CHAPTER 1

Diagonalization of Endomorphisms

In this chapter, leE be a vector space ové&r= IR or C, and letf be an endomorphism d&.

1.1 Eigenvectors and Eigenvalues
Definition 1.1.1 Letov be a vector inE. We say that is an eigenvector of if
e v #0,

e There existsl € K such that

f(0) = Av.

The scalarA is called the eigenvalue associatedito

The pair(A, v) is called an eigenpair of.
Definition 1.1.2 The set of eigenvalues 6f denotedsp(f), is called the spectrum df, that is
Sp(f) ={A e K:Jv e E\ {0}, f(v) = Av}.

Proposition 1.1.1 Let A be an eigenvalue of. The set of all eigenvectors associated withogether with the

zero vectoOg forms a vector subspace Bf called the eigenspace ¢fassociated withl, denotecE,, i.e.,

Ey={veE: f(v) = Av}.
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Proof. We have0r € E,. Letvy,v; € E) anda, € K.

af(v1) + Bf(v2)

aAvg + ﬁ/\vz

flavy + poa)

Mawy + po2),
soav; + pup € E). Thus,E, is a vector subspace &f m
Example 1.1.1 1. Letldf : E — E be the identity endomorphism defined by
Idg(x) = x.
ThenA is an eigenvalue didg if and only if there exists # 0, such that
Idg(v) = Av,

which means

v = Av,

thusA = 1 andSp(Idg) = {1}. The eigenspace &l corresponding tol =1 is

Ei={ve€eE:Idg(v) =v} =E.
2. Letg : R? — R? be the mapping defined by

g(x,y) = (3x,5Y).

A is an eigenvalue of if and only if there existéx, y) # (0,0) such that

g(x, y) = Ax, y).

This implies the system
3x = Ax
5y=A7Ay
soifx #0andy =0, A =3, if y # 0 andx = 0, A = 5. Therefore, the eigenvaluesgfre 3 and 5, so
the spectrum is
Sp(g) = {3,5}.
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The eigenspace for = 3 is

Es = {(vy) eR*:g(x,y) =3(x,y))
= {(x,y) € R?: 3x = 3x,5y = 3y)}
= vy :xeRy=0)
= {(x,0):xeR)
= (1,00,

and forA =5

Es = {(xy) €R*:g(x,y) =50 y)}
= {(x,y) € R?: 3x = 5x,5y = 5y)}
= {(xy:x=0,yeR}
= {0y :yeR]
= ((0,1)),

Proposition 1.1.2 The eigenvalue associated with an eigenvector is unique.
Proof. Supposel; et A, are two eigenvalues associated to the eigenvectoith A, # A,. Then
f()=Aov and f(v) = A0.

By subtracting, we obtain

/\17) - /\20 =0
S0, sincev is nonzero, it follows thal; — A, = 0, contradiction withA; = A, m

Remark 1.1.1 The eigenvector associated with an eigenvalue is not unique. Indeeds &n eigenvector

associated with the eigenvaldethen for any scalak, kv is also an eigenvector associated wittsince
f(kv) = kf(v) = kAv = A(kv).

Theorem 1.1.1 The dimension of the eigenspdég associated with the eigenvaldeis less than or equal to
the multiplicitym of this eigenvalue, i.e.,

dim(E,) < m.

Proof. Let! = dim(E,). Then, there exidtvectorsvy, v,, ..., v; forms a basis oE ;. These vectors satisfy by
definition

f(vi) = )\vi, i= 1,2,...,1.
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Complete this linearly independent systém, ..., v;} into a basis of the vector spaéeby adding vectors

U141, .-, Uy. The matrix representatidhof f in this basis has the form

A 0...0 by ... by
0 A...O by ... ban

B=10 0...A byyq ... by
0 0...0 bl+1,l+1 ~~bl+1,n

0 0...0 by ... by

The characteristic polynomial ¢f, computed in this new basis, is the following

A-X 0...0 bijs1 -.. by
0 A=-X...0 byjsr ... boy

P(X) = 0 0...A-X bl,l+1 bl,n
0 0 “e 0 bl+1,l+1 - X “ee bl+1,n
O 0 e 0 bn,l+1 ce bn,n - X

bl+1,l+l -X ... bl+1,n
(A =X

bn,l+1 cee bn,n -X

hence

1.2 Characterization of Eigenvalues

Proposition 1.2.1 A scalarA € K is an eigenvalue of if and only if f — AIdg is not injective.
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Proof. Let A € K

AeSp(f) © FveE v+#0e: f(v)= Ay,
© JveE v#0e: f(v)—Av =0,
© JveE, v#0e: f(v)— Alde(v) = Of.
© dveE, v#0p: ve ker(f — Aldg)
& ker(f — AIdg) # {Og}
& f — Aldg is not injective.

