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Chapter

1 Real functions of real variable

Part 1

Introduction

This chapter introduces the fundamental concepts of real functions of a real variable:
definitions, domain, monotonicity, boundedness, limits, continuity, integrals and primi-

tives.

1.1 Recalls and definitions:

1.1.1 Intervals of R

Let a.b € R such that a < b, we call

a,b
« The open interval: Ja,b[={z € R|a <z < b} Ja, b
a b
la, b
« The closed interval : [a,0] = {r € R|a <z < b} & &
z b
Ja, b]
o The semi-open interval : Ja,b] = {z € R | a < z < b} o o
@& b
[a, ]
[a,b)]={r €R|a <z <b} . o
% b



. ) la—¢, a+¢|
« The open interval of center a the set : Ja—e, a+¢[ with £ >0 ﬁ el

a—¢e @ g+¢

o, Zool= {z € R| 2> a} : ki SN
o +[= z €R| 22 0} g S .
] —oo,al={z €R |z < a} e ]_OO’“%
]—oo,a] = {z €R |z < a) e ]_OO’“};

Notations

e R* :} — 00, O[U]O: +OO[
e R, ={z €R/x >0} =]0, +o0]

e R_={zxeR/x <0} =] —00,0]

Definition 1.1.1: A real function of a real variable is a map f of a part D of R,

we note

f:D =R,

1.1.2 Domain of definition

Definition 1.1.2: The domain of definition of a function f denoted Dy is defined
by
Dy ={z €R, f(z) is defined}.

1.1.2.1 Practical determination of the domain of definition

Let f, g be two functions
1%t cas: function of type g is defined for all g # 0
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2" cas: function of type y/z is defined for all f > 0

3" cas: function of type % is defined for all ¢ > 0

Example 1.1.1 @ f(z) = e e

z2—1
DfZ{I‘ER, 3’;2—1%0}

={z€eR, (z-1)(z+1) #0}
—R-{-1,1}.

D, =z e R, 22-1>0}

1
:{$ER,$>§}

o]

1.1.3 General information on functions:

Let f : D — R be a function and we suppose that Vz € D, —x € D we say that :
O fis even: if f(—z) = f(x) for all z € D.

The curve ¢f of f is symmetric with respect to the axis (oy).

® fis odd: if f(—x) = —f(x) forall z € D.

The curve cf of f is symmetric with respect to the origin (0, 0).

® f is periodic: if there exists T' > 0 such that Vo € D,z+T € D and f(x+1T) =
f(z).

The smallest value of T" is called the period of f.

® f is a major function <= IM € R, Vx € D, f(z) < M

® f is aminor function <= Im € R, Vx € D, f(x) = m.

®f is a bounded function <= IM,;m € R, Vxr € D, m < f(x) < M.

©Of is increasing function (resp strictly increasing) if Vz,y € D |z < y =
f(@) < f(), (resp f(2) < ().

® [ is decreasing function (resp strictly decreasing) if Vz,y € D |z < y =

f(x) =2 f(y), (vesp f(z) > f(y))-




® f is monotonous function if it is increasing or decreasing on D.

1.2 Limit of a function

1.2.1 Neighborhood of a Point x

Definition 1.2.1: We call neighborhood of a point zy any open interval of the

form |zg —€,z0+¢[, €>0

Viz)={reR,xg—e <z <z0+¢€}.

1.2.2 Function defined in a vicinity of a point

Definition 1.2.2: We vsay that a function f : D — R is defined in the neighbor-
hood of a point zp € Rif e > 0, Jzg — €, 29 + €[ D

1.2.3 Limits of a function at a point

Definition 1.2.3: We say that a function f defined in the vicinity of a point z

admits a limit [ € R as x tends xpif
Ve >0, 30 >0, Vz £ xp, |z — 20| <o=|f(z) -4 <e.

We write mlgrgo ffx) =~

Proposition 1.2.1 [If f admits a limit at the point xy then this limit is unique and we

have

lim f(x)= lim fixz) = lim Flo) =&

r—T0
T—>T0 T—>T0

1.2.4 Right-hand limit and left-hand limit

Definition 1.2.4:



1. We say that f has a right-hand limit ¢ at the point zg, if
Ye>0,do>0, Vo sp<z<zgto=flz)—¥f <e
and we write lim f(zx) = lim f(x)=~{.
I—)afa" ;L'i):co
2. We say that f has a left-hand limit ¢ at the point g, if

Ve >0, do0>0, Vo zp—0o <z <xzog= |f(x) —{] <Ee.

and we write lim f(z) = lim f(z)=~{.
TTy -'L'i>I[)

Remark 1.2.1 If lim f(z) # lim f(x) then f does not admit alimit at point x.
$i>l'0 :ri)zg

1.2.5 Operations on limits

Operations on Limits

Let fand g : D € R — R be two functions, satisfying 931519310 f(z) =4¢, and xllgclng(x) =
ls.

