [−l, l] and let

f (x) =
a0

2
+

∑
n≥1

(
an cos

(nπx
l

)
+ bn sin

(nπx
l

))
, (1.50)

Then Parseval’s formula is given by:

1
l

∫ l

−l
f 2(x)dx =

a2
0

2
+

∑
n≥1

(
a2

n + b2
n

)
. (1.51)

Proof. We demonstrate this theorem when∑
n≥1

an cos
(nπx

l

)
+ bn sin

(nπx
l

)
, (1.52)

is uniformly convergent. Let us then assume that the numerical series
∑

n≥1 an

and
∑

n≥1 bn are absolutely convergent, and let (Sn) be the sequence of partial

sums of the Fourier series such that

Sn(x) =
a0

2
+

n∑
k=1

(
ak cos

(
kπx

l

)
+ bk sin

(
kπx

l

))
. (1.53)

For all x ∈ R, we have: ∣∣∣ f (x) − Sn(x)
∣∣∣ ≤ ∑

k≥n+1

|ak + bk| , (1.54)



Smail KAOUACHE. Courses of Fourier series (2025/2026) 15

quantity tending towards 0, when n→ +∞. We deduce:∣∣∣ f 2(x) − S2
n(x)

∣∣∣ =
∣∣∣ f (x) − Sn(x)

∣∣∣ ∣∣∣ f (x) + Sn(x)
∣∣∣

≤

∣∣∣ f (x) − Sn(x)
∣∣∣ × 2

∣∣∣ f (x)
∣∣∣

≤ 2
∑

k≥n+1

|ak + bk|

∣∣∣∣a0

2

∣∣∣∣ +
∑
k≥1

|ak + bk|

→ 0, when n→ +∞.

(1.55)

The sequence of functions S2
n is therefore uniformly convergent towards f 2.

This uniform convergence allows us to write:

1
l

∫ l

−l
f 2(x)dx = lim

n→+∞

(
1
l

∫ l

−l
S2

n(x)dx
)
. (1.56)

Using the properties (1.18), (1.19), (1.20) and the fact that: n∑
i=1

αi


2

=

n∑
i=1

α2
i + 2

n∑
i, j=1i, j

αiα j, (1.57)

1
l

∫ l

−l

a2
0

4
dx =

a2
0

2
, (1.58)

we can clearly deduce that

1
l

∫ l

−l
S2

n(x)dx =
a2

0

2
+

n∑
k=1

(
a2

k + b2
k

)
, (1.59)

By making n tend to +∞, the expression (1.56), becomes

1
l

∫ l

−l
f 2(x)dx =

a2
0

2
+

∑
n≥1

(
a2

n + b2
n

)
. (1.60)

�

Remak 1.1. The preceding Parseval theorem remains true even if f is not the sum

of its Fourier series.

1.4 Some applications of Fourier series

The use of the continuity of the sum of the Fourier series on certain intervals

and Parseval’s theorem gives us remarkable new identities:
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Indeed, in the example 1.3.1, the Fourier series of x is given by:

SF(x) = 2
∑
n≥1

(−1)n−1

n
sin (nx) . (1.61)

x0 =
π
2

is a point of continuity, we then have
π
2

= 2
∑

n≥1
(−1)n−1

n
sin

(
n
π
2

)
,

so ∑
n≥0

(−1)n

2n + 1
=
π
4

(1.62)

On the other hand, using Parseval’s theorem gives us

1
π

∫ π

−π
x2dx =

2
3
π2 = 4

∑
n≥1

1
n2 . (1.63)

So: ∑
n≥1

1
n2 =

π2

6
. (1.64)

Similarly, in example 1.3.1, the Fourier series of x2 is given by:

SF(x2) =
2
3
π2 + 4

∑
n≥1

(−1)n

n2 cos (nx) . (1.65)

x0 = 0 is a point of continuity, we then have 0 =
2
3
π2 + 4

∑
n≥1

(−1)n

n2 , hence

∑
n≥1

(−1)n

n2 = −
π2

6
(1.66)

On the other hand, using Parseval’s theorem gives us:

1
π

∫ π

−π
x4dx =

2
5
π4 =

2
9
π4 + 16

∑
n≥1

1
n4

 , (1.67)

So: ∑
n≥1

1
n4 =

π4

90
. (1.68)
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