Tutorial Sheet — Comparison of Means (Solved Exercises)
Level: L3

Exercise 1 — Two-Sample t-Test (Independent Samples)

Problem. Two teaching methods are tested. The final exam scores (out of 100) of students are:

e Method 1: 85, 88, 90, 87, 86

e Method 2: 80, 82, 78, 81, 79

Test whether there is a significant difference between the two population means at significance
level & = 0.05. Assume equal variances.

Solution.
Step 1: Hypotheses

Hy : pp = po  (no difference in means),

Hy :py # po  (means are different).

Step 2: Sample statistics
Each sample size ny = ny = 5.
Group means:
85 4+ 88 + 90 + 87 4 86 _ 80+82+78+81+179

T = 5 = 87.2, ) 5

= 80.0.

Sample variances (unbiased):

7.2
2 _ 2w —7)° 3.70,  s3=2.50.

S
n1—1

Pooled variance:

5 (n1—1)s2+ (ng—1)s3 4-3.70+4-2.50
S = =

= = 3.10.
p ni+ng — 2 8
Step 3: Test statistic
. Z1 — Tg _ 87.2-80.0 7.2 ~ 647
a a 1,1y V310x04
\/sg (%—F%) \/3-10 3+ V

Degrees of freedom: df =nq +no — 2 =28.

Step 4: Decision Two-sided critical value tg 0258 ~ 2.306. Since |t| = 6.47 > 2.306, reject
Hy.

Conclusion: There is strong evidence (at the 5% level) that the two teaching methods have
different mean scores. Method 1 yields significantly higher mean.




Exercise 2 — Paired (Dependent) Samples t-Test

Problem. A training program is tested on the same group of students: the exam score is
recorded before and after the program. The scores are:

e Before: 70, 72, 68, 75, 74, 71

o After: 74, 75, 70, 78, 77, 74

Test whether the program produces a significant change in scores at o = 0.05.

Solution.
Step 1: Hypotheses

Hy:pg=0 (no mean difference),
Hy:pg#0 (mean difference exists),

where d = (After Before).
Step 2: Differences Compute individual differences d;:

d=1[4, 3,2, 3, 3, 3.

Sample size n = 6.
Mean of differences:

d=

44+3+2+3+3+3 18
6 6

Sample variance of differences: first compute squared deviations from d:

3.0.

(4-32=1,3-3%=0,(2-32=1, (3-3)*=0, (3-3)2=0, (3-3)2=0.

Sum = 2. So

2 2
5% = =Z=04, sq =v0.4 ~ 0.6325.
n—1 5
Step 3: Test statistic
L d=0 3.0 30 116

T sa/vn 0.6325/v6  0.2582

Degrees of freedom: df =n —1=>5.
Step 4: Decision Two-sided critical value tg.9255 ~ 2.571. Since 11.62 > 2.571, reject H.

Conclusion: The training program produces a statistically significant increase in scores
(very strong evidence).

Remark: For paired tests, always check that data are paired and differences are approximately
normal (especially for small n).




Exercise 3 — One-Way ANOVA (Three Fertilizers)

Problem. A researcher tests whether three types of fertilizer (A, B and C) have different effects
on plant growth. After 4 weeks:

Fertilizer ‘ Heights (cm)
A 20 21 19 22
B 25 27 26 28
C 23 22 24 21

Test at significance level o = 0.05 whether there is a difference between the mean heights.

Solution.
Step 1: Hypotheses
Ho:pa=pp=pc,
H; : At least one mean differs.

Step 2: Sample sizes and means
Each group has n = 4, total N = 12.
Group means:

o 20421419422
£, _20+21+19+

A 1 =20.5, Xp=26.5, Xc=22.5.

Grand mean:

= 20421419422 4+254+274+26+28+234+22424+21 278
- +21+19+224 25+ 1—; +28+20+22424+ == ~ 23.1667.

Step 3: Sum of squares
Between-groups sum of squares (SSB):

3
SSB=n) (X; - X)?
=1
=4[(20.5 — 23.1667)* + (26.5 — 23.1667)” + (22.5 — 23.1667)°]
= 4(7.1111 + 11.1111 + 0.4444) = 74.6667.

Within-groups sum of squares (SSW) — sum of squared deviations within each group:

SSWa = (20 — 20.5)% 4 (21 — 20.5)% + (19 — 20.5)2 + (22 — 20.5)?
SSWp = (25 — 26.5)% 4 (27 — 26.5)2 + (26 — 26.5)% + (28 — 26.5)?
SSWe = (23 — 22.5)% + (22 — 22.5)% 4 (24 — 22.5)? + (21 — 22.5)?

)

5
5,
5

So
SSW =54+54+5=15.

Total sum of squares check:
SST = SSB + SSW = T74.6667 4+ 15 = 89.6667.

Step 4: ANOVA table and F statistic

Degrees of freedom:
dfbetween:k_1:3_1:27 dfwithin:N_k:12_3:9-

Mean squares:
SSB  74.6667

MSB = =
dfbetween 2

= 37.3333,



SSW 15

dfwithin 9
F statistic: MSB  37.3333
F— VR _ 666 = 224.
Source SS df MS r

Betweengroups 74.6667 2 37.3333 22.4
Withingroups  15.0000 9  1.6667

Total 89.6667 11

Step 5: Decision At a = 0.05 with (df1, df2) = (2,9), critical value Fp 5,29 ~ 4.26. Since

F =224 > 4.26, reject Hy.
Conclusion: There is significant evidence at the 5% level that at least one fertilizer produces

a different mean plant height. Use a post-hoc test (e.g. Tukey HSD) to identify which pairs differ.
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