1. lim [f(z) + g(z)] = €1 + £a.

7. If f(x) < g(z) = 41 < bs.



1.2.6 Indeterminate forms

There are four algebraic indeterminate forms (IF)
0 oo
-, —, 0-00, 00— 00.
0" oo

and three exponential forms

UO, OOO, 1

Example 1.2.1 Cualculate the following limits
® lim 223 +4r— 1= +o0— o0 (IF)

=400
: 9.3 1 — 9.3 _ 2 Loy .
Il})r-il:loo 2z° +4r — 1= —2x (1 =+ 223) = —00
. :I:Q_
@ :{IEH 2—11 = % (IF)
lim =L — Jim &=DEE iy (4 1) = 2
x—=1 T z—1 T z—1
® lim 2" =0° (IF)
z—0+ ,
lim 7% = lim €™®") = lim e*@) =0 =1
z—0t z—0t =07t

1.2.7 Some standard limits

lim 8inz — 1’ lim cosz—1 =

z—0 T z—0 e

lim £=1 =1, lim & =400

z—0 T z—00 T

fiog 222U lim 22 — Qet lim zlnz =0
z—0 xr r—oo T I—>0+

1.3 Continuous functions

Definition 1.3.1:

o Let f be a function defined on a subset D C R and let zq € D, we say that f

is continuous at z if

lim f(z) = f(zo).

T—T0




I « We say that f is continuous on D if it is continuous at every point of D.

Checking Continuity at a Point

A function f is continuous at x = xq if the following three conditions hold:

1. f(xp) is defined  (that is, z belongs to the domain of f).
2. IILIEO f(x) exists  (that is, the left-hand limit equals the right-hand limit).

3. Hm Flo) = Jl25).

T—I0

1.3.1 Operations on Continuous Functions

Let f and g be two continuous functions in z( at let A € R, then

(f+g9), (f—9), (f-9), (Af), (g, (g(zo) # U)) , (|f]) are continuous functions in zy.

1.3.2 Extension by Continuity

Let f be a function defined and continuous on a set I\ {zo}, if lim f(z) = ¢ (£ exists
T—rTo

and finite) then f(x) can be extended by continuity at point xg to the function g defined

by

fz), iz #a
g(r) =

Q}Lrlg}of(x), it & = my.

Example 1.3.1 The function f(x) = T =1 s continuous on R — {—1} and we have

341
Il_gnillf(x) = —% therfore f(x) can be extended by continuity at the point —% to the
function

2 -
§3+i7 'ﬂfﬂ? % _1?
g(r) =

2
~ if & = —1.
S e



1.4 Differentiable functions

Definition 1.4.1: Le f: I — R

1. We say that the function f is differentiable at the point xq if the limit

L f@) = ()

T—>T0 €r — xo

exists and is finite.

if h = x — x(, we obtain

h—0 h

2. We say that the function f is differentiable on the right at xp if the limit

@) = flaw)
I—->$D+ r — o

exists and is finite, and we denote it by f! (zo)

3. We say that the function f is differentiable on the left at z; if the limit

Iim f(z) - f(ﬂfo)_
A= T — Xy

exists and is finite, and we denote it by f’ (zq)

fi (o) exists and finite.

Remark 1.4.1 [ is differentiable at the point xy <= q f’. (m0) exists and finite.

i (o) = f~ (o)

Example 1.4.1 f(zx) =|z — 1|, zp =1
fL(1) exists and finite.

[ is differentiable at the point xo =1 <= { f’ (1) exists and finite.

L) = £




We have

and

/ 1. f(:t:) _ f(l)
oz —1
=1
(1) — 1 L@ =)
- rz—1- r—1
= lim —E—1
z—=1- x—1
=1

we have f! (1) and f' (1) exist but f (1) # f'.(1), then the function f is not differentiable

at the point xq = 1.