1.3 Finite-Dimensional Case

Let E be a vector space of dimensiaroverK = R or C. We consider a basi8 of E, and letA = Matg(f) €
M,,(K) be the associated matrix pfwith respect to the basis.
1.3.1 Eigenvectors and eigenvalues of a square matrix
Definition 1.3.1 LetA € M, (K), A vectorX € M, 1(K) is called an eigenvector of if
e X #0,

e There existsl € K such that
AX = AX

The scalarA is called the eigenvalue associatedXo

The pair(A, X) is called an eigenpair of.
Definition 1.3.2 The set of all eigenvalues df denotedsp(A), is called the spectrum of, i.e.,
Sp(A) ={A e K: IX € M,,1(K), AX = AX}.

Theorem 1.3.1LetAq, Ay, ..., A be distinct eigenvalues d&f. If X; is an eigenvector corresponding Ag, for

all i, then the vectorX,, Xy, ..., X are linearly independent.

Proof. (By induction onk):
Let A, Ay, ..., A; be distinct eigenvalues of and letX;, X5, ..., Xi, be the corresponding eigenvectors

respectively. We shall prove by induction bithat

a1X1+a2X2+-~~+aka:0 i 0{1=0(2=...=6¥k=0,
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with aq, ao, ..., ap € K.
*) For k = 1, the statement holds since the eigenvegipis nonzero.

*) Assume that the statement holds kor 1, letay, a3, ..., ax € K such that
a1 X1 +apXo + -+ X =0.
By multiplying on the left by the matrixd and use the eigenvector property, we obtain
a1 X1 +apAoXo + -+ ap A X = 0.
Subtract the first relation multiplied by, we obtain
a1 (A — A)Xy + aa(Az = A)Xo + -+ + a1 (A1 = A X1 = 0.

From the hypothesis, the vectaXs, X5, ..., Xi_1, are linearly independent, since the coefficidits— A;) are

nonzero (because the eigenvaldgeare distinct), it follows that
a1 =ap=---=ayq =0.
Substituting these values into the original equation, we ohtaly, = 0, thusa, = 0. Hence the vectors
Xy, Xy, ..., Xy, are linearly independent
1.4 Characteristic Polynomial
Definition 1.4.1 For A € M, (K), the characteristic polynomidl, is defined as
Pa(A) := det(A — AL).

The characteristic equation of is

Pa(7) = 0.

Definition 1.4.2 For an endomorphisnf of E, the characteristic polynomia?, is the characteristic polyno-

mial of any matrix associated tprelative to any basis af.

11
Example 1.4.1 1. LetA = € My(R). The characteristic polynomial of the matuikis
3 4

1-A 1 )
Pa(A) =det(A - Al) = =A"-51+1
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2. Let the endomorphism

f: R SR

(x,y,z2) »x-y2x+z,x+y+22)

LetB = {e; = (1,0,0),e> = (0,1,0),e3 = (0,0, 1)} be the canonical basis &>. The matrix off inBis

1 -1 0
M =Matg(f)=|2 0 1{.
1 1 2
Then, the characteristic polynomial ffis
1-A -1 0
Pf(A) =Py(A) =detM -Al)=| 2 -2 1 |=A>-3A*+31-2.
1 1 2-A

Theorem 1.4.1Let A € M,(K), A € K. ThenA is an eigenvalue of if and only if A is a root of the

characteristic polynomiaPy, i.e.,
A € Sp(A) & Pa(A) =0.

Proof. Let A € K

A € Sp(f),

f — AIdEg is not injective,

A € Sp(A)

f — AIdg is not bijective,
f — AldEg is not invertible,

A — Aldg is not invertible,

¢t ¢ ¢ 0 ¢ ¢

Pa(A) = det(A — AL) =0

Definition 1.4.3 The algebraic multiplicity of an eigenvalue is its multiplicity as a root of the characteristic

equation frult,(A)).

