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Exercise 01:

For each of the following sequences, give the first five terms:
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Exercise 02:
The general term of a sequence is u, = iZ;é where. (1) Give the terms of this sequence in decimal form
where, n =1, n =5, n = 10, n = 100, n = 1000 and n = 100000. Make a guess of lilf Up. (2) Using the
n—-+oo
definition of limit to verify the guess in the preceding question.
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Exercise 03:

Using the definition of a sequence, show that: (:Qi o (A Ll o e Jleataly)

3n—1 3 . (=™ . 2In(1+mn)
1 - 2) 1 =0 3) 1 — =2
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Exercise 04:

Ui tust-Fup

(un)nen is an increasing sequence; (vy,) is the sequence defined for all n € N* by v, = -

Demonstrate that the sequence (vy,).

Sale (0n) Wl O . v, = bt e NF T ol e © e (00) $5agbRe e () nen

Exercise 05:

1. Prove that if lim wu, exists, it is unique. ( 5a>g Ll 559> g0 lirf uy S ol 13 o )
£ n—+o00 < .

n—-+oo
2. Prove that a convergent sequence is bounded. (33942 (¢S5 & i 4l di Q" oA )

3. If lim u,, = A and lim v, = B, prove that hm (un +v,)=A+ B.

n—oo n—oo

nlgrx;o(un,+vn):A+B Q‘ RIK nl;rgovn:Bjnlirﬁioun:A Q{bj



n— oo

4. If lim u, = A and lim v, = B, prove that hrn (Up -vp)=A-B
n— 00

nh_}ngo(un ‘o) =A-B U‘ RIE nh_)n;ovn =B#0 4 nh_}ngou" =A o5 13
5 If lim u, = A and hm v, = B # 0, prove that lim T = % and lim %= = %.
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Exercise 06:

Using theorems on limits, find each of the following (:u@_b oo .\o_;‘ (oL Glane Jlexul)
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Exercise 07:

1. Using the principle of bounding a sequence, demonstrate that the sequence (Up,),en converges to a
limit [, determining it in each case:

3 s LAl o O s (Un)nen YU ol ov ¢ (S oLkl Zane ) Wlte e e Jlomzal

IO SV e A

_;nfurk _Z n3+ ¢) Un = n

2. Let U, =

,where n € N* and [.] denots the floor function

Zk:l m, demonstrate that lim U, = +oo.

n—-+oo

] — '; . e n 1 .
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Exercise 08:

Consider the sequence (U, )nen defined by: Uy =0, Upy1 =VU,+2, VneN

Up=0, Upy1 =vVU,+2, Vn €N - bfl‘ (Un)neN i:)u‘J\:AJ

1. Show that 0 < U, <2 foralln €N. (n €N  Jal 50 0 < U, <2 0l n)
2. Deduce the monotonicity of (Up)nen. (Un)nen &0, C..J.w\)
3. Cousider the sequence (V;,)nen defined by V,, =2 — Un; for alln € N
neN § ol o Vi=2-U, 4 &m (Va)nen Yl niw
(a) Determine the sign of (V;,)nen. (Va)nen 8,3 ins)

(b) Prove that, for every natural number n V{‘/—:l <1 (Yot
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1
(c) Using a proof by induction, demonstrate that V;, < (%) for all n € N*.
< n—1 3
neN K Jal o Vi < (;) o o AL planll Jlaszl
(d) Deduce the limit of the sequence (V},)nen, and then the limit of (Up)nen-
. (Un)nEN *"LV‘ (:. ¢ (VH)REN a'..‘lu‘ ”LV' (‘.f"'.:“‘ ‘
Exercise 09:

Consider the sequence (U, )nen, defined by: (o & e ¢ (Up)pen W] i)

Up =1
Unsr = Upe~Un, Yn €N

1. Show that Uy, > 0, Vn € N. (& o)

2. Deduce the monotonicity of (Up)nen. (Un)nen &0, C..J.w\)

3. Deduce that (Up,)nen is convergent, then calculate its limit. (Lxl: W;‘ f: (&, (Un)nen Q? CM.\...«‘)

4. Let S, = ZZ:O Uy, demonstrate that U, = e~ for all n € N.
nGNJ{Jo‘UAUn_Fl:@_S” u‘ukasn: Z:OUIVU’K'JZL
5. Conclude that as n approaches infinity, lir+n Sp = +o0.
n—-+0oo

lim Sn:—l—oo‘lil.r'\fu‘ R AT N U ol u"\’.‘:‘”‘ .5

n—-+4oo

Exercise 10:

Consider the sequence (Up,)nen defined by: (o & ms (Un)nen ! o)

Up=0

Unt1 = 52’;13, Vn e N
1. Show that 0 < U, <2foralln eN. (neN deo.;\wOSURSQ Q;\ ov)
2. Study the monotonicity of (U,) for n € N. (n € N Joﬁ‘ oo (Un) 4L, U"J;‘)

3. Deduce that (Uy,) is convergent and calculate its limit. (.Lxl: w;‘j L, (U,) QT c:.u‘.w‘)

N

. Let E = {U,/n € N}; determine sup E and inf E. (inf E g sup E (ns ¢ E = {U,/n € N} -SJ)
Exercise 11:
Two real sequences (U, )nen+ and (V,,)nen- are defined as follows:

&L“{ OL'-’;"‘" (Vn)neN* b (Un)neN* QL":"-:‘-’ QL‘t‘."u‘

Uy =1 and Vi=12
1
Uns1 = o5, Vn e N* Vnpr = Bodfta, Wn e N*
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1. Let W,, =V, — U, for all n € N*. Express the sequence (W, ),en+ in terms of n and then calculate its
limit.

cneNT oy (Wo)nen Wl e ae . ne N K Jal oo Wy =V, = U, 53 1

2. Show that the sequences (U, )nen+ and (V,,)nen+ are adjacent.
UU)jL"""’ (Vn)neN* D) (Un)neN* Uuu‘ U‘ U.\." 2

Exercise 12:

Using the Cauchy criterion, demonstrate that the sequence (Up)nen+ is convergent and that the sequence
(Va)nenn>2 is divergent.

-SML.‘:'“ (Vn)neN,n22 “'Ju‘ Qi) ‘L.Ju":'“ (Un)nEN* Z._JLJ\ O;‘ v ‘d‘“}’(JL""‘ dt“‘-‘:*“b

1 Uy =7 225 for all n € N*.

2k

2. Va=>1, ﬁ, for all n > 2.

Exercise 13: v/2 and Sequence Convergence

1. Prove that if lim,—, o Usy, = L and lim,, o0 Uap+1 = L, then (U,,) converges to L.

2. Given Uy =1land Up4q1 =1+ H-#U’ compute the first eight terms of (U,,). Then use part (1) to show

that lim,,_yeo U, = v/2. This gives the continued fraction expansion V2=1+ ﬁ
PE.

oY (1) 4] rw\ F (U,) Wl dl;xﬂ Sl f\.aJ‘ | Upp1 = 1+ﬁU”, s U1 =1 b
VZ=14 i ) oSl G s bdaw e limyog Uy = V2 O

2+ 57—
Exercise 14: Fish Population Dynamics

The fish population p,, is modeled by: (- IV sl i - Kea)

bp,
a+pp’

Pn+1 =

where a,b > 0 and pg > 0.

1. Show that if (p,) converges, then its limit is either 0 or b — a.

cb—a sl 0 W Lol ol il (py) <o 13 &l O
2. Show that p,41 < gpn. (- Prt1 < gpn Qi ov)
3. Use part (2) to show that if a > b, then lim,_, ., p, = 0.

iy e pe =0 QB¢ a>b o8 3] &l Glad (2) o) Jaxzal

4. Assume a < b. Show that if 0 < py < b — a, then {p,} is increasing and 0 < p,, < b — a. Show also
that if pg > b — a, then {p,} is decreasing and p,, > b — a. Deduce that lim,_, . p, = b — a.

15] ol La,.f&g;},_.0<pn<b—aj sulie {pn} OB« 0<po <b—a O 13 &\Jigq.g.a<b gﬁ S

imy oo pr=b—a Q“ G"J.La\.pn>bfa5 Laslie {pn} OB« po>b—a O
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