1.4.1

Operations on differentiable functions

Let f, g :— R be two differentiable functions in 2 and let A € R, then

L. (Af) (o) = Af' (o)

2. (f£9) (w0) = f'(w0) £ ¢'(0)

3. (f-9) (z0) = f'(z0)g(wo) + f(x0)g (z0)

4. If g(xy) # 0 then

(i)’ (330) — f’(l'())g(ﬁ?o) - f(I‘O)gl(:EO)

9*(x0)

5. Derivative of a composite functions: Let f: I — R and ¢ : J — R such that

f(I) C J,if f is differentiable at xy and g is differentiable at f/(xy) then go f is

differentiable at xy and we have

(go f)’ (zo) = f’(iﬁo)gl(f(l“o))



1.4.2 Common derivatives

Function f(z)| Derivative f’(z) |Interval of Differentiability
e 0 R
z" (n € N¥) nz" ! R
¢ —g3 R\ {0}
Vi 1 10,0]
T
9T e
e’ e” R
a® a®1In(a) R
In(z) . 10, 50|
niz . , 00
sin cos & R
Cos T —Bifl & R
tan e 1 + tan?(x) ]%—Fkﬂ',%—l—(k’—l—l)ﬂ{,k‘ €eZ

Function f(z) | Derivative f'(x)
[f ()] n[f(@)]" " f'(x)
» [ (@)
fl( ) \T
@) ok
ef (@) f(z) f f(x)
al @) In(a)f'(z)
sin(f(z)) cos(f(x))f'(x)
cos(f(z)) —sin(f(x))f ()
['(@)
tan(f(z)) cos?(f(x))
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1.4.3 Application of the derivative

1.4.3.1 Study of monotonicity

Theorem 1.4.1 Let f be a differentiable function on I C R, then

1. f is constant on I <= f'(x) =0, Ve el

2. f is increasing on I <= f'(z) =20, Vr el

3. [ is strictly increasing on I <= f'(x) >0, Vx el
4. [ is decreasing on I <= f'(x) <0, Ve el

5. f is strictly decreasing on I < f'(x) <0, Vx € [

1.4.3.2 Calculate the limits

tions in a neighborhood v of xy such that g(x) #0, ¢'(z) # 0 on v, if

lim f(z) = lim g(x) =0 or Ilgglo flz)= lIm glz) = oo

T—Xq T—To r—xo

Then,
f(z)

]
lim —= = lim /()
L0 g(m) T—+EL0 g"(m)

-

Theorem 1.4.2 (Hopital’s rule) Let f,g be two defined and differentiable func-

Remark 1.4.2 Hopital’s rule applies to indeterminate forms (% or %) .

Example 1.4.2 1. lim i—i = 2 (IF), according to the Hopital’s Tule

T—+00

. z2 . 2x ) 2
lim —= lim — = lim —=0.
r—+oo el r—+o0 et r—+oo el

2. li_}m1 i 0 (IF), according to the Hopital’s rule

r—1

2.1 2
r — lim =X = 2.
z—1 r —1 z—1 1
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1.4.3.3 Extremum of functions

Definition 1.4.2: Let f: ] — R and let zg €

OWe say that f admits a local maximum at z if

3J C I of center zg,Vx € Jf(x) < f(xp)
®We say that f admits a local minimum at xq if

3. € I of center ¢,V € Jf(z) = f(z0)

®We say that f admits a local extremum at z( if f admits at xg a local maximum

Or minimuim.

Critical point

Definition 1.4.3: A critical point of a function f is a point ¢ in its domain for

which f'(¢) =0 or f'(¢) does not exist.

Corollary 1.4.1 If f'(c) exists and f'(c) # 0, then f(c) is not a local extremum of the

function f.

Theorem 1.4.3 Let I CR, letc€ I and let f: I — R be a function. Suppose that f
is differentiable, that f'(c) = 0 and f is twice differentiable at ¢

OIf ["(c) >0, then ¢ is a local minimum of f.

@If f"(c) <0, then c is a local mazimum of f.

Example 1.4.3 Find the extremum of the following functions

Of(r)=2>-1
The critical points
We have
7(z) = 22
So

f(z) =04<= 2z =0 <= z = 01is a critical point off

The nature of critical points

f"(x) = 2 # 0 therefore f admits a minimum at the point xo = 0 because f"(0) > 0
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Of(z) = ®
The critical points

We have

fl(z) =ze®(2—1x)

So

Flo)=0<=ge ¥ 2-g)=0=a=00r 3=2

The nature of critical points

We have

ffx)=e*(1-2)2—x)—xe™™

forz =0, f"(0)=2>0 so x =0 is a minimum.

forx =2, f"(0) = —2¢72 < 0 so x = 2 is a mazimum.
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