Definition 1.4.4 The geometric multiplicity of an eigenvalue is the dimension of the corresponding eigenspace

E (multy(A) = dim(E,))
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Example 1.4.2 1. Let
0 -1
A= € M(C).
1 0
The characteristic polynomial &f is

Ps(A) = det(A — ADL) = ‘ =A2+1.
1

-A

Therefore,

Aisaneigenvalue of < Py (A1) =0 < A =4,

thenSp(A) = (i, —i} andmult,(i) = multy(~i) = 1, hencemult,(i) = multy (i) = 1.

2. Let
-1 1 1
B={1 -1 1 |&M;3R).
1 1 -1

The characteristic polynomial df is
Pp(A) = det(B — Alz) = (1 — )2 + A)%

Hence,

Alisaneigenvalue @ < Pp(l)=0 & A=10rA=-2,

thenSp(B) = {1, -2}, mult,(1) = 1 andmult,(-2) = 2, hencemult,(1) = 1, mult,(-2) < 2.

Remark 1.4.1 The eigenvalues of a triangular or diagonal matrix are its diagonal elements. Inde€c if

M, (K) is a lower triangular matrix, then
Pc(A) = det(C — ALy) = (a11 — A)(az = A) -+ (@nn — A).

Thus,
SP(C) = {ﬂl],ﬂZQ, ceo s Oun }

Example 1.4.3 1. Let
3 1 1

A=[0 -1 1|€ Ms(R).
0 0 2
Then
Sp(A) =1{3,-1,2}.
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2. Let
2 0O 00
0 1+7 0 O
B = € My(C).
20 -3 00
-2 i-1 5 2
Then

Sp(B) = {2,1+i,0}.

1.5 Diagonalization of Endomorphisms

In this section, we shall find a basis Bfsuch that the matrix representing the endomorphfstakes, in this

basis, its simplest possible form, namely a diagonal matrix.

A0 - 0
0 Ay -~ 0
0 0 - A,

This implies that there exists a basig, u», ..., u,} of E such that
fu)=ANu;, i=1,...,n

Definition 1.5.1 An endomorphisnf of E is called diagonalizable if there exists a ba$isof E such that the

matrix associated witlf relative to8 either diagonal.

Definition 1.5.2 Two matricesA and B are said to be similar if there exists an invertible matF»such that

B =P 'AP.
Definition 1.5.3 A matrix A € M,,(K) is called diagonalizable if it is similar to a matrix diagonal, in other

words, if there exists an invertible matie M,,(K) such as the matri = P~'AP either diagonal.

1.5.1 Necessary and Sufficient Condition for Diagonalization

Theorem 1.5.1 An endomorphisnf (or matrix A) is diagonalizable if and only if the following two conditions

are satisfied:
1. The characteristic polynomial is split dd(i.e., can be written as a product of linear factors).

2. The algebraic and geometric multiplicity of each eigenvalue are equal.
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1.5.2 Sufficient Condition for Diagonalization

Proposition 1.5.1 If a matrix A hasn distinct eigenvalues iK, thenA is diagonalizable.

Remark 1.5.1 This proposition is only a sufficient condition, not necessary.

1.5.3 Practical Procedure for Diagonalization

1. Compute the characteristic polynomjgl(1) = det(A — Al,) and find its roots.

2. If all roots (eigenvalues) lie irK, find the eigenspace for each eigenvaluedof solve the system

(A - AL)X = 0).

3. Verify that the dimension of each eigenspace equals the multiplicity of the corresponding eigenvalue

(multy(A;) = multy(Ay), Yi).

4. Form the matrix? whose columns are the eigenvectorgidfthe matrixP is formed exactly by n linearly

independent eigenvectors Aj.

5. ComputeP~! and obtain the diagonal matrix = P~1AP.

1.5.4 Examples of Diagonalization

Example 1.5.1 Let the matrix

0 2 -1
A=|3 -2 0 |eM(R).
-2 2 1

1. Determine the characteristic polynomial Af

A2 -1
PasAM)=det| 3 —2-1 0 |=0-2)A?+21-8)=(1-N)A+4)(A-2).
-2 2 1-A

The eigenvalues of are 1, —4, and2.

2. Show thatA is diagonalizable:

SinceA has three distinct real eigenvalues, it is diagonalizable.

3. Determine a basis for each eigenspace, and consequently determine the translatior’matrix

10
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We have
x x
Er=(xy2) eR:Aly[=A]yl|-
z z
ForA =1:
2y—z=x
3_x-2y:y <:>x:y:Z,
-2x+2y+z=z
SO
El = {(xlxlx) tX € IR} = <(1/ 1/ 1))
ForA =2:
2y —z=2x
z=-1x
3x -2y =2y — X
y=13x
—2x+2y+z=2z
SO
3 1
E2 = {(.’X’, Zx,—EX) tX € ]R} = <(4, 3, —2))
For A = —4:
2y —z = —4x
Z=X
3x -2y = -4y —
y=—3x
-2x+2y+z=-4z
SO

Eoa= 00370 xRl =((2,-3,2)

The matrixP with these eigenvectors as columns is:

1 4 2
P=11 3 -=3]|.
1 -2 2
4. CalculateP~! and the diagonal matriD:
det(P) = =30,

11
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T
0 -12 -18
1
plt=—|-
30 5 0 5
-5 6 -1
The diagonal matrix is
1 0 0

D=P1AP=|0 2 0

0 0 —4
Example 1.5.2 Let the matrix
11 -1
B=|0 1 0 [€M;3().
1 0 1
1. Determine the characteristic polynomial Bf
1-A 1 -1

Pg(A)y=det] 0 1-1 0 |=0-1)A%>-21+2).
1 0 1-A

The eigenvalues dfare1, 1 + 7, and1 —i.

2. Show thatB is diagonalizable: The matriB is not diagonalizable oveR because its characteristic
polynomial does not have all its roots IR. However, it is diagonalizable ové&r because it has three

distinct eigenvalues.

3. Determine a basis of eigenvectors and the change of basis nfatfer A = 1:

X+y—z=x
y=z
y=y [—=
x=0
X+z=2z
o)
E1 =1{0,y,y): y € R} =((0,1,1)).
ForA=1+1:
x+y—-z=>0+1)x
y=0
y=1+1y —
z = —ix

x+z=(1+1i)z

12
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SO
E14i ={(x,0,—ix) : x € R} = ((1,0, —1)).
ForA=1-1i
x+y—-z=1-ix
y=0
z=1ix
x+z=(1-i)z
SO

Ei-i = {(x,0,ix) : x e R} = ((1,0,7)).

The matrixP with these eigenvectors as columns is:

0 1 1
P=f1 0 0]
1 —i i
4. CalculateP~! and the diagonal matrip:
0 1 0
11 1 1

Po=12 -a =z

1 1 _1

2 2i 2i

The diagonal matrix is
1 0 0

D=P'BP=|0 1+i 0
0 0 1-1

Example 1.5.3 Let the matrix

€ M4(1R)

_ R e
— ) )

—_
S g Y Y

1. Determine the characteristic polynomial ©f

Pc(A) = det

13
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Adding the last three columns to the first column giesA in the entire first column. Factor it out and

subtract the first row from all others:

Pc(A) = (4 — A)det = A3(A —4).

The eigenvalues @ are the roots of’-(A), thus 4 (simple) and O (triple).
2. Show that is diagonalizable:

We havedim E; = 1. Also,

Eo ={(x,y,z,t) eR*: C|” | = 0}.

The systemiis:

x+y+z+t=0,

x+y+z+t=0,
= t=-x-y-z

x+y+z+t=0,

x+y+z+t=0,

Thus,
Eo={(x,y,z,—x—-y—2):x,y,z € R} =spani{(1,0,0,-1),(0,1,0,-1),(0,0,1, -1)}.

The family{(1,0,0,-1),(0,1,0,-1),(0,0,1,-1)} is linearly independent and forms a basidigf sodim Eq =
3, equal to the multiplicity of eigenvalue 0. Therefdares diagonalizable.
3. Determine a basis of eigenvectors and ma®iX he family{(1,0,0,-1),(0,1,0,-1),(0,0,1,-1)} forms

a basis ofEy. Next, find a basis di,:

E4={(x,y,z,t)€]R4:C Y =4(" |}
z z

14
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From the system

3x+y+z+t=0,
x=3y+z+t=0,

X+y—-3z+t=0,

x+y+z-3t=0,
we have

E4 ={(x,x,x,x) : x € R} =span{(1,1,1,1)}.

The change of basis matrix is

11 1 1

1 -1 0 O
P=

1 0 -1 O

1 0 0 -1

4. Computelet P andP~1, then diagonal matriD:

detP=—-4 0,
soP is invertible. Thus,
4 000
) 0 00O
D=P 'CP=
0 00O
0000

15



